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International Conference on Fuzzy Sets and Soft Computing in Economics and 
Finance, FSSCEF 2006, Saint-Petersburg, Russia, June 28 - July 1, 2006, was 
organized second time in Saint-Petersburg, in one of most famous Russian cultural and 
scientific centers. The conference is organized as a platform for exchanging ideas, 
experiences, and opinions among the academicians, professional engineers and 
practitioners on the application of fuzzy sets and soft computing methods and 
techniques to economics and finance.   
 
The proceedings of the conference contain papers presented by researchers from 11 
countries. Applications of fuzzy sets, soft computing and uncertainty models in 
economics and finance are growing each year. Important role in development and 
applications of uncertainty models plays interval mathematics which is highly related 
with the theory of fuzzy sets. The methods of interval computations and their 
applications were discussed in invited lecture of Prof. V. Kreinovich from University 
of Texas at El Paso, USA. During the conference, two special sessions on “Interval and 
Fuzzy Techniques in Business Applications” and “Applications of Interval Uncertainty 
Models” were organized. Also the following sessions were presented in conference 
program: “Fuzzy Modeling in Economics and Finance”, “Investments and Risk 
Analysis”, “Neural Networks and Genetic Algorithms in Decision Making and 
Optimization”, “Information Security and Decision Making in Complex Systems”, 
“Analysis of Time Series in Economics and Finance”.   
 
We would like to thank all the authors and participants for contributing to the 
conference and stimulating the technical discussions. 
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Program and Organizing Committees Co-Chairs 
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In many areas of science and engineering, uncertainty is an (important but)
relatively minor factor. In many areas in science and engineering, the dynamics
of different systems is reasonably predictable: when we apply a control, e.g.,
when we turn a car, we can reasonably well predict where and how fast the
car will be going. Of course, due to measurement inaccuracy and incomplete
knowledge of factors such as road conditions, there is always some uncertainty
(see, e.g., [9]), but the resulting prediction uncertainty is usually relatively small
in comparison with the actual values of the predicted quantity.

In economics and finance, uncertainty is extremely important. In contrast to sci-
ence and engineering, in economics, and especially in finance, uncertainty plays
a major role. Many successful investments and financial tools and techniques are
based on the fact that it is difficult to accurately predict the results of different
investments.

Probabilities: traditional approach to describing uncertainty in economics and
finance. Traditionally, the uncertainty in economics and finance is described by
statistical models. This description is the basis of the current financial math-
ematics, that started largely with the Nobel-prize winning work of Black and
Scholes; see, e.g., [1, 2].

Limitations of the traditional probabilistic approach. One of the main limitations
of the traditional probabilistic approach to uncertainty is that this approach
requires that we known the exact values of all the relevant probabilities.

In many situations in science and engineering, the processes are reasonably
stationary, so in principle, by making sufficiently many calibration measure-
ments, we can determine – with reasonable accuracy – all the probabilities re-
lated to measurement uncertainty; see, e.g., [9].

In economics and finance, however, the situation often changes; so by the
time we need to make important decisions, we do not have enough statistics
about the current situation to accurately determine all the needed probabilities.

How we can overcome these limitations: the need to consider interval uncertainty.
There are two natural approaches to overcoming the above limitations.



The first approach takes into account that expert knowledge is not limited to
statistics; experts also use rules and techniques based on their previous expertise.
Experts can rarely formulate their rules in precise mathematical terms; most of
these rules are formulated by using words from natural language, like “if the price
of the stock drastically decreases, sell it”. To formulate this knowledge inside a
computer, it is reasonable to use a special technique specifically designed for
formalizing this knowledge – the techniques of fuzzy sets; see, e.g., [6].

The second approach is accept the fact that we do not know the exact values
of the probabilities p, we only the intervals [p, p] of possible values of these
probabilities – or that sometimes, we do not have any information about the
probabilities of different values of the quantity at all, we only know the interval
[x, x] of possible values of this quantity x.

These approaches are inter-related – because, in effect, a fuzzy set can be
described as a nested family of intervals (α-cuts) corresponding to different de-
grees α.

Interval computations: a technique for handling interval uncertainty. There exist
numerous techniques for handling situations in which we have a combination of
probabilistic and interval uncertainty; see, e.g., [8, 10].

All these techniques, in effect, cover the following situation:

– we have an (ideal-case) algorithm f(x1, . . . , xn) that transforms the exact
values of the parameters xi (e.g., values of some quantity, or probabilities
of different values of this quantity, or characteristics of the corresponding
probability distribution) into the value y = f(x1, . . . , xn) of the desired
quantity;

– we know the intervals xi = [xi, xi] of possible values of the parameters xi;
– we want to find the corresponding range of possible values of y:

y = f(x1, . . . ,xn) = {f(x1, . . . , xn) |x1 ∈ x1, . . . , xn ∈ xn}.

Techniques for solving this problem are called techniques of interval computa-
tions; see, e.g., [3–5].

This area of research was started largely by works of Ramon Moore who
developed the corresponding techniques in the late 1950s and early 1960s – to
take into account interval uncertainty when planning spaceflights to the Moon.
Since 1950s, these techniques have been widely applied to many areas of science
and engineering, as well as to economic and financial problems.

Straightforward interval computations: main idea. Historically the first method
for computing the enclosure for the range is the method which is sometimes
called “straightforward” interval computations. This method is based on the
fact that inside the computer, every algorithm consists of elementary operations
(arithmetic operations, min, max, etc.). For each elementary operation f(a, b),
if we know the intervals a and b for a and b, we can compute the exact range



f(a,b). The corresponding formulas form the so-called interval arithmetic. For
example,

[a, a] + [b, b] = [a + b, a + b]; [a, a]− [b, b] = [a− b, a− b];

[a, a] · [b, b] = [min(a · b, a · b, a · b, a · b), max(a · b, a · b, a · b, a · b)].
In straightforward interval computations, we repeat the computations forming
the program f step-by-step, replacing each operation with real numbers by the
corresponding operation of interval arithmetic. It is known that, as a result, we
get an enclosure Y ⊇ y for the desired range.

In some cases, this enclosure is exact. In more complex cases (see examples
below), the enclosure has excess width.

More sophisticated techniques for interval computations. There exist more so-
phisticated techniques for producing a narrower enclosure, e.g., a centered form
method.

Comment. For each of the known interval computations techniques, there are
cases when we get an excess width. Reason: as shown in [7], the problem of
computing the exact range is known to be NP-hard even for polynomial functions
f(x1, . . . , xn) (actually, even for quadratic functions f).

As a result, new more and more efficient techniques are being developed.

What will be covered in the tutorial. In the tutorial, we will describe the main
interval computations techniques, provide examples of applications of interval
computations techniques, including applications to economic and financial prob-
lems.

We also show how interval computations techniques can be (and are) used to
process fuzzy uncertainty – indeed, if we know the fuzzy sets Xi for xi, then , for
every α, the α-cut Y (α) of the resulting fuzzy set Y for y is equal to the range
Y (α) = f(X1(α), . . . , Xn(α)) of the function f(x1, . . . , xn) on the corresponding
α-cuts Xi(α).
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Abstract : This study forecasts changes in the stock market by using the interval 
measured data and interval computing approach.  Empirical results in this study 
strongly suggest that the interval forecasting is superior to the traditional point 
data based OLS forecasting, in terms of significantly smaller mean and standard 
deviation of forecast errors Moreover, the accuracy ratio indicates that the out-of-
sample interval forecasting has an actual forecasting accuracy over 58%.  The 
ratio becomes more than 63% for the in-sample interval forecasting. 

 
1. Introduction 
 
1.1. Major issues in the stock market forecasting 
 
One of modern capital asset pricing theories, the arbitrage pricing theory (APT) of 
Ross (1976) provides a theoretical framework to identify macroeconomic variables that 
can significantly or systematically influence stock prices.  In an early attempt to 
discover economic driving forces for the stock market, Chen, Roll and Ross (1986) 
find five systematic factors that are still widely accepted in the literature: the spread 
between long- and short-term interest rates; expected and unexpected inflations; 
industrial production; and the spread between high- and low-grade bonds.  All of them 
represent sources of risk that “are significantly priced" in the stock market.  In other 
words, these macroeconomic variables have predicting power on the stock market. 
Therefore, they can be used to forecast changes in the stock market.  This study adopts 
these five variables in the stock market forecasting. 
     There is a consensus in the literature that sensitivities of the stock market to 
macroeconomic factors vary over time.  Many statistical methods have been introduced 
to deal with the time-varying issue.  For instance, Brown, Durbin, and Evans (1975) 
developed the Cusum and Cusum of Squares tests to find switch points for a multi-
factor regression model.  Fama and French (1997) use the rolling regressions to 
produce time-varying regression coefficients and forecasts for excess stock returns of 
industrial portfolios.  In a recent study, He (2005) suggests exponentially weighted 
rolling regressions to gradually discount old observations kept in the estimation period, 
under the assumption that earlier observations have less influence on coefficient 
estimates.  He also uses the Flexible Least Squares (FLS) developed by Kalaba and 
Tesfatsion (1988, 1989, 1990) to generate rolling forecasts.  The results are superior to 
those from the Cusum and Cusum of Squares, normal and exponentially weighted 
rolling regressions. 
     Nonetheless, the poor forecasting quality is a persistent problem.  Fama and French 
(1997) report an average monthly forecast error of 2.72% for their out-of-sample 
rolling forecasts.  The number for He’s (2005) sample is 1.88%.  The FLS monthly 
rolling forecasts have a mean error of 1.57%.  Apparently, multiplying by 12, these 
monthly numbers can be turned into big annual ones.  A new feasible approach to 
improve the forecasting quality is to use a more effective data measurement and 
estimation technique. 



  

     The primary measurement in economic and financial data is to quantify points.  
Take the stock market as an example.  A daily stock price index consists of daily 
closing prices and a monthly index is the average of daily index numbers.  They simply 
reflect a particular number (level) or an average number at a particular time spot.  
When a growth rate is in need, a current point is then compared with a point at the 
previous time spot.  Only the level change (a point) over the time interval (daily, 
monthly, or annual) is measured at the end of the period.  The primary purposes of 
various forecasting methods based on the point measured data are in common, that is, 
to predict points that can match actual ones.  A major shortcoming of the point data and 
point forecasting is that they are unable to use and forecast variability in a time period.  
In fact, not only regression coefficients are time-varying, macroeconomic variables are 
time-varying as well.  For a given trading day (month or year), there are two price 
bounds, the highest and lowest.  The two prices reflect the variability of the day (month 
or year).  In addition, in the real world forecasts are often in the form of a range or 
interval.  It is not unusual at all for an economist to make the next year’s inflation 
forecast to be, for example, between 2-4%.  It is a forecasted inflation interval for the 
next year.  Unfortunately, only the point data and point-based forecasting methods 
currently exist in the economic and financial forecasting literature. 

 
1.2. Interval forecasting methods 

 
In the past two decades some statisticians developed various point-based interval 
forecasting methods.  However, they are fundamentally “semi” interval forecasts, 
because they are based on point data and point-based forecasting methods, such as 
Bayesian, Bootstrapping, Box-Jenkins, GARCH, and Holt-Winters methods.  The 
general forecasting principle of these methods is that the forecasted interval is simply 
the sum of the point forecast and some percent of positive and negative variance of 
forecasts (Chatfield, 1993, 1998).  There are many reasons why those “semi” interval 
forecasting methods are never widely used.  The most important reason is the poor 
quality.  Normally, those forecasted intervals are so narrow that there is only a 50% 
chance for a future point lying inside the interval (Gardner, 1988 and Granger, 1996).  
Evaluating “semi” interval forecasts is another major problem (Christoffersen, 1998 
and Clements and Taylor, 2003).  This problem stems from the methodology of “semi” 
interval forecasting.  In the process of estimating the point forecast, the aim is to 
minimize estimation errors.  However, some percent of estimation variance is added to 
and subtracted from the point forecast to form an interval forecast. This contradiction 
makes traditional forecast error measure impossible.  
 
1.3 The interval computing approach 
 
In the mathematical and computing fields, a new method, interval computing, has 
theoretically or computationally been developed since the late 1970s (Moore, 1979).  
In interval computation, both operands and computational results are intervals.  By 
taking interval valued parameters (more information) into considerations, one may 
obtain computational results that can be reliable both computationally and 
mathematically with interval arithmetic.  Numerous results have been obtained with 
interval computing especially for some otherwise very difficulty computational 
problems such as reliable non-linear global optimization and others (Kearfott, 1996; 
Hu, Xu and Yang, 2002; Kearfott and Hongthong, 2005).  By applying interval 
computing, Stadtherr’s group discovered roots of equations never reported previously 
in chemical engineering (Gau and Stadtherr, 2000; Hua, Brennecke, and Stadtherr, 
1996).   These findings result in the 1998 Computing in Chemical Engineering Award 
of American Institute of Chemical Engineers.  More recently, the interval computation 
has been extended to different computing areas such as data mining, decision making, 
game theory, and others (Korvin, Hu and Chen, 2002 and 2004; Collins, 2005). 



  

     The interval computation creates a new forecasting format and perhaps, more 
accurate forecasts.  The major purpose of this study is to employ the interval method to 
forecast changes in the stock market. 
     In order to make interval forecasts, a different data measurement, interval 
measurement, must be used.  A mathematical interval [a, b] is the set {x ∈ ℜ | a ≤ x ≤ b} 
where a ≤ b. Mathematical intervals are represented and operated with machine 
intervals inside computers.  In an interval data set, every observation is measured as an 
interval, a combination of an upper bound and a lower bound.  Contrast to the point 
measurement, interval measurement automatically contains the (level) information 
measured by the point number as well as the variability in the time duration.  Use stock 
price as an example.  The closing price (Level) measured by the point number must 
locate in somewhere between the upper and lower bounds of the trading day.  
Moreover, the range between the upper and lower bounds represents the maximum 
variation of the day.  A variation measurement is a risk measurement.  Some traditional 
statistical measurements, such as range, variance, standard deviation, and coefficient of 
variation, are examples for risk measurements.  In the same sense, intervals also 
measure risk.  Given that more information is included in the interval measurement, it 
is reasonable to expect a higher quality for the interval forecasting. 
     The main objective of interval computing procedure is to match the center of two 
interval vectors, in order to measure their relationships which are essential to the 
interval forecasting.  The predicted interval reveals future variation or risk which is 
important in determining required returns and capital asset value, there is no doubt that 
the output of the interval forecasting can provide useful information to investors and 
economic/financial policy-makers.  
     The main objective of interval computing procedure is to match the center of two 
interval vectors, in order to measure their relationships which are essential to the 
interval forecasting.  The predicted interval reveals future variation or risk which is 
important in determining required returns and capital asset value, it is no doubt that the 
output of the interval forecasting can provide useful information to investors and 
economic/financial policy-makers.  
     The remainder of this paper is organized as follows.  Section 2 describes the 
estimation model and data, Section 3 discusses interval computation procedures, 
Section 4 presents empirical results, and Section 5 contains concluding comments. 
 
2 Model and data 
 
According to Chen, Roll and Ross (1986), changes in the stock market (SPt) is linearly 
determined by the following five macroeconomics factors: growth rate variations of 
seasonally-adjusted Industrial Production Index (IP), changes in expected inflation 
(DEIt) and unexpected inflation (UIt), default risk premiums (DEFt), and unexpected 
changes in interest rates (TERMt): 
 

ttttttttttttt eTERMTDEFFDEIDUIUIPIaSP ++++++= )()()()()(  (1) 
 
     This study uses time series data that covers the period of January 1930-December 
2004.  There is no specific reason, other than the availability of data, for the selected 
sample period.  The data set includes the following basic monthly series: 
 

• IP: the growth rate of seasonally-adjusted Industrial Production Index at the 
beginning of the month.  This study uses the one-month lead term of IP in the 
monthly data.  

• LONG: the monthly returns on long-term U.S. government bonds. 
• CORP: the monthly returns on long-term corporate. 



  

• SHORT: the monthly returns on one-month U.S. Treasury Bills.  According to 
Fama and French (1993), SHORTt-1 is the proxy for “the general level of 
expected returns on bonds." 

• CPI: the growth rate of the U.S. Consumer Price Index. 
• SP: the growth rate of Standard and Poor's 500 Stock Price Index. 

 
For IP, CPI, and SP, the monthly growth rate is the first difference of natural 

logarithms in months of t and t-1; the annual growth rate is the first difference of 
natural logarithms in Decembers of t and t-1. The annual returns for LONG, CORP, 
and SHORT are compounded monthly returns of January through December. The 
following additional series are derived from the above basic series:  
 
DEFt = CORPt - LONGt.  It represents the default risk premium (Fama and French, 
1993). 
 
TERMt = LONGt - SHORTt-1. It measures unexpected changes in interest rates (Fama 
and French, 1993). 
 
UIt: unexpected inflation.  It is proxied by the residuals from the following regression 
model (Fama, 1981): 
CPIt = αt-1 + βSHORTt-1 + ηt 
 
EIt-1: expected inflation at the end of month t-1. It is the difference of CPIt and UIt. 
 
DEIt: the change in expected inflation. It measures the difference of EIt and EIt-1. 
     In addition to monthly inflation variables, this study also calculates quarterly 
expected and unexpected inflation variables.  By multiplying 4, the quarterly inflation 
variables are converted into annual variables (Fama, 1981). 

 
3. Interval algorithm and estimation accuracy 
 
3.1. An interval least squares algorithm 
 
In a given time period, for instance, a month or a year, economic data can be expressed 
as intervals. An interval measures the greatest variation for a given time period.  In this 
study the maximum monthly number in a given year forms the upper bound of the 
year’s interval; while the minimum monthly number in the year becomes the lower 
bound of the interval. After construction of the annual interval data, it is necessary to 
minimize an objective function, in terms of the least squares principle, with the interval 
data.  Different from the ordinary least squares algorithm, an interval valued linear 
system of equations needs to be solved to estimate the coefficients in (1).  Therefore, 
an interval least squares algorithm has been developed and implemented in C++ in this 
study to solve the problem.  Details of the algorithm and software will be reported in 
another paper to appear in the field of computer science. 
     Based on the least squares principle, the interval arithmetic (Moore, 1979) is used to 
construct an interval valued linear system of equations.  In this process, the product of 
two intervals are used mostly. In interval arithmetic, the product of two intervals is 
defined as [a, b]* [c, d] = [min {ac, ad, bc, bd}, max{ac, ad, bc, bd}].  
     In order to estimate the coefficients, it is necessary to solve an interval linear 
systems of equations Ma = v, where M is a 6 by 6 interval matrix; a is the vector of the 
coefficients to be determined; and v is an interval vector.  It is assumed that the 
coefficients are scalars initially.  By taking Mmid, the mid-point matrix of M, and vmid, 
the midpoint vector of v, a classic linear system of equations about a is constructed.  
The numerical estimations of the coefficients are obtained by using Gaussian 
elimination with scaled partial pivoting. This initial approach has the intuition of 



  

matching the center of two interval vectors. However, it has not yet taken the widths 
into considerations. Therefore, it is essential to adjust the width of the forecasted 
interval. Consistent with the rolling estimation period, the width is adjusted by a rolling 
scalar constant which is equivalent to the average width of previous ten years.  
     The coefficient estimates obtained from Equation (1) may be used to forecast 
changes of the stock market by estimating the following the out-of-sample forecasting 
model: 

 
)()()()()( 111111 tttttttttttt TERMTDEFFDEIDUIUIPIaSP −−−−−− +++++=    (2) 

 
     In order to better reflect time-varying relationships between the stock market and 
other macroeconomic variables, a rolling estimation period of ten consecutive years is 
used to establish the interval linear system of equations. Then Equation (2) is estimated 
to forecast the stock market, starting with the eleventh year. 

 
3.2. Accuracy of interval forecasting  

The interval forecasting makes an effective assessment measure feasible.  Both the 
input and output of interval forecasting are intervals.  The range covered by both the 
forecasted and actual intervals represents the accurate part of an interval forecast.  The 
quality of forecasting can be easily measured by a ratio of the commonly covered range 
to the maximum distance reached by the forecasted and actual intervals.  This ratio 
reflects the accuracy of the forecast. For example, if the predicted interval is [2, 5] and 
the actual interval is [1, 3], then the overlapped range is the interval [2, 3]. The width 
of the overlapped interval is 1 (3-2) and the maximum distance is the width of the 
interval [1, 5], that is 4 (5-1). Therefore, the accuracy ratio is 25%.  If the actual 
interval is used as the denominator, the ratio increases to 50%, however, it is 
misleading.  The accuracy ratio reflects the real quality of forecasting and does not 
need any confidence assumption. Consider the following example: the predicted 
interval is [1, 5] and the actual interval remains the same, [1, 3]. The accuracy ratio 
should be 40% (2/5).  If the actual interval is used as the denominator, the value of the 
ratio becomes 100%.  Obviously, it is wrong.  In this study, SPest represents the 
forecasted SP interval.  Then, the concept of the estimation accuracy is defined as: 
w(SP∩SPest)/w(SP∪SPest), where w is the width function of an interval. 
 
4. Empirical results 
  
Table 1 provides summary statistics for the monthly and annual point data as well as 
the annual interval data.  Compared with the interval data, the point data (monthly and 
annual) are more volatile, evidenced by higher standard deviations.  Given the higher 
stability for both upper and lower bounds of the interval data, the range between the 
two bounds should be the major source for the higher variability of the point data, 
because most points locate somewhere between the upper and lower bounds.  The point 
measurement only quantifies an item at a particular time spot; while an interval 
measurement reflects the greatest variation in the item between two time spots.  
Therefore, most of the volatility of the point measurements should be covered in the 
intervals.  In other words, intervals primarily serve as the variability measurement or 
risk measurement. 
      The OLS estimates of Equation (1) indicate that the model has a higher explanatory 
power (R2=26%) with the annual data, rather than the monthly data (R2=17%).  The 
better fitness of the data guarantees better forecasting results.  In order to compare the 
forecasting results generated by the OLS and interval methods, this study uses the 
annual data. 
      Out-of-sample rolling forecasts of changes in the stock market based on Equation 
(2) are reported in Table 2.  The OLS forecasting uses monthly, quarterly, and annual 
point data, respectively.  The monthly average of forecast errors is about 2.65% with a 



  

standard deviation of 2.44%.  By multiplying 12, those two numbers can be converted 
into annual figures of 31.83% and 29.34% which are much larger than those for annual 
forecasts.  The annual mean of forecast errors is 20.57% and the standard deviation of 
forecast errors is 19%.  The results unequivocally suggests that annual forecasts have 
the best quality among the three types of OLS forecasts. 
     Nonetheless, forecast errors of the annual interval forecasting are even smaller and 
more stable.  The mean of forecast errors is only 6.25% for intervals, the combinations 
of the upper and lower bounds.  The interval forecasts are highly consistent over time.  
The standard deviation of forecast errors is as low as 3.73%.  Equality tests provide 
evidence that the quality of interval forecasts is significantly higher than OLS forecasts.  
The T-statistic (5.96) suggests that the mean of forecast errors for interval forecasts is 
significantly lower than that for OLS forecasts.  In addition, both the Newbold (1995) 
F-statistic (25.98) and Bartlett-statistic (123.6) reject the null hypotheses of equality 
and homogeneity of variances in favour of interval forecasts. All three statistics are 
significant at the 1% level.  More importantly, there is a direct quality measure for the 
interval forecasting.  The ratio of forecasting accuracy is defined as the overlapped 
range by both the forecasted interval and the actual interval divided by the maximum 
range stretched by both the predicted and actual intervals.  The ratio is 58.21% in this 
study.  It indicates that the interval approach can predict about 58% of changes in the 
stock market.  This accuracy ratio measures the real preciseness of interval forecasts 
without any confidence assumption, therefore, is only feasible for the interval 
measurement.  When the point measurement is used, it is impossible to find the 
overlapped range between the forecasted and actual points.  As a result, the forecasting 
quality is traditionally assessed by a negative measure, the forecast error. 
      In-sample rolling forecasts tell the similar story (Table 3). Since the current 
coefficient estimates, rather than their lag terms, are used in in-sample forecasting, a 
better fitness of forecasts to the data is expected. Therefore, it is not surprising that 
forecast errors for all kinds of forecasts become smaller, compared to the out-of-sample 
forecasts. The biggest drop is in the annual OLS forecasts, from 20.57% (Table 2) to 
6.52% (Table 3).  Nevertheless, the interval forecasts still have significantly lower 
forecast errors and their standard deviation. The ratio of forecasting accuracy for 
interval forecasts also increases to 63.47%. 
     Figures 1 and 2 display the OLS and interval rolling forecasts of SP contrasted with 
the actual growth rates of SP.  The scale in the interval forecast graph (Figure 2) ranges 
between -0.2 and 0.2, due to the stability of the forecasts.  The graph of OLS forecasts 
has a range from -1 to 1.5.  It is evident that OLS forecasts are unstable over time and 
have large forecast errors.  In contrast to the OLS forecasts, interval forecasts have 
smaller errors in general.  The lower bound forecasts have about 10 perfect or near 
perfect matches with the real lower bounds. 
 
5. Concluding comments 
Traditionally, forecasting in Economics and Finance uses point measured data and 
predicts a particular point in future.  Point forecasts are normally imprecise.  In order to 
improve forecasting quality, this study uses a different data measurement, interval, to 
forecast the range of future stock market changes.  Several benefits of this new 
approach are apparent.  First, intervals are an effective economic and financial 
information measurement.  An interval contains information about the level as well as 
variability which is an important factor in asset pricing.  Second, the output of the 
interval forecasting is more useful than the point forecasting.  An interval forecast 
essentially consists of predicted levels and a predicted variability.  Theoretically, the 
predicted variability can reduce uncertainty or risk, therefore, may influence required 
returns and capital asset prices.  Third, interval forecasting can generate high quality 
results, because interval data contains more information than does point data.  Finally, 
a unique quality assessment measure is feasible for interval forecasts.  The ratio of 
forecasting accuracy compares the correctly predicted range to the maximum range 



  

stretched by the forecasted and actual intervals.  Unlike the mean and standard 
deviation of forecast errors, the accuracy ratio is a direct and simple assessment of 
forecasting quality.  It does not require any statistical assumptions.  Nevertheless, the 
interval forecasting does require interval data as inputs. 
     Empirical results in this study provide strong evidence that the interval forecasting 
is superior to the traditional point data based OLS forecasting.  Both the mean and 
standard deviation of forecast errors for interval forecasts are statistically lower than 
that for the OLS forecasts.  Moreover, the accuracy ratio indicates that the out-of-
sample interval forecasting has an actual forecasting accuracy over 58%.  The ratio 
becomes more than 63% for the in-sample interval forecasting. 
     This study is merely the first attempt to use the interval computing approach in 
financial forecasting.  Future research in this area may be fruitful by further exploring 
the accuracy of interval forecasting by using higher frequency data (monthly or daily) 
and extending the interval forecasting into other important economic and financial 
aspects. 
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APPENDICES: 

Table 1. Summary statistics of monthly and annual data (in percent) 
and regression coefficients 

Monthly (1/1930-12/2004)     SP IP UI   DEI    DEF      TERM 
Mean       0.45 0.29 0.002 -0.000       0.04       0.17  
Standard Deviation    4.50 1.90 0.53  0.06       1.18     2.30 
----------------------------------------------------------------------- 
      IP UI   DEI    DEF      TERM    Con   R2 
OLS coefficients 
With SP as     0.79 0.03  -2.92     0.97       0.37      0.00       0.17 
dependent variable   (10.87)a  (0.12)    (-1.23)     (7.35)a   (5.39)a     (0.87)  
Annual (1930-2004) SP IP UI   DEI    DEF    TERM 
Mean     5.37 3.49 0.21  -0.03         0.46      2.04  
Standard Deviation 19.06  9.94   4.57    1.30     3.41    8.84 
----------------------------------------------------------------------- 
     IP UI   DEI    DEF    TERM   Con R2 
OLS coefficients 
With SP as    0.93 -0.40   2.53         0.52    0.48    0.01   0.26 
dependent variable  (4.20)a   (-0.83)  (1.61)   (0.77)  (1.86)c  (0.48)  
Annual interval(1930-2004) SP IP UI   DEI    DEF    TERM 
Upper bound mean   6.61 2.36 0.66   0.08     1.82    3.44  
Standard Deviation 2.59   0.08  0.01    0.00     0.05    0.22 
Lower bound mean   -6.30  -1.80  -0.51   -0.08    -1.66   -3.14 
Standard Deviation   0.75   0.24      0.09      0.00         0.15      0.90 
SP=Growth rate in S&P stock index. 
IP=Growth rate in industrial production index. 
UI=Unexpected inflation. 
DEI=Changes in expected inflation. 
DEF=Default risk premium. 
TERM=unexpected changes in interest rates. 
Con=Constant term. 



  

t-values in parentheses. 
The 1% significant level represented by a. 
The 10% significant level represented by c. 
 
Table 2. Out-of-sample rolling forecasts of changes in the stock market: OLS vs. 

interval results 
   Monthly Quarterly   Annual   Interval 
Rolling window  60 months  20 quarters       10 years            10 years 
Forecasting period 1/40-12/04 1Q/40-4Q/04    1940-2004     1940-2004 
Forecast error mean(E) 0.026522 0.048455 0.20572 
Std. dev. Of E  0.024446 0.044082 0.18996 
Forecast error mean 
Of Upper bound(UE)             0.028631 
Std. dev. Of UE              0.024216 
Forecast error mean 
Of lower bound(LE)             0.033874 
Std. dev. Of LE                0.031837 
Forecast error mean 
Of Interval (IE=UE+LE)             0.062504 
Std. dev. Of IE                0.037266 
Ratio of forecasting 
Accuracy (FA)              0.582072 
Std. dev. Of FA              0.189395 
Equality tests for the following pairs 
 
      Annual  Interval  Test result 
Forecast error mean   0.20572   0.062504 
Std dev. Of FE    0.18996   0.037266 
 
T-statistic                 5.96a 
F-statistic            25.98a 
Bartlett-statistic           123.60a 
Forecast error=Absolute value of the difference between the forecasted and actual 
values. 
The T-statistic tests the null hypothesis of equality of means without                             
the assumption of equal population variance. 
The F-statistic tests the null hypothesis of equality of variances. 
The Bartlett-statistic tests the null hypothesis of homogeneity of variances. 
The 1% significant level represented by a. 
 

Table 3. In-sample rolling forecasts of changes in the stock market: OLS vs. 
interval results 

    Monthly Quarterly   Annual   Interval 
Rolling window  60 months     20 quarters   10 years   10 years 
Forecasting period 1/39-12/04    1Q/39-4Q/04   1939-2004   1939-2004 
Forecast error mean(E) 0.023503        0.031501   0.065210 
Std. dev. Of E  0.021330        0.028751   0.054414 
Forecast error mean 
Of Upper bound(UE)        0.024819 
Std. dev. Of UE         0.020353 
Forecast error mean 
Of lower bound(LE)        0.027135 
Std. dev. Of LE         0.025885 
Forecast error mean 
Of Interval (IE=UE+LE)        0.051729 



  

Std. dev. Of IE         0.033623 
Ratio of forecasting 
Accuracy (FA)         0.634659 
Std. dev. Of FA         0.195348 
Equality tests for the following pairs 
 
     Annual  Interval  Test result 
Forecast error mean  0.065210   0.051729 
Std dev. Of FE   0.054414   0.033623 
 
T-statistic         1.71c 
F-statistic         2.62a 
Bartlett-statistic         14.41a 
Forecast error=Absolute value of the difference between the forecasted and actual 
values. 
The T-statistic tests the null hypothesis of equality of means without                             
the assumption of equal population variance. 
The F-statistic tests the null hypothesis of equality of variances. 
The Bartlett-statistic tests the null hypothesis of homogeneity of variances. 
The 1% significant level represented by a. 
The 10% significant level represented by c. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Out-of-sample 10-year rolling OLS forecasts
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Figure 2. Out-of-sample 10-year rolling interval forecasts
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Abstract. E-commerce plays an increasingly large role in business. As
a result, business-related computer security becomes more and more im-
portant. In this talk, we describe how interval and fuzzy techniques can
help in solving related computer security problems.

1 Interval Techniques in Computer Security: Motivations

Importance of computer security. E-commerce plays an increasingly large role
in business. As a result, business-related computer security becomes more and
more important; see, e.g., [2, 16].

Why interval techniques. In computer security, interval uncertainty comes from
the lack of knowledge. One of the reasons for this lack of knowledge is that the
users are reluctant to provide the businesses with the exact information because
they do not want this information to be misused. For example, a user may be
reluctant to provide his or her exact date of birth but willing to provide an age
interval (e.g., 30–40).

To be successful, an electronic business needs to process the user data. It is
therefore important to develop efficient algorithms for statistical processing of
such interval-valued data.

2 How to Extend Statistical Techniques to Situations
with Interval Uncertainty

Traditional approach to data processing: statistical analysis. One of the main
objectives of computer security is to predict the user’s behavior, so that we will
be able to stop malicious intrusions without interfering with the legitimate use
of the computer systems.

To be able to make these predictions, we must find the relation between
the desired difficult-to-observe characteristics of the user behavior – such as



maliciousness – and the observable characteristics. Situations when we must
be able to predict difficult-do-directly-observe characteristics based on easier-to-
measure ones are typical in engineering and science. For example, in engineering,
we must predict the building’s stability based on the observed characteristics; in
medicine, it is desirable to check whether a person has a certain disease (such as
cancer) based, ideally, only on non-invasive tests such as ultrasonic and X-ray
imaging.

The traditional way to find this dependence is (see, e.g., [20]):
– to find the make several observations of different characteristics,
– to compute statistical characteristics of the corresponding measurement re-

sults, such as the population mean Ex =
1
n
·

n∑

i=1

xi, the population variance

Vx =
1
n
·

n∑

i=1

(xi − Ex)2, the population covariance

Cxy =
1
n
·

n∑

i=1

(xi − Ex) · (yi − Ey),

and then
– to use these statistical characteristics in the design of an (approximate)

model (such as linear regression z = a0 + ax · x + ay · y + . . .) that predicts
the value of the desired characteristic z as a function of easier-to-measure
quantities x, y, etc.

Statistical analysis under interval uncertainty: a problem. We have mentioned
that in many real-life situations, we only know the intervals x1,x2, . . . ,xn of
possible values of xi. For different possible values xi ∈ xi, we get different values
of Ex, Vx, Cxy, etc. In such situations, it is desirable to find the ranges of possible
values of these characteristics:

Ex =

{
1
n
·

n∑

i=1

xi : xi ∈ xi, i = 1, . . . , n

}
,

Vx =

{
1
n
·

n∑

i=1

(xi − Ex)2 : xi ∈ xi, i = 1, . . . , n

}
,

Cxy =

{
1
n
·

n∑

i=1

(xi − Ex) · (yi − Ey) : xi ∈ xi, yi ∈ yi, i = 1, . . . , n

}
.

The practical importance of the problem of computing population variance under
interval uncertainty was emphasized, e.g., in [17, 18] on the example of processing
geophysical data and in [6] on the example of processing environmental data.

The problem of computing the range of a given function under interval un-
certainty is known as the problem of interval computations; see, e.g., [11, 15]. It
is known that in general, this problem is computationally difficult (NP-hard).
Specifically, even computing the range of the variance is, in general, NP-hard [7,
8].



Statistical analysis under interval uncertainty: privacy case. NP-hardness means
that there is no general algorithm for computing V in all possible cases. As shown
in [12], there are practically useful cases when a feasible algorithm for computing
V is possible. One such case is the case of privacy, when we have a fixed partition
of the real line, and all intervals come from this partition. In precise terms, we
fix values x(1) < x(2) < . . . < x(m), and we are only allowing intervals of the
type [x(k), x(k+1)] – e.g., the age of 10–20, 20–30, etc.

Statistical analysis in the privacy case: a sample algorithm. The corresponding
algorithm for computing the range [V , V ] for the variance V is based on the
following idea. Since no two intervals are proper subsets of one another, we
can sort them in lexicographic order – i.e., in the order where xi ≤ xj if and
only if either xi < xj or (xi = xj and xi ≤ xj). After the sorting, it can
then be shown that the maximum of V is attained at one of sequences of the
type (x1, . . . , xk, xk+1, . . . , xn). Thus, V is equal to the largest of the values V
corresponding to n + 1 such sequences.

For each value k, for the corresponding sequence, computing V = M2 − E,

where M2 =
1
n
·

n∑

i=1

x2
i , requires linear time. Actually, we only need to spend

this time to compute E, M2, and V for k = 0. After we computed M2 and E for
some k, going from the case k to the case k + 1 means replacing only one term
in E and in M2 (xk+1 by xk+1), and thus, requires constant number of steps:

E → E +
1
n
· (xk+1 − xk+1); M2 → M2 +

1
n
· ((xk+1)

2 − (xk+1)2).

So, after sorting (which requires time O(n · log(n)); see, e.g., [4]), we only need
linear time to compute V for all n + 1 candidates for an optimal sequence – and
after that, linear time to find the largest of these n values as V . Thus, the overall
computation time for computing V is equal to

O(n · log(n)) + O(n) = O(n · log(n)).

Similarly, the minimum of V is attained at one of sequences of the type
(x1, . . . , xk, xk+1, . . . , xn). Thus, V is equal to the smallest of the values V corre-
sponding to n+1 such sequences, and we can also compute V in time O(n·log(n));
for details and proofs, see [1, 5, 9, 12, 23].

General case. The problem of computing the range for the variance is particular
case of a general class of problems in which we need to combine probabilistic and
interval uncertainty. The correspongind problems and algorithms are described,
e.g., in [6, 12, 13, 21, 22].

3 Rough Set Techniques – An Alternative to Statistical
Techniques

Need for alternative techniques. In the traditional statistical approach, each
variable x can, in principle, take an arbitrary value from its continuous range:



e.g., from the entire real line, or from the interval [0,120] for age. In the case of
privacy-type interval uncertainty, in effect, for each variable x, we have a finite
number of possible interval values: 0–10, 10–20, etc. Therefore, instead of trying
to adjust continuous techniques to this discrete case, it may make sense to design
new discrete techniques for handling the corresponding data.

Rough set approach: main idea. Some such techniques have been designed as
part of Pawlak’s rough set theory – a theory that, since its appearance in the
early 1980s, has been successfully used in data analysis, pattern recognition,
data mining, and knowledge discovery; see, e.g., [10, 14, 19, 24].

To find the dependence between the discrete characteristics X, . . . , Y , and
the desired discrete characteristic Z, the rough set theory proposes the following
idea. We start with the set U of objects (situations) for which we know the values
(x, . . . , y, z) of all the characteristics X, . . . , Y , and the value of z ∈ Z of the
characteristic Z. It may happen that the known characteristics are not sufficient
to determine Z, i.e., that we have a combination of values x ∈ X, . . . , y ∈ Y ,
of these characteristics for which there are two different patterns (x, . . . , y, z)
and (x, . . . , y, z′) with z 6= z′. It is reasonable to define the degree of dependency

γP (Z) of Z on the set P = {X, . . . , Y } as the ratio γP (Z) def=
|CLP (Z)|

|U | , where

CLP (Z) is the set of all patterns for which the values of all variables from P
uniquely determine the value of Z, and |A| denotes the total number of patterns
in the set A.

Usually, we start by measuring a large number of different characteristics X,
. . . , Y , most of which may be irrelevant to the problem of predicting Z. One of
our objectives is to try to come up with a smaller set of characteristics C ⊂ P
that would enable us to achieve the same predictive power. Ideally, we should
find such subsets that enables to classify exactly the same number of patterns
as before, i.e., for which γC(Z) = γP (Z). Such subsets are called reducts.

Rough set approach: computational aspects. It is easy to check whether a given
subset is a reduct – it is sufficient to go over all originally classifiable patterns
and make sure that we do not have two patterns in which the values of all
characteristics from C are the same, but the values of Z are different. However,
finding an optimal reduct – e.g., a reduct consisting of the smallest possible
number of characteristics – is known to be NP-hard. Crudely speaking, it means
that the following:

– we can always find the optimal reduct by trying all 2|P | possible subsets
C ⊆ P – which requires exponential time;

– NP-hard means, crudely speaking, that, in general, it is not possible to find
an optimal reduct faster than in the exponential time.

In practice, when we start with a large number of characteristics, we cannot
test all subsets, so we have to use heuristic algorithms that provide us with a
possible sub-optimal (“good enough”) reduct instead of the optimal one. Several
such algorithms have been developed and successfully used in applications of



rough set theory. In particular, such heuristics have been successfully used for
intrusion detection [3].

Limitations of the interval approach to rough set classification. In the above
approach, we implicitly assumed that we know exactly how to classify each
pattern, and we are absolutely sure that all the information within each pattern
is correct.

In practice, however, some patterns may be more dubious, and some cases
of seemingly legitimate computer behavior may actually be intrusions. How can
we take this uncertainty into account?

4 Towards a Combination of Fuzzy and Interval
Techniques in Computer Security

Why fuzzy techniques in computer security. Usually, a human being can easily
recognize a spam. However, in some practical situations, a user may not be sure
whether a given message is a spam or a legitimate email. The best a user can do
in such a situation is to say that a given email is most probably, legitimate, or
that it is somewhat suspicious – but the user usually cannot provide us with a
probability or other numerical characteristic of his or her degree of suspicion.

Similarly, system administrators can often detect intrusion, but frequently,
they can only indicate that something suspicious is going on, without being
100% sure that what they observing is indeed a computer intrusion. A system
administrator usually cannot describe this feeling in numerical terms; at best, he
or she can tell that a given situation is somewhat suspicious, or very suspicious,
or most probably legitimate.

Fuzzy logic was designed to describe these and similar qualitative terms from
natural language. In the fuzzy logic, each term like “somewhat” is translated
into a numerical degree – a number from the interval [0, 1]. Let us show how this
approach can be used in computer security.

In this paper, we will consider the most important practical case when the
predicted variable Z has two possible values “positive” and “negative” – such as
“intrusion” or “no intrusion”.

How to incorporate fuzzy techniques into our problem. In accordance with the
above comment, for each object u ∈ U , we have a degree d(u) to which this
object is relevant and its data is reliable. Also, instead of the exact value z ∈ Z,
we have the degree g(u) to which this object u is a positive example.

In other words, we have the list of tuples each of which has the form
(x, . . . , y, g(u), d(u)), where:

– x ∈ X, . . . , y ∈ Y , are the (discrete) values of the corresponding character-
istics,

– g(u) is the degree to which this object is a positive example, and
– d(u) is the degree of importance of u.



From the traditional fuzzy logic to interval-valued fuzzy logic. It is worth men-
tioning that we may want to distinguish between situations in which we have an
equal number of arguments for and against positivity of a given object u, and
situations when we know nothing about u. In the traditional fuzzy logic, both
situations are characterized by the value g(u) = 0.5. To distinguish between such
situations, it is reasonable to use intuitionistic fuzzy logic in which we have tow
different degrees: the degree g+(u) to which u is positive and the degree g−(u)
to which u is negative.

– In the case of equal number of arguments, we have g+(u) = g−(u) = 0.5;
– in the case of complete ignorance, we have g+(u) = g−(u) = 0;
– in general, we have g+(u) + g−(u) ≤ 1.

In this approach, our degree of belief that an object u is positive is no longer
described by a single value g(u). Actually, the only information that we have
about this value is that it is somewhere between g+(u) and 1− g−(u). So:

– in the case of equal number of arguments, we have g+(u) = g−(u) = 0.5 and
thus, the interval [g+(u), 1− g−(u)] consists of a single value 0.5;

– in the case of complete ignorance, we have g+(u) = g−(u) = 0, so the interval
[g+(u), 1− g−(u)] coincides with the entire interval [0, 1];

– in general, we have an interval [g+(u), 1− g−(u)] ⊆ [0, 1].

How to incorporate fuzzy techniques into the rough set approach. In the tradi-
tional rough set approach, any rule with one counter-example is immediately
dismissed as invalid. Since we now allow the possibility that tuples may be de-
scribed wrong or misclassified, we are no longer sure that this counter-example
actually disproves the rule.

In such situation, for each rule, we can only talk about the degree to which
it is consistent with the given data. Let us assume that we restrict ourselves to
a subset C = {X, . . . , Y } ⊆ P of the original set of characteristics. Each combi-
nation of values c = (x, . . . , y) of characteristics from C can be then classified as
either positive or negative. Let Sc denote all the tuples with this combination of
values. Then, it is reasonable to define the certainty to classify Sc as a positive

region as C+
c =

∑
u∈Sc

d(u) · g+(u)
∑

u∈Sc

d(u)
, and the certainty to classify Sc as a negative

region as C−c =

∑
u∈Sc

d(u) · g−(u)
∑

u∈Sc

d(u)
. We then:

– classify c as positive if C+
c ≥ t+ for some pre-defined threshold t+,

– classify c as negative if C−c ≥ t− for some pre-defined threshold t−.

The set of all classified c will be denoted by CL. For all combinations c 6∈ CL,
the information presented in c is not sufficient for the classification.



We can then define the degree of dependency γC(Z) as the relative weight of
all classified tuples, i.e., as the ratio

γC(Z) def=

∑
c(u)∈CL

d(u)

∑
u∈U

d(u)
.

A reduct is then defined as a subset C ⊆ P for which γC(Z) = γP (Z).

Preliminary results. The existing heuristics for finding sub-optimal reducts can
be naturally extended to this fuzzy situation, and our preliminary results of
using these heuristics are encouraging.
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Abstract. For many real-life systems ranging from financial to population-
related to medical, dynamics is described by a system of linear equations.
For such systems, the growth rate λ can be determined as the largest
eigenvalue of the corresponding matrix aij . In many practical situations,
we only know the components of the matrix aij with interval (or fuzzy)
uncertainty. In such situations, it is desirable to find the range of possible
values of λ. In this paper, we propose an efficient algorithm for comput-
ing λ for a practically important case when all the components aij of the
matrix are non-negative.

1 Growth Rates: A Linear Approximation to the
Description of a General System

General description. In general, the state of a real-life complex system can be
described by listing the current values of its parameters x1, . . . , xn.

– For continuous-time systems, their dynamic can be described as

ẋi = fi(x1, . . . , xn)

for some functions f1, . . . , fn.
– For discrete-time systems, their dynamic can be described as

xi(t + 1) = fi(x1(t), . . . , xn(t))

for some functions f1, . . . , fn.

Linearized description. The dependencies fi(x1, . . . , xn) are usually smooth, so
within a reasonable range of values xi, we can approximate each of these func-
tions by a linear expression:

fi(x1, . . . , xn) = bi +
n∑

j=1

aij · xj .



By applying an appropriate shift xi → xi − si, we can simplify this system even
further, into

fi(x1, . . . , xn) =
n∑

j=1

aij · xj .

Thus:

– the dynamic of a continuous-time system can be described by the equation

ẋi =
n∑

j=1

aij · xj ;

– the dynamic of a discrete-time systems can be described by the equation

xi(t + 1) =
n∑

j=1

aij · xj(t).

The notion of a growth rate. By using eigenvectors of the matrix A = (aij)
as a new base, we get a yet simpler expression for the new variables yi – the
coefficients in the expansion of xi(t) in this new base.

In the generic case when all eigenvalues are different, the dynamic equations
take the simplest possible form:

– for a continuous-time system,

ẏi = λi · yi,

where λi is the corresponding eigenvalue;
– for a discrete-time system system,

yi(t + 1) = λi · yi(t).

These equations have an explicit solution:

– for a continuous-time system, we get

yi(t) = yi(0) · exp(λi · t);

– for a discrete-time system, we get

yi(t) = yi(0) · λt
i.

This decomposition into simple solutions yi(t) is one of the main ideas behind
the Principle Component Analysis.

A general solution xi(t) is a linear combination of such terms. Thus, in the
general case, asymptotically,



– for a continuous-time system,

xi(t) ∼ exp(λ · t),

where λ is the largest of these eigenvalues;
– for a discrete-time system,

xi(t) ∼ λt.

When the largest eigenvalue is degenerate, we have xi(t) ∼ xk · exp(λ · t) or
xi(t) ∼ xk · λt for some integer k, i.e., modulo polynomial terms, still the same
asymptotic.

Because of this fact, the largest eigenvalue λ is called the growth rate of a
system.

This formula indeed describes a growth rate. This asymptotic behavior well de-
scribes different types of growth (see, e.g., [3]):

– the population growth,
– the growth in animals and plants,
– the growth rates of number of affected people under an epidemic,
– financial growth,
– etc.

For example, in population growth, different variables xi describe the number of
people of i-th age group, etc.

2 Growth under Interval Uncertainty: A Computational
Problem

Computing the growth rate is important. In view of the above applications, it is
important to compute the growth rate for a given system.

Idealized case: exactly known coefficients. In general, we never known the exact
values of parameters of real-life systems, these parameters are always known
with some uncertainty.

In many real-life situations, however, this uncertainty is small. In such situ-
ations, we can safely assume that we know the exact values aij of all the coeffi-
cients. In such situations, we can use known algorithms to find the eigenvalues
[3, 7, 14] and thus, find the largest of these eigenvalues – the growth rate.

Often, we cannot ignore the uncertainty. In many real-life situations, however,
we cannot ignore the uncertainty. In such situations, we have to take into account
the fact that the coefficients aij are only known with uncertainty.



Case of interval uncertainty. Often, in addition to the approximate values ãij

of the corresponding coefficients, we also know the upper bounds ∆ij on the
approximation error |ãij − aij |. In such situations, we know that the actual
(unknown) value of each coefficient aij belongs to the interval

aij = [aij , aij ]
def= [ãij −∆ij , ãij + ∆ij ].

Computing the growth rate under interval uncertainty: a computational problem.
In case of interval uncertainty, different values aij ∈ aij lead to different growth
rates λ. In such situations, it is desirable to find the interval [λ, λ] of possible
values of λ – or at least an interval that guarantees to contain this interval.

Of special importance is the upper endpoint λ of the desired interval, because
this upper endpoint indicates how fast a population can grow, or how fast a
disease can spread.

The need for computing such an interval has been known for a few decades;
see, e.g., [2].

Case of small uncertainty: sensitivity analysis. When the uncertainty is rela-
tively small, i.e., when the uncertainty ∆aij

def= ãij − aij is much smaller than
the approximate value ãij , we can linearize the equations for describing the
eigenvalues in terms of aij and use the sensitivity analysis techniques to get
reasonable estimates for [λ, λ]; see, e.g., [2].

General case: the problem is computationally intractable (NP-hard). In many
real-life situations, e.g., in many financial and biological systems, the uncertainty
is not small, so we can no longer use the linearized techniques to find λ.

In general, we this face a problem of finding the range of possible values of
λ for all matrices aij within a given interval matrix aij , i.e., for all matrices for
which aij ∈ aij . It is known that in general, this problem is NP-hard; see [9] and
references therein. This means, crudely speaking, that it is not possible top have
an algorithm that would always compute the desired range for λ in physically
reasonable time.

Moreover, it is also known [9] that even the problem of computing the eigen-
values with a given accuracy is NP-hard.

This means that while there exist computationally efficient methods of com-
puting an enclosure for the desired interval [λ, λ], but these methods sometimes
lead to a drastic excess width.

Important case: a non-negative matrix. In many real-life situations, the matrix
aij is non-negative in the sense that all its coefficients are non-negative. Such
non-negative matrices describe population growth, spread of disease, financial
situations, etc. [3].

What we propose. We propose a new algorithm that, for non-negative matrices,
exactly computes the upper bound λ on λ in feasible computation time.



Comment. In this paper, we concentrated on the computation of the largest
eigenvalue, a practically useful characteristic of an interval matrix. If, in addi-
tion to describing the asymptotic growth rate, we want to find a more detailed
description of a growth, then we need to find not only the largest eigenvalue,
but also other eigenvalues and the corresponding eigenvectors. Algorithms for
solving this problem under interval uncertainty are presented, e.g., in [10].

3 New Algorithm

This algorithm is based on known algorithms for the case of the exact matrix. Our
algorithm assumes that already have an algorithm A for computing the largest
eigenvalue λ(A) of a given non-negative matrix A = ‖aij‖. Such algorithms are
described, e.g., in [3, 7, 14].

Input to the new algorithm. Let us assume that instead of the exact non-negative
matrix A = ‖aij‖, we are given the interval-valued matrix A = ‖aij‖, where
aij = [aij , aij ].

In other words, for each i and each j, instead of a single value aij , we have
an interval [aij , aij ] – i.e., in effect, two values aij and aij . We can alternatively
describe this situation by saying that:

– for each i and j, we know the lower endpoint aij , and
– for each i and j, we know the upper endpoint aij .

In other words, instead of a single matrix A = ‖aij‖, we are given two matrices:

A
def= ‖aij‖ and A

def= ‖aij‖.

Description of the new algorithm.

– First, we apply the algorithm A for computing λ(A) to the matrix A; the
resulting value is returned as λ.

– Then, we apply the algorithm A for computing λ(A) to the matrix A; the
resulting value is returned as λ.

Comment. This simple idea does not work for general interval matrices, only for
non-negative ones. In the following text, we provide a proof that for non-negative
matrices, this algorithm indeed works well.

Justification of the new algorithm. In order to provide the desired justification,
let us introduce some notations. We have defined a matrix A to be non-negative
if all its components are non-negative, i.e., as aij ≥ 0 for all i and j. It is natural
to denote this non-negativity in the usual way, as A ≥ 0.

We can similarly define a vector x = (x1, . . . , xn) to be non-negative if all its
components are non-negative, i.e., if xi ≥ 0 for all i. This relation will also be
denoted by x ≥ 0.



We can also define the relation A ≤ B for two matrices A and B as B−A ≥ 0.
In other words, for matrices A = ‖aij‖ and B = ‖bij‖, the order A ≤ B is defined
component-wise, as aij ≤ bij for all i and j.

Now, we are ready for the justification. This justification is based on the two
known facts (described below in detail):

– the representation of the largest eigenvalue as a solution to an auxiliary
optimization problem, and

– the Perron-Frobenius Theorem about the eigenvectors of non-negative ma-
trices.

The first known fact is that the largest eigenvalue λ(A) of a matrix A can be
described as

λ(A) = max
x 6=0

‖Ax‖2
‖x‖2 ,

where
‖x‖2 def=

√
x2

1 + . . . + x2
n

denotes the length of a vector x; see, e.g., [3, 7, 14].
For non-negative matrices A, the Perron-Frobenius Theorem [3, 4, 7, 14] states

that at least one of the eigenvectors x = (x1, . . . , xn) corresponding to the largest
eigenvalue λ(A) is also non-negative: x ≥ 0. Thus, the maximum in the above
definition of λ(A) is attained on a non-negative vector. Therefore, when com-
puting this maximum, we can restrict ourselves only to non-negative vectors:

λ(A) = max
x≥0 & x 6=0

‖Ax‖2
‖x‖2 .

When 0 ≤ A and x ≥ 0, then, by definition of the matrix multiplication, we
get Ax ≥ 0. If 0 ≤ A ≤ B and x ≥ 0, then similarly 0 ≤ Ax ≤ Bx. When we
have two vectors a and b for which 0 ≤ ai ≤ bi for all i, then, of course,

a2
1 + . . . + a2

n ≤ b2
1 + . . . + b2

n,

hence ‖a‖2 ≤ ‖b‖2. Thus, if 0 ≤ A ≤ B, then for every vector x ≥ 0, we get
‖Ax‖2 ≤ ‖Bx‖2 and therefore,

‖Ax‖2
‖x‖2 ≤ ‖Bx‖2

‖x‖2 .

Since this inequality holds for every vector x 6= 0, the maximum λ(A) of its
left-hand side is smaller than or equal than the maximum λ(B) of its right-hand
side. In other words, if 0 ≤ A ≤ B, then λ(A) ≤ λ(B).

By definition of an interval-valued matrix, all possible matrices A ∈ [A,A]
satisfy the inequality A ≤ A ≤ A. Since we assumed that our matrices are non-
negative, we conclude that 0 ≤ A ≤ A ≤ A. Thus, for every possible matrix
A ∈ [A,A], we get λ(A) ≤ λ(A) ≤ λ(A).

Hence, all the values λ(A) lie within the interval [λ(A), λ(A)]. Since both
endpoints of this interval are attained for some matrices from the matrix interval
[A, A], we thus conclude that the interval [λ(A), λ(A)] is the actual range of λ(A).
Thus, for non-negative interval matrices, the above algorithm is indeed justified.



Practical applications. In [5, 6], we apply our ideas to the dynamics of real-life
ecological systems for which we only know the components aij with interval
uncertainty.

4 Case of Fuzzy Uncertainty

Case of fuzzy uncertainty. Often, knowledge comes in terms of uncertain expert
estimates. To describe this uncertainty, for each possible value of aij , we describe
the degree µij(aij) ∈ [0, 1] to which this value is possible. These degrees form a
fuzzy set.

Processing fuzzy uncertainty can be reduced to processing interval uncertainty.
For each degree of certainty α, we can determine the set of values of aij that are
possible with at least this degree of certainty – the α-cut

{aij |µij(aij) ≥ α}
of the original fuzzy set. In most cases, this α-cut is an interval.

Vice versa, if we know α-cuts for every α, then, for each value aij , we can
determine the degree of possibility that aij belongs to the original fuzzy set [1,
8, 11–13]. A fuzzy set can be thus viewed as a nested family of its α-cuts.

So, if instead of a (crisp) interval aij of possible values of the component aij ,
we have a fuzzy set µij(aij) of possible values, then we can view this information
as a family of nested interval matrices aij(α) – α-cuts of the given fuzzy-valued
matrices.

Computation under fuzzy uncertainty. Let us consider the case when instead of
a (crisp) interval aij of possible values of the components, we have a fuzzy set
µij(aij) of possible values. In this case, we can view this information as a family
of nested interval-valued matrices aij(α) – α-cuts of the given fuzzy sets.

Our objective is then to compute the fuzzy number λ – the largest eigenvalue
of this fuzzy-valued matrix. In this case, for each level α, to compute the α-cut
of this fuzzy number, we can apply interval computations to the α-cuts aij(α) of
the corresponding fuzzy-valued matrix. The resulting nested intervals form the
desired fuzzy set for λ.

So, e.g., if we want to describe 10 different levels of uncertainty, then we
must solve 10 interval computation problems – i.e., apply the above algorithm
10 times.
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Abstract. One of the main objectives of engineering design is to find
a design that is the cheapest among all designs that satisfy given con-
straints. Most of the constraints must be satisfied under all possible val-
ues within certain ranges. Checking all possible combinations of values is
often very time-consuming. In this paper, we propose a faster algorithm
for checking such constraints.

1 Formulation of the Problem

General problem of engineering design. In engineering design, e.g., when de-
signing a building, the problem is usually to find the cheapest design among
all designs that satisfy given constraints. This is a problem behind the usual
bidding process when the constraints (requirements) are announced beforehand,
and the contract goes to the lowest bidder among those whose design satisfies
the constraints.

Checking constraints is often difficult. Most design constraints require that some
condition is satisfied for all possible values of parameters within given ranges.
For example, a levee must withstand all Category 4 hurricanes, i.e., all the
winds within a certain range. A building must remain stable under all possible
distribution of loads in different rooms on different floors.

There are many possible distributions, so checking all of them is not practi-
cally possible. It is therefore desirable to come up with efficient algorithms for
checking such constraints.

General mathematical description of the problem. Let us denote the number of
parameters by n, the i-th parameter by xi, and the range of possible values of
the i-th parameter by xi = [xi, xi]. For example, for the building stability, xi is
the load in the i-th room.

The desired constraint can be described as a restriction on some character-
istics depending on these parameters xi: e.g., that at every point, the strain
does not exceed the critical value. Each constraint of this type can be described
as f(x1, . . . , xn) ≤ f0, where the (known) function f(x1, . . . , xn) describes the



dependence of the critical characteristic (like strain) on the values xi, and f0 is
the threshold value of this characteristic.

The problem is: given the intervals xi and the function f(x1, . . . , xn), we
want to check whether f(1, . . . , xn) ≤ f0 for all combinations of possible values
xi ∈ xi of the corresponding parameters.

What we do. In this paper, we describe a new faster algorithm for checking this
constraint.

2 Existing Techniques for Solving The Problem

Relation to interval computations. A natural way to check the desired condition
is to compute the range y = [y, y] of the function f over the box x1 × . . .× xn:

y = [y, y] = {f(x1, . . . , xn) |x1 ∈ x1, . . . , xn ∈ xn},
and then to check whether the upper endpoint y of this range exceeds the thresh-
old f0.

The process of computing this interval range based on the input intervals xi

is called interval computations; see, e.g., [3, 4].

Nominal values. It is reasonable to take the midpoint x̃i =
xi + xi

2
of the range

as the nominal value, and treat the difference ∆xi
def= xi − x̃i as the deviations

from the nominal value. The value of f for the nominal values will be denoted
by ỹ

def= f(x̃1, . . . , x̃n).

Linearized case. In this paper, we will only consider situations in which the
ranges are narrow enough. If the ranges are narrow, then the terms which are
quadratic (or of higher order) in ∆xi can be safely neglected. In such situations,
the dependence of the desired value

y = f(x1, . . . , xn) = f(x̃1 + ∆x1, . . . , x̃n + ∆xn)

on ∆xi can be safely assumed to be linear.

Comment. There are practical situations when the ranges are not narrow enough,
and hence, quadratic terms cannot be safely neglected. In this case, the problem
of error estimation for indirect measurements becomes computationally difficult
(NP-hard) even when the function f(x1, . . . , xn) is quadratic [7, 10].

When the differences are small, we can simplify the expression for ∆y
def=

y − ỹ = f(x1, . . . , xn) − f(x̃1, . . . , x̃n) if we expand the function f in Taylor
series around the point (x̃1, . . . , x̃n) and restrict ourselves only to linear terms
in this expansion. As a result, we get the expression

∆y = c1 ·∆x1 + . . . + cn ·∆xn, (1)



where by ci, we denoted the value of the partial derivative ∂f/∂xi at the point
(x̃1, . . . , x̃n):

ci =
∂f

∂xi |(x̃1,...,x̃n)
. (2)

The sum (1) attains its largest possible value if each term ci ·∆xi in this sum
attains the largest possible value:

– If ci ≥ 0, then this term is a monotonically non-decreasing function of ∆xi,
so it attains its largest value at the largest possible value ∆xi = ∆i; the
corresponding largest value of this term is ci ·∆i.

– If ci < 0, then this term is a decreasing function of ∆xi, so it attains its
largest value at the smallest possible value ∆xi = −∆i; the corresponding
largest value of this term is −ci ·∆i = |ci| ·∆i.

In both cases, the largest possible value of this term is |ci| ·∆i, so, the largest
possible value of the sum ∆y is

∆ = |c1| ·∆1 + . . . + |cn| ·∆n. (3)

Similarly, the smallest possible value of ∆y is −∆.
Hence, the interval of possible values of ∆y is [−∆,∆], with ∆ defined by

the formula (3), and the range of y is equal to [ỹ −∆, ỹ + ∆].

A precise computational formulation of the problem. As a result of the above
analysis, we get the following explicit formulation of the problem: given a func-
tion f(x1, . . . , xn), n numbers x̃1, . . . , x̃n, and n positive numbers ∆1, . . . , ∆n,
compute the corresponding expression (3).

Let us describe how this problem is solved now.

Textbook case: the function f is given by its analytical expression. If the function
f is given by its analytical expression, then we can simply explicitly differentiate
it, and get an explicit expression for (3).

A more complex case: automatic differentiation. In many practical cases, we
do not have an explicit analytical expression, we only have an algorithm for
computing the function f(x1, . . . , xn), an algorithm which is too complicated to
be expressed as an analytical expression.

When this algorithm is presented in one of the standard programming lan-
guages such as Fortran or C, we can let the compute perform an explicit differ-
entiation; for that, we can use one of the existing automatic differentiation tools
(see, e.g., [1, 2]). These tools analyze the code of the program for computing
f(x1, . . . , xn) and, as they perform their analysis, they produce the “differenti-
ation code”, i.e., a program that computes the partial derivatives ci.

Once we know an algorithm that computes f in time T , automatic differen-
tiation (AD) enables us to compute all partial derivatives in time ≤ 3T , hence
we can compute ∆ in time O(T + n).



Case of proprietary software. The software that computes the value y of the
desired characteristic is often proprietary: the owners of the program f do not
want to disclose its code; instead, they only allow to use f as a black box.

If we do not know the code of f , then we cannot apply AD to compute all n

partial derivatives ci =
∂f

∂xi
.

A straightforward method of solving this problem: numerical differentiation. The
most straightforward algorithm for solving this problem is to compute the deriva-
tives ci one-by-one, and then use the corresponding formula (3) to compute the
desired ∆. To compute the i-th partial derivative, we change the i-th input xi

to x̃i + hi for some hi, and leave other inputs unchanged, i.e., we take δi = hi

for this i and δj = 0 for all j 6= i. Then, we estimate ci as

ci =
f (x̃1, . . . , x̃i−1, x̃i + hi, x̃i+1, . . . , x̃n)− ỹ

hi
. (4)

This algorithm is called numerical differentiation.
We want the change hi to be small (so that quadratic terms can be neglected);

we already know that changes of the order ∆i are small. So, it is natural to take
hi = ∆i. In other words, to compute ci, we use the following values: δ1 = . . . =
δi−1 = 0, δi = ∆i, δi+1 = . . . = δn = 0.

Problem: sometimes, numerical differentiation takes too long. Very often, the
program f requires a reasonable time to compute. In this case, applying the
function f is the most time-consuming part of this algorithm. So, the total time
that it takes us to compute ∆ is (approximately) equal to the running time T for
the program f multiplied by the number of times Nf that we call the program
f .

For numerical differentiation, Nf = n (we call f n times to compute n partial
derivatives). Hence, if the program f takes a long time to compute, and n is huge,
then the resulting time T · n (which is À T + n) may be too long. For example,
for different loads in a multi-story building, we may get n in the hundreds, and
T in minutes. In this case, T · n may take several days. This may be OK for a
single design, but too long if we want to compare different designs in order to
select the optimal one – i.e., the cheapest of all the designs that satisfy all the
constraints.

3 A New Method Based on Cauchy Distribution

Can we use Monte-Carlo simulations in the interval setting? It is well known
that for probabilistic uncertainty, Monte-Carlo simulation speeds up computa-
tions. It is desirable to use a similar technique in interval setting as well.

There is a problem here. In the interval setting, we do not know the exact
distribution, we may have different probability distributions – as long as they



are located within the corresponding intervals. If we only use one of these dis-
tributions for simulations, there is no guarantee that the results will be valid for
other distributions as well.

In principle, we could repeat simulations for several different distributions,
but this repetition would drastically increase the simulation time and thus, elim-
inate the advantages of simulation as opposed to numerical differentiation.

Yes, we can. Luckily, there is a mathematical trick that enables us to use Monte-
Carlo simulation in interval setting as well. This trick is based on using Cauchy
distribution – i.e., probability distributions with the probability density

ρ(z) =
∆

π · (z2 + ∆2)
; (5)

the value ∆ is called the scale parameter of this distribution, or simply a param-
eter, for short.

Cauchy distribution has the following property that we will use: if z1, . . . , zn

are independent random variables, and each of zi is distributed according to the
Cauchy law with parameter ∆i, then their linear combination z = c1 · z1 + . . . +
cn · zn is also distributed according to a Cauchy law, with a scale parameter
∆ = |c1| ·∆1 + . . . + |cn| ·∆n.

Therefore, if we take random variables δi which are Cauchy distributed with
parameters ∆i, then the value

c = f(x̃1 + δ1, . . . , x̃n + δn)− f(x̃1, . . . , x̃n) = c1 · δ1 + . . . + cn · δn (6)

is Cauchy distributed with the desired parameter (3). So, repeating this experi-
ment N times, we get N values c(1), . . . , c(N) which are Cauchy distributed with
the unknown parameter, and from them we can estimate ∆.

The bigger N , the better estimates we get.
There are two questions to be solved:

– how to simulate the Cauchy distribution;
– how to estimate the parameter ∆ of this distribution from a finite sample.

Simulation can be based on the functional transformation of uniformly dis-
tributed sample values:

δi = ∆i · tan(π · (ri − 0.5)), (7)

where ri is uniformly distributed on the interval [0, 1].
In order to estimate ∆, we can apply the Maximum Likelihood Method

ρ(d1) · ρ(d2) · . . . · ρ(dn) → max,

where ρ(z) is a Cauchy distribution density with the unknown ∆. When we
substitute the above-given formula for ρ(z) and equate the derivative of the
product with respect to ∆ to 0 (since it is a maximum), we get an equation

1

1 +
(

c(1)

∆

)2 + . . . +
1

1 +
(

c(N)

∆

)2 =
N

2
. (8)



The left-hand side of (8) is an increasing function that is equal to 0(< N/2) for
∆ = 0 and > N/2 for ∆ = max

∣∣c(k)
∣∣; therefore the solution to the equation (8)

can be found by applying a bisection method to the interval
[
0,max

∣∣c(k)
∣∣].

It is important to mention that we assumed that the function f is reasonably
linear within the box

[x̃1 −∆1, x̃1 + ∆1]× . . .× [x̃n −∆n, x̃n + ∆n]. (9)

However, the simulated values δi may be outside the box. When we get such
values, we do not use the function f for them, we use a normalized function that
is equal to f within the box, and that is extended linearly for all other values
(we will see, in the description of an algorithm, how this is done).

As a result, we arrive at the following algorithm (described, for a somewhat
different problem, in [5, 6, 8, 9]):

Algorithm.

– Apply f to the results of direct measurements: ỹ := f(x̃1, . . . , x̃n);
– For k = 1, 2, . . . , N , repeat the following:

• use the standard random number generator to compute n numbers r
(k)
i , i =

1, 2, . . . , n, that are uniformly distributed on the interval [0, 1];
• compute Cauchy distributed values c

(k)
i := tan(π · (r(k)

i − 0.5));
• compute the largest value of |c(k)

i | so that we will be able to normalize
the simulated measurement errors and apply f to the values that are
within the box of possible values: K := maxi |c(k)

i |;
• compute the simulated measurement errors δ

(k)
i := ∆i · c(k)

i /K;
• compute the simulated measurement results x

(k)
i := x̃i + δ

(k)
i ;

• apply the program f to the simulated measurement results and compute
the simulated error of the indirect measurement:

c(k) := K ·
(
f

(
x

(k)
1 , . . . , x(k)

n

)
− ỹ

)
;

– Compute ∆ by applying the bisection method to solve the equation (8).

When is this randomized algorithm better than deterministic numerical differen-
tiation? To determine the parameter ∆, we use the maximum likelihood method.
It is known that the error of this method is asymptotically normally distributed,
with 0 average and standard deviation 1/

√
N · I, where I is Fisher’s information:

I =
∫ ∞

−∞

1
ρ
·
(

∂ρ

∂∆

)2

dz.

For Cauchy probability density ρ(z), we have I = 1/(2∆2), so the error of
the above randomized algorithm is asymptotically normally distributed, with a
standard deviation σe ∼ ∆ ·

√
2/N . Thus, if we use a “two sigma” bound, we

conclude that with probability 95%, this algorithm leads to an estimate for ∆



which differs from the actual value of ∆ by ≤ 2σe = 2∆ ·
√

2/N . So, if we want
to achieve a 20% accuracy in the error estimation, we must use the smallest N
for which 2σe = 2∆ ·

√
2/N ≤ 0.2 ·∆, i.e., to select Nf = N = 200.

When it is sufficient to have a standard deviation of 20% (i.e., to have a “two
sigma” guarantee of 40%), we need only N = 50 calls to f . For n ≈ 103, both
values Nf are much smaller than Nf = n required for numerical differentiation.

So, if we have to choose between the (deterministic) numerical differentiation
and the randomized Monte-Carlo algorithm, we must select:

– a deterministic algorithm when the number of variables n satisfies the in-
equality n ≤ N0 (where N0 ≈ 200), and

– a randomized algorithm if n ≥ N0.

Comment. If we use fewer than N0 simulations, then we still get an approximate
value of the range, but with worse accuracy – and the accuracy can be easily
computed by using the above formulas.

This algorithm is naturally parallelizable. Similarly to the Monte-Carlo algo-
rithm for statistical setting, we can run all N simulations in parallel and thus,
speed up the computations.

Remark: the problem of non-linearity. In the above text, we assumed that the
intervals xi are narrow. In this case, terms quadratic in ∆xi are negligible, and
so, we can safely assume that the desired function f(x1, . . . , xn) is linear on the
box x1 × . . . × xn. In practice, some intervals xi may be wide, so even when
restricted to the box, the function f(x1, . . . , xn) is non-linear. What can we do
in this case?

Usually, only a few ranges are wide. For each of the corresponding variables,
we can bisect the corresponding interval [xi, xi] into two smaller subintervals –
for which the dependence is approximately linear. Then, we estimate the range
of the function f separately on each of the resulting subboxes, and take the
union of these two ranges as the range over the entire box.

If one bisection is not enough and the dependence of f on xi is non-linear
over one or several subboxes, we can bisect these boxes again, etc.

This bisection idea has been successfully used in interval computations; see,
e.g., [3, 4].

4 Conclusions

In many engineering problems, it is desirable to find the cheapest design among
all designs that satisfy given constraints f(x1, . . . , xn) ≤ f0. The constraints
must be satisfied for all possible values of several parameters x1, . . . , xn, and
usually, we only know ranges of possible values [xi, xi] for these parameters.
Thus, to check whether the constraint is satisfied, we must check whether the
upper endpoint y of the range [y, y] of the function f(x1, . . . , xn) over xi ∈∈
[xi, xi] satisfies the desired inequality y ≤ f0.



When we know the code for f , then we can use automatic differentiation (AD)
and compute the range of f in time O(T +n). If the owner of the program f only
allows to use it as a black box, then we cannot use AD any more. In principle,
we can compute each of n derivatives ∂f/∂xi by numerical differentiation, but
this would require computation time T · n À T + n.

We have shown that we can also compute ∆ in time O(T ) by using an ar-
tificial Monte-Carlo simulations in which each ∆xi is Cauchy distributed with
parameter ∆i – then simulated ∆y is Cauchy distributed with the desired pa-

rameter ∆ =
y − y

2
.
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Abstract. In many real-life situations, we have several types of uncer-
tainty: measurement uncertainty can lead to probabilistic and/or interval
uncertainty, expert estimates come with interval and/or fuzzy uncer-
tainty, etc. In many situations, in addition to measurement uncertainty,
we have prior knowledge coming from prior data processing, prior knowl-
edge coming from prior interval constraints. In this paper, on the example
of the seismic inverse problem, we show how to combine these different
types of uncertainty.

1 Seismic Inverse Problem: A Brief Description

In evaluations of natural resources and in the search for natural resources, it is
very important to determine Earth structure. Our civilization greatly depends
on the things we extract from the Earth, such as fossil fuels (oil, coal, natural
gas), minerals, and water. Our need for these commodities is constantly growing,
and because of this growth, they are being exhausted. Even under the best
conservation policies, there is (and there will be) a constant need to find new
sources of minerals, fuels, and water.

The only sure-proof way to guarantee that there are resources such as miner-
als at a certain location is to actually drill a borehole and analyze the materials
extracted. However, exploration for natural resources using indirect means began
in earnest during the first half of the 20th century. The result was the discovery
of many large relatively easy to locate resources such as the oil in the Middle
East.

However, nowadays, most easy-to-access mineral resources have already been
discovered. For example, new oil fields are mainly discovered either at large
depths, or under water, or in very remote areas – in short, in the areas where
drilling is very expensive. It is therefore desirable to predict the presence of
resources as accurately as possible before we invest in drilling.

From previous exploration experiences, we usually have a good idea of what
type of structures are symptomatic for a particular region. For example, oil and
gas tend to concentrate near the top of natural underground domal structures.



So, to be able to distinguish between more promising and less promising loca-
tions, it is desirable to determine the structure of the Earth at these locations. To
be more precise, we want to know the structure at different depths z at different
locations (x, y).

Data that we can use to determine the Earth structure. In general, to deter-
mine the Earth structure, we can use different measurement results that can
be obtained without actually drilling the boreholes: e.g., gravity and magnetic
measurements, analyzing the travel-times and paths of seismic ways as they
propagate through the earth, etc.

To get a better understanding of the Earth structure, we must rely on active
seismic data – in other words, we must make artificial explosions, place sensors
around them, and measure how the resulting seismic waves propagate. The most
important information about the seismic wave is the travel-time ti, i.e., the time
that it takes for the wave to travel from its source to the sensor. to determine the
geophysical structure of a region, we measure seismic travel times and reconstruct
velocities at different depths from these data. The problem of reconstructing this
structure is called the seismic inverse problem.

2 Known Algorithms for Solving the Seismic Inverse
Problem: Description, Successes, Limitations

We want to find the values of the velocity v(x) at different 3-D points x. Based
on the finite number of measurements, we can only reconstruct a finite number
of parameters. So, we take a rectangular grid and to reconstruct the velocities
vj at different grid points.

Algorithm for the forward problem: brief description. Once we know the veloci-
ties vj in each cell j, we can then determine the paths which seismic waves take.
Seismic waves travel along the shortest path – shortest in terms of time. It can
be easily determined that for such paths, within each cell, the path is a straight
line, and on the border between the two cells with velocities v and v′, the direc-

tion of the path changes in accordance with Snell’s law
sin(ϕ)

v
=

sin(ϕ′)
v′

, where

ϕ and ϕ′ are the angles between the paths and the line orthogonal to the border
between the cells. (If this formula requires sin(ϕ′) > 1, this means that this wave
cannot penetrate into the neighboring cell at all; instead, it bounces back into
the original cell with the same angle ϕ.)

In particular, we can thus determine the paths from the source to each sensor.
The travel-time ti along i-th path can then be determined as the sum of travel-

times in different cells j through which this path passes: ti =
∑
j

`ij

vj
, where `ij

denotes the length of the part of i-th path within cell j.



This formula becomes linear if we replace the original unknowns – velocities

vj – by their inverses sj
def=

1
vj

, called slownesses. In terms of slownesses, the

formula for the travel-time takes the simpler form ti =
∑
j

`ij · sj .

Algorithm for the inverse problem: general description. There are several algo-
rithms for solving this inverse problem; see, e.g., [5, 7, 9]. The most widely used
is the following iterative algorithm proposed by John Hole [5].

At each stage of this algorithm, we have some approximation to the desired
slownesses. We start with some reasonable initial slownesses, and we hope that
after several iterations, we will be able to get slownesses which are much closer
to the actual values.

At each iteration, we first use the currently known slownesses sj to find the
corresponding paths from the source to each sensor. Based on these paths, we
compute the predicted values ti =

∑
j

`ij · sj of travel-times.

Since the currently known slownesses sj are only approximately correct, the
travel-times ti (which are predicted based on these slownesses) are approximately
equal to the measured travel-times t̃i; there is, in general, a discrepancy ∆ti

def=
t̃i − ti 6= 0. It is therefore necessary to use these discrepancies to update the
current values of slownesses, i.e., replace the current values sj with corrected
values sj +∆sj . The objective of this correction is eliminate (or at least decrease)
the discrepancies ∆ti 6= 0. In other words, the objective is to make sure that for
the corrected values of the slowness, the predicted travel-times are closer to t̃i.

Of course, once we have changed the slownesses, the shortest paths will also
change; however, if the current values of slownesses are reasonable, the differ-
ences in slowness are not large, and thus, paths will not change much. Thus, in
the first approximation, we can assume that the paths are the same, i.e., that
for each i and j, the length `ij remains the same. In this approximation, the
new travel-times are equal to

∑
`ij · (sj + ∆sj). The desired condition is then∑

`ij · (sj + ∆sj) = t̃i. Subtracting the formula ti =
∑
j

`ij · sj from this expres-

sion, we conclude that the corrections ∆sj must satisfy the following system of
(approximate) linear equations:

∑
`ij ·∆sj ≈ ∆ti.

Solving this system of linear equations is not an easy task, because we have
many observations and many cell values and thus, many unknowns, and for a
system of linear equations, computation time required to solve it grows as a
cube n3 of the number of variables n. So, instead of the standard methods for
solving a system of linear equations, researchers use special faster geophysics-
motivated techniques (described below) for solving the corresponding systems.
These methods are described, in detail, in the next subsection.

Once we solve the corresponding system of linear equations, we compute the
updated values ∆sj , compute the new (corrected) slownesses sj+∆sj , and repeat
the procedure again. We stop when the discrepancies become small; usually,

we stop when the mean square error
1
n

n∑

i=1

(∆ti)2 no longer exceeds a given



threshold. This threshold is normally set up to be equal to the measurement
noise level, so that we stop iterations when the discrepancy between the model
and the observations falls below the noise level – i.e., when, for all practical
purposes, the model is adequate.

Algorithm for the inverse problem: details. Let us describe, in more detail, how
the corresponding linear system of equations is usually solved. In other words,
for a given cell j, how do we find the correction ∆sj to the current value of
slowness sj in this cell?

Let us first consider the simplified case when there is only path, and this path
is going through the j-th cell. In this case, cells through which this path does
not go does not need any correction. To find the corrections ∆sj for all the cells
j through which this path goes, we only have one equation

∑
j

`ij · ∆sj = ∆ti.

The resulting system of linear equations is clearly under-determined: we have a
single equation to find the values of several variables ∆sj . Since the system is
under-determined, we have a infinite number of possible solutions. Our objective
is to select the most geophysical reasonable of these solutions.

For that, we can use the following idea. Our single observation involves several
cells; we cannot distinguish between the effects of slownesses in different cells,
we only observe the overall effect. Therefore, there is no reason to assume that
the value ∆sj in one of these cells is different from the values in other cells.
It is thus reasonable to assume that all these values are close to each other:
∆sj ≈ ∆sj′ . The least squares method enables us to describe this assumption
as minimization of the objective function

∑
j,j′

(∆sj −∆sj′)2 under the condition

that
∑

`ij · ∆sj = ∆ti. The minimum is attained when all the values ∆sj are
equal. Substituting these equal values into the equation

∑
j

`ij · ∆sj = ∆ti, we

conclude that Li ·∆s = ∆ti, where Li =
∑
j

`ij is the overall length of i-th path.

Thus, in the simplified case in which there is only one path, to the slowness of

each cell j along this path, we add the same value ∆sj =
∆ti
Li

.

Let us now consider the realistic case in which there are many paths, and
moreover, for many cells j, there are many paths i which go through the corre-
sponding cell. For a given cell j, based on each path i passing through this cell,

we can estimate the correction ∆sj by the corresponding value ∆sij
def=

∆ti
Li

.

Since there are usually several paths going through the j-th cell, we have, in
general, several different estimates ∆sj ≈ ∆sij . Again, the least squares ap-
proach leads to

∑
i

(∆sj −∆sij)2 → min, hence to ∆sj as the arithmetic average

of the values ∆sij .

Comment. To take into account that paths with larger `ij provide more in-
formation, researchers also used weighted average, with weight increasing with
`ij .



Successes of the known algorithms. The known algorithms have been actively
used to reconstruct the slownesses, and, in many practical situations, they have
led to reasonable geophysical models.

Limitations of the known algorithms. Often, the velocity model that is returned
by the existing algorithm is not geophysically meaningful: e.g., it predicts veloc-
ities outside of the range of reasonable velocities at this depth. To avoid such
situations, it is desirable to incorporate the expert knowledge into the algorithm
for solving the inverse problem.

In this paper, we describe how to do it.

3 Case of Interval Prior Knowledge

For each cell j, a geophysicist often provides us with his or her estimate of
possible values of the corresponding slowness sj . Sometimes, this estimates comes
in the form of an interval [sj , sj ] that is guaranteed to contain the (unknown)
actual value of slowness.

It is desirable to modify Hole’s algorithm in such a way that on all iterations,
slownesses sj stay within the corresponding intervals. Such a modification is
described in [1, 2].

Namely, in the original Hole’s algorithm, once we know the current approxi-
mations s

(k)
j to slownesses, then, along each path i, among all corrections ∆sij

that provide the desired compensation, i.e.., for which

c∑

j=1

`ij ·∆sij = ∆ti, (1)

we find the assignment that minimizes the objective function
∑
j,j′

(∆sij−∆sij′)2,

i.e., equivalently, that minimizes the variance of the values ∆sij along this path:

V
def=

1
n
·

c∑

j=1

∆s2
ij −


 1

n
·

c∑

j=1

∆sij




2

. (2)

In the presence of the interval prior information, on each iteration of Hole’s
algorithm, we must still minimize the objective function (2), but this time, we
minimize it under two constraint: the same constraint (1) and the new constraints

sj ≤ s
(k)
j + ∆sij ≤ sj . (3)

We have found the following efficient O(c · log(c)) time algorithm for solving
the corresponding constraint optimization problem. We start with the initial
slowness values s

(0)
j which are within the given intervals [sj , sj ].

On each iteration of the new procedure, we start with the slowness values
s
(k−1)
j which are within given intervals [sj , sj ]. Based on these slownesses, we find



the paths from the sources to the sensors, compute the predicted travel-times ti
along each path, and the discrepancies ∆ti = t̃i − ti.

We then compute, for each cell j, the values ∆j = sj − s
(k−1)
j and ∆j =

sj − s
(k−1)
j . We will consider the case when ∆ti > 0; the case when ∆ti < 0 is

treated similarly. In this case, we first sort all c values ∆j along the i-th path
into a non-decreasing sequence

∆(1) ≤ ∆(2) ≤ . . . ≤ ∆(c).

Then, for every p from 0 to c, we compute the values Ap and Lp as follows:

A0 = 0, L0 = Li, Ap = Ap−1 + `i(p) ·∆(p), Lp = Lp−1 − `i(p).

After that, for each p, we compute Sp = Ap + Lp · ∆(p+1), and we find p for
which Sp−1 ≤ ∆ti < Sp. Once this p is found, we take ∆si(j) = ∆j for j ≤ p,

and for j > p, we take ∆s(j) =
∆ti −Ap

Lp
.

When ∆ti < 0, we similarly sort the values ∆j into a decreasing sequence,
and find p so that the first p corrections are “maxed out” to ∆j , and the rest

c− p corrections are determined from the condition ∆si(j) =
∆ti −Ap

Lp
.

Once we have computed these corrections for all the paths, then for each cell
j, we take the average (or weighted average) of all the corrections coming from
all the paths which pass through this cell.

4 Case of Fuzzy Prior Knowledge

In general, experts are often not 100% sure about the corresponding intervals.
They can usually produce a wider interval [sj , sj ] of which they are practically
100% certain, but in addition to that, they can also produce narrower intervals
about which their degree of certainty is smaller. As a result, instead of a single
interval, we have a nested family of intervals corresponding to different levels
of uncertainty – i.e., in effect, a fuzzy interval (of which different intervals are
α-cuts).

So, instead of simply saying that a given solution to the seismic inverse
problem is satisfying or not, we provide a degree to which the given solution is
satisfying – as the largest α for which the velocity at every point is within the
corresponding α-cut intervals.

To solve the seismic inverse problem under such fuzzy uncertainty, we apply
the interval algorithm for α-cuts corresponding to α = 0, α = 0.1, α = 0.2, etc.,
until we reach such a value of α that the process no longer converges. Then, the
solution corresponding to the previous value α – i.e., to the largest value α for
which the process converged – is returned as the desired solution to the seismic
inverse problem.



5 Case of Probabilistic Prior Knowledge

Often, prior information comes from processing previous observations of the
region of interest. In this case, before our experiments, for each cell j, we know
a prior (approximate) slowness value s̃j , and we know the accuracy (standard
deviation) σj of this approximate value s̃j . It is known that this prior information
can lead to much more accurate velocity models; see, e.g., [6]. How can we modify
Hole’s algorithm so that it takes this prior information into account?

Due to the prior knowledge, for each cell j, the ratio
(s(k)

j + ∆sij)− s̃j

σj
is

normally distributed with 0 mean and variance 1. Since each path i consists of
a reasonable number of cells, we can thus conclude that the sample variance of
this ratio should be close to σj , i.e., that

1
n
·

c∑

j=1

((s(k)
j + ∆sij)− s̃j)2

σ2
j

= 1. (4)

So, to find the corrections ∆sij , we must minimize the objective function (2)
under the constraints (1) and (4).

By applying the Lagrange multiplier method to this problem, we can reduce
this problem to the unconstrained minimization problem

1
n
·

c∑

j=1

∆s2
ij −


 1

n
·

c∑

j=1

∆sij




2

+ λ ·



c∑

j=1

`ij ·∆sij −∆ti


 +

µ · 1
n
·

c∑

j=1

(s(k)
j + ∆sij − s̃j)2

σ2
j

→ min . (5)

Differentiating this equation by ∆sij and equating the derivative to 0, we con-
clude that

2
n
·∆sij − 2

n
·∆s + λ · `ij +

2µ

n · σ2
j

· (s(k)
j + ∆sij − s̃j) = 0,

where

∆s
def=

1
n
·

c∑

j=1

∆sij . (6)

Once we fix λ, µ, and ∆s, we get an explicit expression for the values ∆sij .
Substituting these expressions into the equations (1), (4), and (6), we get an
easy-to-solve system of 3 non-linear equations with 3 unknowns, which we can
solve, e.g., by using Newton’s method.

Now, instead of explicit formulas for a transition from s
(k)
j to s

(k+1)
j , we need

a separate iteration process – so the computation time is somewhat larger, but we
get a more geophysically meaningful velocity map – that takes prior knowledge
into account.



6 Combination of Different Types of Prior Knowledge

In many real-life situations, we have both the prior measurement results – which
lead to the probabilistic prior knowledge, and expert estimates – which lead to
interval and fuzzy prior knowledge. In the presence of probabilistic and interval
prior knowledge, we must minimize (2) under the constraints (1), (3), and (4).

If we replace the equality in (4) by an inequality ≤ 1, then we get a problem
of minimizing a convex function under convex constraints, a problem for which
there are known efficient algorithms; see, e.g., [8].

For example, we can use a method of alternating projections, in which we first
add a correction that satisfy the first constraint, then the additional correction
that satisfies the second constraint, etc. In our case, we first add equal values
of ∆sij to satisfy the constraint (2), then we restrict the values to the nearest
points from the interval [sj , sj ] – to satisfy the constraint (3), and after that,
find the extra corrections that satisfy the condition (4), after which we repeat
the cycle again until the process converges.
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Abstract. When we do not know the dynamics of a complex system, it
is natural to use common sense to get a reasonable first approximation –
which turns out to be a bilinear dynamics. Surprisingly, for classification
problems, a similar bilinear approximation turns out to be unexpectedly
accurate. In this paper, we provide an explanation for this accuracy.

1 System Approach: In Brief

For many complex systems, e.g., for large-scale financial or biological systems,
we do not know the exact equations that describe the system’s evolution. In
such situations, a reasonable idea is to use system approach, i.e., to describe the
dynamics of the parameters x1, . . . , xn (that describe the system) by differential
equations

ẋi = fi(x1, . . . , xn),

and build the expressions for fi based on common sense [1, 2, 4, 5] (see also [3]).
For example, if an increase in xi slows down the growth of xj , then the

expression fj for ẋj should include a term −k · xi for some k > 0.
If the two factors xj and xk, when combined, produce an increased positive

effect on the growth of xi, then the expression fi for ẋi should include a bilinear
term +k ·xj ·xk. The values of the corresponding parameters k can be determined
empirically.

Common sense rarely goes beyond such simple interaction between parame-
ters, so we end up with linear and bilinear expressions in ẋi.

Starting from the global economic and environmental models developed in
the 1960s by the Club of Rome’s Limits to Growth project [2], the resulting
models provide a reasonable first qualitative approximation to the dynamics of
complex systems – although, of course, to get good quantitative predictions, we
need more sophisticated models.



2 Systems Approach in Classification

A similar approach can be used in classification and clustering, where we need
to separate, e.g., stocks with a good growth potential from the risky ones, or
cancerous cells from the normal ones.

To separate two classes based on the values of the parameters xi, we can use
a discrimination function f(x1, . . . , xn):

– objects for which f > 0 belong to the first class, and
– objects for which f < 0 belong to the second class.

3 Systems Approach in Classification Works Surprisingly
Well: A Mystery and a Related Practical Question

By using common sense, we can also easily come up with a bilinear model for
f , and we can empirically find the coefficients of the corresponding bilinear
expression.

We applied this approach to bioinformatics data, and surprisingly, the re-
sulting bilinear models provide not only a good qualitative fit, but a good quan-
titative fit as well. A natural question is: Is it a special feature of bioinformatics
data, or we can hope to get a good quantitative fit for, e.g., financial data as
well?

4 Mystery Explained

In this paper, we show that the success of bilinear models in classification is a
general mathematical phenomenon – caused by the fact that we can change a
discrimination function f and keep the same classes, as long as we do not change
the set of value for which f ≥ 0.

5 Approximations of Different Order of Accuracy:
General Idea

In accordance with the above text, let us denote the actual (unknown) dis-
crimination function by f(x1, . . . , xn). It is usually reasonable to assume that
the function f(x1, . . . , xn) is smooth. Therefore, in the vicinity of every point
x̃ = (x̃1, . . . , x̃n), we can expand this function into the Taylor series and keep
only lower order terms in this expansion.

By using this approximate polynomial expression for the function
f(x1, . . . , xn), we can get a good approximate description of the classification
in the vicinity of the point x̃.

Which starting points should we consider?



– If we consider a point x̃ which is completely inside the first class, then all
the points in its vicinity belong to the same class – and thus, in this vicinity,
the classification problem can be trivially solved.

– Similarly, if a point x̃ is completely inside the second class, then all the
points in its vicinity belong to the same class – and thus, in this vicinity, the
classification problem can also be trivially solved.

Thus, the localized classification problem is of interest only when the starting
point x̃ = (x̃1, . . . , x̃n) is located on the border between the two classes, i.e.,
when

f(x̃1, . . . , x̃n) = 0.

We can somewhat simplify the formulas if we introduce new coordinates
xi → xi − x̃i in which the starting point takes the form (0, . . . , 0). In these new
coordinates, the condition that the starting points lies on the border between
the two classes takes the form

f(0, . . . , 0) = 0.

Thus, in the following text, we will assume that the starting point is 0, and that
f(0, . . . , 0) = 0.

6 First Approximation: Linear Separation

In the first approximation, we can approximate an arbitrary smooth function
f(x1, . . . , xn) in the vicinity of 0 by a linear expression:

f(x1, . . . , xn) = a0 +
n∑

i=1

ai · xi.

Since our interest is in classification, we are only interested in functions for
which f(0, . . . , 0) = 0. Substituting x1 = . . . = xn = 0 into the above general
expression for a linear function and equating the result to 0, we conclude that
a0 = 0.

Thus, in the first approximation, the general classification-related discrimi-
nation function takes the form

f(x1, . . . , xn) =
n∑

i=1

ai · xi.

7 Second Approximation: Quadratic Separation

In the next (second) approximation, we can approximate an arbitrary smooth
function f(x1, . . . , xn) in the vicinity of 0 by a quadratic expression:

f(x1, . . . , xn) = a0 +
n∑

i=1

ai · xi +
n∑

i=1

n∑

j=1

aij · xi · xj .



Since we need f(0, . . . , 0) = 0, we conclude that a0 = 0 and thus, that

f(x1, . . . , xn) =
n∑

i=1

ai · xi +
n∑

i=1

n∑

j=1

aij · xi · xj .

This general expression is much more general than bilinear:

– it has linear terms ai · xi;
– it has bilinear terms aij · xi · xj for i 6= j;
– however, the general expression also has purely quadratic (not bilinear) terms

aii · x2
i (corresponding to i = j).

8 For System Dynamics, Bilinear Functions Provide a
Rather Crude Approximation

In the original application of systems theory, the function f(x1, . . . , xn) describes
the dynamics of the system, i.e., the (first) time derivative of the corresponding
coordinates. In such applications, the function f(x1, . . . , xn) can be determined
by observing the dynamics of the system, i.e., by observing how the values of
the parameters xi change with time. Since in principle, we can have an arbitrary
dynamical system, we can therefore have arbitrary functions f(x1, . . . , xn).

When we approximate a general function f(x1, . . . , xn) by a linear expression,
we thus ignore quadratic and higher order terms in the expansion of this function
f(x1, . . . , xn). Thus, the approximation error of this approximation is quadratic
(in xi).

Similarly, when we approximate a general function f(x1, . . . , xn) by a
quadratic expression, we thus ignore cubic and higher order terms in the ex-
pansion of this function f(x1, . . . , xn). Thus, the approximation error of this
approximation is cubic (in xi).

In principle, we can consider systems-theory bilinear approximation, in which
we only keep linear and bilinear terms in the quadratic expansion but we ignore
purely quadratic terms aii · x2

i . This approximation is intermediate between the
linear and the quadratic ones.

What is the accuracy of this intermediate approximation? Since we ignore
some quadratic terms, the accuracy of this approximation is quadratic is xi.
In other words, this intermediate approximation is asymptotically of the same
order of accuracy as the much simpler linear approximation.

Comment. Of course, the accuracy of the bilinear model is somewhat better
than the accuracy of the linear approximation – since in the intermediate ap-
proximation, we keep some quadratic terms. For example, in systems in which
all the variables xi are highly related, it is reasonable assume that all the terms
aij · xi · xj are of the same order of magnitude. In this case,

– in the linear approximation, we ignore n2 terms aij ·xi ·xj corresponding to
all possible pairs (i, j), i = 1, 2, . . . , n, j = 1, 2, . . . , n; so, the approximation
error is of order n2 · δ, where δ is the average value of each term aij · xi · xj ;



– in the bilinear approximation, we only ignore n quadratic terms aii · x2
i

corresponding to i = 1, 2, . . . , n; so, the approximation error is of order n · δ.
Thus, the approximation error of the bilinear model is ≈ n times smaller than
for the linear model – i.e., for large n, drastically smaller.

9 The Fact that We Are Interested in Classification
Applications Allows Further Simplifications

In dynamics applications, the function f(x1, . . . , xn) can be determined from
observations. In the classification applications, however, the only think that we
can infer from observations is for which points x = (x1, . . . , xn), the function
f(x1, . . . , xn) has positive values and for which points x = (x1, . . . , xn), the
function f(x, . . . , xn) has negative values.

Thus, if we replace the original function f(x1, . . . , xn) with an “equivalent”
new function f ′(x1, . . . , xn) – i.e., a new function that leads to the same sub-
division of points into the first class and the second class – then both function
will be consistent with the same observations. Thus, from observations, we will
not be able to tell whether the actual discrimination function is f(x1, . . . , xn) or
f ′(x1, . . . , xn).

In this paper, we will use this non-uniqueness of the discrimination function
f(x1, . . . , xn) to simplify the general quadratic expression for f .

In precise terms, the two functions f(x1, . . . , xn) and f ′(x1, . . . , xn) are equiv-
alent if the following two conditions are satisfied:

f(x1, . . . , xn) > 0 if and only if f ′(x1, . . . , xn) > 0

and
f(x1, . . . , xn) > 0 if and only if f ′(x1, . . . , xn) > 0.

10 Explanation of Bilinear Functions

As the new function f ′(x1, . . . , xn), we will consider a function of the type

f ′(x1, . . . , xn) = f(x1, . . . , xn) ·

1 +

n∑

j=1

bj · xj


 .

In the small vicinity of 0,

∣∣∣∣∣
n∑

i=j

bj · xj

∣∣∣∣∣ ¿ 1, hence

1 +
n∑

i=1

bj · xj > 0.

Thus, in this vicinity, the values f(x1, . . . , xn) and f ′(x1, . . . , xn) have the same
sign – i.e., these functions are indeed equivalent.



Let us show that for a generic quadratic function

f(x1, . . . , xn) =
n∑

i=1

ai · xi +
n∑

i=1

n∑

j=1

aij · xi · xj ,

we can select the values bj in such a way that the resulting product

f ′(x1, . . . , xn) = f(x1, . . . , xn) ·
(

1 +
n∑

j=1

bj · xj

)
(or, to be more precise, the

quadratic approximation to this product) does not have purely quadratic terms
and is, thus, purely bilinear.

Indeed, in this product f ′(x1, . . . , xn) the terms coming from multiplying∑
aij · xi · xj and

∑
bj · xj are cubic and can be thus, in this approximation,

safely ignored. Thus, in our quadratic approximation, only the product of
∑

ai·xi

and
∑

bj · xj must be added. So, in the quadratic approximation, the product
function has the following form:

f ′(x1, . . . , xn) =
n∑

i=1

ai · xi +
n∑

i=1

n∑

j=1

aij · xi · xj +

(
n∑

i=1

ai · xi

)
·



n∑

j=1

bj · xj


 .

What are the purely quadratic terms in this expression? For each i, we have
two terms proportional to x2

i : the original term aii · x2
i and the new term ai ·

bi · x2
i . Thus, if aii + ai · bi = 0 for all i = 1, 2, . . . , n, the resulting expression

f ′(x1, . . . , xn) will be free of purely quadratic terms – i.e., bilinear.
Thus, it is sufficient to take

bi = −aii

ai
.

Of course, this division is only possible when ai 6= 0 for all i – but this is what
is happening in the generic case, and this is what we planned to prove – that in
the generic case, it is possible to use a purely bilinear discrimination function.

The result is proven.

11 Discussion: A Similar Simplification Is Not Always
Possible for Higher Order Models

We have shown that in the second approximation, we can reduce an arbitrary
discrimination function to an equivalent bilinear one.

Bilinear terms come from common sense analysis of the system. For higher
order terms, a similar common sense analysis enable us to come up with trilinear
terms aijk ·xi ·xj ·xk, where i, j, and k are different variables. A natural question
is: can we reduce a general cubic expression to a trilinear one?

More generally, we can have multi-linear functions, i.e., functions
f(x1, . . . , xn) which are linear in each of their variables xi. A natural general



question is: can we always reduce an arbitrary discrimination function to a multi-
linear one?

The answer to this general equation is “no”. Indeed, for any fixed number of
variables x1, . . . , xn, we only have finite many possible multi-linear terms:

– for a single variable x1, we can only have one term a1 · x1;
– for two variables x1 and x2, we can only have three term a1 · x1 + a2 · x2 +

a12 · x1 · x2;
– etc.

Thus, for each n, we have a finite-parametric family of multi-linear discrimination
functions, i.e., a family that can be characterized by finitely many parameters.

On the other hand, the set of possible class is infinitely-parametric: indeed,
each class can be described by a smooth separating line xn = F (x1, . . . , xn−1),
and a general separating line can be described by a general Taylor expansion
and thus, require infinitely many parameters.

So, for general higher order approximations, multi-linear functions are not
sufficient.

Are multi-linear functions sufficient at least for cubic terms? The answer is
again “no”, even for n = 3 variables. Indeed, a general trilinear discrimination
function of 3 variables has:

– three parameters a1, a2, and a3 describing the linear terms;
– three parameters a12, a13, and a23 describing the bilinear terms; and
– a single parameter a123 describing the only possible trilinear term

a123 · x1 · x2 · x3.

to the total of 3 + 3 + 1 = 7 parameters. On the other hand, a general cubic
discriminating curve x3 = F (x1, x2), with a general cubic dependence

F (x1, x2) = b1 · x1 + b2 · x2 + b11 · x2
1 + b12 · x1 · x2 + b12 · x2

2+

b111 · x3
1 + b112 · x2

1 · x2 + b122 · x1 · x2
2 + b222 · x3

2

requires 9 > 7 parameters. Thus, it is not possible to describe a general third-
order classification by a trilinear discrimination function.

Comment. A similar analysis can answer the following natural question: we
have reduced a general quadratic discrimination function to a bilinear one; can
we reduce it further, to some class with even fewer parameters?

To answer this question, let us count how many parameters we need to de-
scribe a general bilinear function of n variables, and how many parameters we
need to describe a general class in the quadratic approximation.

To describe a general bilinear function of n variables, we need to describe:

– n coefficients ai, i = 1, 2, . . . , n;

–
n · (n− 1)

2
coefficients aij corresponding to all possible pairs (i, j), i 6= j.



The total number of parameters needed for this approximation is

n +
n · (n− 1)

2
=

1
2
· (2n + n2 − n) =

1
2
· (n2 + n).

A generic second-order classification can be described by a quadratic expres-
sion

F (x1, . . . , xn1) =
n∑

i=1

bi · xi +
n−1∑

i=1

n−1∑

j=1

bij · xi · xj

describing the separating curve xn = F (x1, . . . , xn−1). To describe this general
quadratic function, we need:

– n− 1 parameters bi, i = 1, 2, . . . , n− 1;

–
(n− 1) · (n− 2)

2
parameters bij corresponding to all possible pairs (i, j),

i 6= j; and
– n− 1 parameters bii, i = 1, 2, . . . , n− 1.

The total number of parameters needed for this approximation is

n− 1 +
(n− 1) · (n− 2)

2
+ n− 1 =

1
2
· (2(n− 1) + (n2 − 3n + 2) + 2(n− 1)) =

1
2
· (n2 + n− 2) =

1
2
· (n2 + n)− 1.

By comparing these two values, we can see that there is only one extra parameter
in the bilinear expression – and it can be reduced by setting, e.g., a1 = ±1. This
reduction can be achieved if we divide the original function f(x1, . . . , xn) by a
positive number |a1| – this division does not change the sign of f(x1, . . . , xn) and
thus, leads to an equivalent discrimination function. After this simple reduction,
we have exactly as many parameters as we need to describe a general quadratic
expression – and thus, no further reduction is possible.
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Abstract. Since we cannot spend as much time as we would like to
on teaching all the topics, it is necessary to optimally distribute the
limited amount of time between different topics. In this paper, we explain
how general techniques of optimization under uncertainty can be used in
education.

1 Optimizing Content Development

Basic assumptions about training. In order to find the optimal training schedule,
let us make some (simplifying but realistic) assumptions about training.

In principle, there are several different types of items that we want a student
to learn; for example:

– when we teach typing, we want the student to acquire the motor skills of
typing all the symbols on the keyboard and all pairs of consequent symbols;

– when we teach words from a foreign language, we want the student to learn
all these words;

– when we teach cross-country driving, we want the student to develop motor
skills corresponding to different types of terrain: flat surface, rugged terrain,
uphill, downhill, narrow bridge, etc.

Let us denote the total number of types to learn by T . For simplicity, we assume
that acquiring skills necessary for each of these types takes the same number
of training situations s. So, to learn all necessary types, a students needs at
least T · s repetitions. If we denote, by T0, the time necessary for handling each
repetition, then the total time for training a student for all necessary types is
equal to T0 · T · s.

In many learning situations, the total number T of necessary types is large,
so the above time of total training is unrealistically large. Therefore, we cannot
expect every single student to be 100% skilled in every possible situation type.

Since we cannot train a student to be skilled in every possible situation, it
is therefore necessary to train a student in such a way that the student will be
able to handle the largest possible number of these types.



In future applications, some of these types are more frequent, some are less
frequent. So, if we know that a student can only learn, say, t different words, and
we have to choose which of these words the student will learn perfectly well, we
should choose t most frequent ones.

A skill of a student can be thus characterized by the number t of the types
of items in which this student is well skilled.

To estimate frequencies of different types, we can use a general (semi-empirical)
law discovered by G. K. Zipf (see, e.g., [3, 5]), according to which, if we order
types from the most frequent to the least frequent one, then the frequency fi of
i-th type is proportional to 1/i: fi = c/i for some constant c. The value of this
constant can be determined from the fact that the sum of all these frequencies
should be equal to 1: f1 + . . . + fT = 1. Since 1 + 1/2 + . . . + 1/T ≈ ln(T ), we
thus conclude that c · ln(T ) = 1, c = 1/ ln(T ), and

fi =
1

ln(T ) · i . (1)

Traditional learning. In traditional learning of a language, a student in trained
on texts from real language. In traditional typing lessons, student learn to type
by typing real-life texts. In all these cases, a student is trained on a real-life flow
of items.

Let us denote by I the time allocated for training. Since handling each rep-
etition takes time T0, during this training time, the trainee will see N = I/T0

repetitions. According to our assumption about the training time, the student
will be trained only in those types i for which he or she has seen at least s repe-
titions. Out of the total of N repetitions, the student will see N · fi repetitions
of i-th type; so, the student will be trained in all the types for which N · fi ≥ s.
Substituting Zipf’s expression (1) for fi, we conclude that the student will learn

all the types i for which
I

T0
· 1

ln(T ) · i ≥ s, i.e., for which i ≤ I

T0 · ln(T ) · s .

Therefore, the resulting student’s skill level t (i.e., the total number of types in
which this student will be skilled), will be equal to

t =
I

T0 · ln(T ) · s . (2)

This formula describes the skill level acquired during a given training time I.
We can also consider the inverse problem: we want a student to be trained for

a certain skill level t, and we need to know the time I required for this training.
From the formula (2), we can conclude that

I = t · T0 · ln(T ) · s. (3)

Optimal training. We can generate repetitions in arbitrary order, not necessarily
with real-life frequencies. If we want a student to be trained on t different types,
then we need to generate exactly s repetitions of this type.

If we fix the total training time I, then during this time, we can generate
N = I/T0 repetitions. Since learning each type requires s repetitions, the total



amount of different types in which a student can get skilled is equal to t = N/s =
(I/T0) · s. Thus, after this training, the student will acquire the skill level

t =
I

T0 · s . (4)

This formula describes the skill level acquired during a given training time I.
We can also consider the inverse problem: we want a student to be trained for

a certain skill level t, and we need to know the time I required for this training.
From the formula (4), we can conclude that

I = t · T0 · s. (5)

Conclusion: optimal training is faster and better. By comparing the formulas (2)
and (4), we conclude that during the same training time, the skill level acquired
during the automated training can be much higher (ln(T ) times higher) that the
skill level acquired in traditional training.

Similarly, by comparing the formulas (3) and (5), we conclude that the train-
ing time necessary to acquire a given skill can be much shorter (ln(T ) times
shorter) for the automated training than for traditional training.

How to optimally combine classroom and field training. Usually, after classroom
training, a students goes into realistic situations (field training) which solidify
his training. How can we best organize this combined training?

Let us denote the time that we can allocate for classroom training by Iau,
and the training time for the follow-up field training by Itr. During the follow-up
training, the student encounters Ntr = Itr/T0 repetitions. Of these repetitions,
Ntr · fi are of type i.

If this number of repetitions is ≥ s, then for this type, the student acquires
necessary skills during the follow-up training, so there is no need to simulate
patients of this type during the automated training. Thus, we get all types from
1 to

ttr =
Itr

T0 · ln(T ) · s (6)

covered.
For each type i > ttr, we get fi ·Ntr =

Itr

T0 · ln(T ) · i < s repetitions covered

during traditional training. So, if we want the student to get the necessary skills,
we must generate the remaining number of repetitions

ni = s− Itr

T0 · ln(T ) · i (7)

during the automated training.
We want to learn as many new types as possible. How many situation types

can we thus learn? During the time Iau, we can only generate Nau = Iau/T0 rep-
etitions. Since learning type i requires ni repetitions, the skill level t acquired by



a student can be determined by the formula
Iau

T0
= Nau =

t∑

i=ttr

ni. Substituting

the above expression for ni, we conclude that

Iau

T0
= s · (t− ttr)− Itr

T0 · ln(T )
·

t∑

i=ttr

1
i
.

Since 1 + 1/2 + . . . + 1/i ≈ ln(i), we can rewrite this equation as

Iau

T0
= s · (t− ttr)− Itr · (ln(t)− ln(ttr)

T0 · ln(T )
. (8)

So, we can make two conclusions:

– If the training times Iau and Itr are given, then the resulting acquired skill t
can be determined from the equation (8), where ttr is determined from the
equation (6).

– Vice versa, if we know the training time Iau for the classroom training, and
the required skill level t, then we must find ttr for the equation (8), and then
use the formula (6) to determine the necessary traditional training period as
Itr = ttr · T0 · ln(T ) · s.

In both cases, the number of repetitions of different types i = ttr, ttr + 1, . . . , t
generated during the classroom training is determined by the formula (7).

Other applications. In [1], we used a similar idea to optimize the types of virtual
patients used by doctors during medical training – specifically, during a training
of surgeons for spinal cord stimulation procedures; see, e.g., [2].

2 Optimal Order of Presenting the Material

Formulation of the problem. In the above section, we described the optimal
frequencies with which we repeat each of the items that a student has to learn.
Once we know the number of repetitions of each item, the next natural question
is: in what order should we present these repetitions? Should we first present all
the repetitions of item 1, then all the repetitions of item 2, etc., or should we
randomly mix these repetitions?

Towards mathematical formulation of the corresponding optimization problem.
Each item is characterized by several (n) numerical characteristics, so we can
geometrically represent each item as a point in the corresponding n-dimensional
space.

– Similar items have close values of these characteristics, so the distance be-
tween the points corresponding to similar items is small.



– Vice versa, when the items are different, they at least some of these char-
acteristics have different values on these items, so the resulting distance is
large.

Thus, the distance between the corresponding points in a multi-D space can be
viewed as a measure of similarity between the items.

In terms of multi-D space, an order in which we present repetitions is de-
scribed as a function x(t), where x is a multi-D point corresponding to the item
presented at moment t = k ·∆t, where ∆t is the time between repetitions.

As we have mentioned, when we have a few items to learn, we can easily
learn them all, so there is no need for sophisticated optimization. Optimization
becomes necessary when there are many items – and thus, many repetitions. In
this case, similar to the way we simplify the physical problems if we approximate
a collection of atoms by a continuous medium, we can approximate the discrete
dependence x(t) on discrete time t by a continuous function x(t) of continuous
time t.

What is the optimal trajectory x(t)? The experience of learning shows that
often, presenting the items in random order is beneficial. To allow for this pos-
sibility, instead of looking for a deterministic function x(t), we look for random
processes x(t). Since a deterministic function is a particular case of a random
process, we are thus not restricting ourselves.

Let us consider Gaussian random processes. A Gaussian random process
can be uniquely characterized by its mean m(t) def= E[x(t)] and autocorrelation
function A(t, s) def= E[(x(t)− x(s))2].

Students come with different levels of preparation. Therefore, a good learning
strategy should work not only for a student that comes from 0, but also for
a student that comes at moment t0 with the knowledge that other students
have already acquired by this time. From this viewpoint, a student’s education
starts at the moment t0. It is therefore natural to require that the random
process should look the same whether we start with a point t = 0 or with some
later point t0. Hence, the characteristics of the process should be the same, i.e.,
m(t) = m(t + t0) and A(t, s) = A(t + t0, s + t0) for every t, s, and t0.

From the first condition, we conclude that m(t) = const. Thus, by changing
the origin of the coordinate system, we can safely assume that m(t) = 0.

From the second condition, for t0 = −s, we conclude that A(t, s) = A(t−s, 0),
i.e., that the autocorrelation function depends only on the difference between the
times: A(t, s) = a(t − s), where we denoted a(t) def= A(t, 0). In other words, the
random process must be stationary.

The final question is: what autocorrelation function a(t) should we use?

We must choose a family of functions, not a single function. The function a(t)
depends on how intensely we train. In more intensive training, we present the
material faster, and thus, within the same time interval t, we can cover more
diverse topics. More diverse topics means that the average change a(t) can be
larger. A natural way to describe this increase is by proportionally enlarging



all the distances, which leads from a(t) to C · a(t). In other words, if a(t) is a
reasonable function for some training, then a new function C · a(t) should also
be reasonable.

We can say that the functions a(t) and C · a(t) describe exactly the same
learning strategy, but with different intensities. Since intensity can be different,
we cannot select a unique function a(t) and claim it to be the best, because
for every function a(t), the function C · a(t) describes exactly the same learning
strategy. In view of this, instead of formulating a problem of choosing the best
autocorrelation function, it is more natural to formulate a problem of choosing
the best family {C · a(t)}C of autocorrelation functions.

Which family is the best? We may need non-numerical optimality criteria. Among
all the families {C · a(t)}C , we want to choose the best one.

In mathematical optimization problems, numerical criteria are most fre-
quently used, when to every alternative (in our case, to each family) we assign
some value expressing its performance, and we choose an alternative (in our case,
a family) for which this value is the largest. In our problem, as such a numerical
criterion, we can select, e.g., the average grade on some standardized test A.

However, it is not necessary to restrict ourselves to such numerical criteria
only. For example, if we have several different families that have the same average
average grade A, we can choose between them the one that has the minimal level
of uncomfortablness U . In this case, the actual criterion that we use to compare
two families is not numerical, but more complicated: a family F1 is better than
the family F2 if and only if either A(F1) < A(F2), or A(F1) = A(F2) and
U(F1) < U(F2). A criterion can be even more complicated. What a criterion
must do is to allow us, for every pair of families, to tell whether the first family
is better with respect to this criterion (we’ll denote it by F1 Â F2), or the second
is better (F1 ≺ F2), or these families have the same quality in the sense of this
criterion (we’ll denote it by F1 ∼ F2). Of course, it is necessary to demand that
these choices be consistent, e.g., if F1 ≺ F2 and F2 ≺ F3 then F1 ≺ F3.

The optimality criterion must select a unique optimal family. Another natural
demand is that this criterion must choose a unique optimal family (i.e., a family
that is better with respect to this criterion than any other family). The reason
for this demand is very simple.

If a criterion does not choose a family at all, then it is of no use.
If several different families are “the best” according to this criterion, then

we still have a problem to choose among those “best”. Therefore, we need some
additional criterion for that choice. For example, if several families turn out to
have the same average grade, we can choose among them a with the minimal
uncomfortableness.

So what we actually do in this case is abandon that criterion for which there
were several “best” families, and consider a new “composite” criterion instead: F1

is better than F2 according to this new criterion if either it was better according
to the old criterion or according to the old criterion they had the same quality
and F1 is better than F2 according to the additional criterion.



In other words, if a criterion does not allow us to choose a unique best family,
it means that this criterion is not final. We have to modify it until we come to
a final criterion that will have that property.

The optimality criterion must be scale-invariant. The next natural condition
that the criterion must satisfy is connected with the fact that the numerical
value of the time t depends on the choice of the unit for measuring time.

If we replace the original unit of time by a new unit which is λ times larger
(i.e., replace minutes by hours), then numerical values change from t to t̃ =
t/λ. The autocorrelation function that in the old units is described by a family
{C · a(t)}, in the new units, has a new form {C · a(λ · t)},

Since this change is simply a change in a unit of time, it is reasonable to
require that going from a(t) from a(λ · t) should not change the relative quality
of the autocorrelation functions, i.e., if a family {C · a(t)}C is better that the
family {C · a′(t)}C , then for every λ > 0, the family {C · a(λ · t)}C must be still
better than the family {C · a′(λ · t)}C .

Definitions and the main result.

Definition 1. – By an autocorrelation function we mean a monotonically
non-strictly decreasing function from non-negative real numbers to non-negative
real numbers.

– By a family of functions we mean the family {C ·a(t)}C , where a(t) is a given
autocorrelation function and C runs over arbitrary positive real numbers.

– A pair of relations (≺,∼) is called consistent [4] if it satisfies the following
conditions:
(1) if a ≺ b and b ≺ c then a ≺ c;
(2) a ∼ a;
(3) if a ∼ b then b ∼ a;
(4) if a ∼ b and b ∼ c then a ∼ c;
(5) if a ≺ b and b ∼ c then a ≺ c;
(6) if a ∼ b and b ≺ c then a ≺ c;
(7) if a ≺ b, then b ≺ a or a ∼ b are impossible.

Definition 2. – Assume a set A is given. Its elements will be called alterna-
tives. By an optimality criterion we mean a consistent pair (≺,∼) of rela-
tions on the set A of all alternatives. If b ≺ a, we say that a is better than
b; if a ∼ b, we say that the alternatives a and b are equivalent with respect
to this criterion.

– We say that an alternative a is optimal (or best) with respect to a criterion
(≺,∼) if for every other alternative b either b ≺ a or a ∼ b.

– We say that a criterion is final if there exists an optimal alternative, and
this optimal alternative is unique.

– Let λ > 0 be a real number. By the λ-rescaling Rλ(ρ) of a function a(t) we
mean a function (Rλa)(t) def= a(λ · t).

– By the λ-rescaling Rλ(F ) of a family F , we mean the set of the functions
that are obtained from f ∈ F by λ-rescaling.



In this paper, we consider optimality criteria on the set F of all families.

Definition 3. We say that an optimality criterion on F is scale-invariant if
for every two families F and G and for every number λ > 0, the following two
conditions are true:

i) if F is better than G in the sense of this criterion (i.e., G ≺ F ), then

Rλ(G) ≺ Rλ(F );

ii) if F is equivalent to G in the sense of this criterion (i.e., F ∼ G), then

Rλ(F ) ∼ Rλ(G).

As we have already remarked, the demands that the optimality criterion is
final and scale-invariant are quite reasonable. The only problem with them is
that at first glance they may seem rather weak. However, they are not, as the
following theorem shows:

Theorem 1. [4] If a family F is optimal in the sense of some optimality crite-
rion that is final and scale-invariant, then every function a(t) from this optimal
family F which has the form a(t) = A · tα for some real numbers A and α.

In other words, the optimal configuration is a fractal random process. When
α = 2, we have a straightforward trajectory, without any randomness. The value
α = 0 means that values of x(t) and x(s) for t 6= s are completely uncorrelated,
i.e., that we have a white noise. Intermediate values of α correspond to different
levels of randomness.

Our experience showed that such fractal order indeed leads to improvement
in learning. The exact value of the parameter α – corresponding to the fractal
dimension of the corresponding trajectories – should be adjusted to the learning
style of the students.
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Abstract. In the following paper we propose stochastic model of under-
lying asset trajectory based on some subclass of Levy processes. Because
of the fluctuation of financial market from time to time, some input pa-
rameters of the financial models cannot always be expected in the pre-
cise sense. Therefore we apply the fuzzy number theory for the proposed
process. We also use Levy characteristics and discuss the possibility of
application of Monte Carlo simulations in order to price the derivatives
based on our model. In detail, we present pricing formula for classical
example of European call option.

1 Introduction

The Black-Scholes formula is a very important and one of the best known
results in financial mathematics (see [4,5]). It enables to calculate the price of
a derivative under the assumption that there is not a possibility of arbitrage in
the market. It is assumed in the Black-Scholes model that the stochastic process
which describes the price movements of an underlying financial instrument S
is the geometrical Brownian motion. The advantage of this assumption is a
simplicity of the pricing formula (see [4,5]). However, it is commonly known
that the Black-Scholes formula does not describe the real behaviour of derivatives
very well. Such an example is non-symmetric distribution of the standardized
returns of logarithms of S in the real market (see [1]). Our paper is devoted
to improve the pricing model. As the domain of our explorations we choose
the exponential function of a linear combinations of Brownian motion, drift
and Poisson process. The set of exponents of this type is a natural subclass of
Levy processes. It contains non-continuous processes which may model jumps
of the underlying asset. In our paper we would like to join two approaches.
The first one is the martingale method based on Levy characteristics of the
underlying asset process (see [8]). In detail we explore the possibility of applying
the minimal entropy martingale measure, which is closely related to exponential
utility function approaches, known in e.g. economy and finance. The second way
to deal with the main problem is to apply the fuzzy sets theory to described



process of the underlying asset (see [9]). Because of imprecise information and
the fluctuation of financial market from time to time, some input parameters
of our model cannot always be expected in the precise sense. Therefore it is
natural to consider fuzzy parameters of the stochastic model. Such a treatment
is particularly useful for financial analysts giving them the tool to pick option
price with an acceptable belief degree for the latter use. Our considerations will
be mainly focused on European options, however they may be generalized for
other types of derivatives. We will consider the stochastic model with fuzzy
interest rate.

The paper is organized as follows. Section 2 contains preliminaries. Section
3 is an exposition of basic definitions and facts concerning the minimal entropy
martingale measure. In Section 4 we prove the pricing formula for European call
option in the crisp case. Section 5 is devoted to pricing the derivative with a
fuzzy interest rate. The last section contains concluding remarks.

2 Preliminaries

Let
(
Ω,F , (Ft)t∈[0,T ] , P

)
be a probability space with filtration satisfying

standard assumptions. Let T < ∞.
A stochastic process H = (Ht)t∈[0,T ] is cadlag, if its trajectories are functions,

which are right-continuous with left limits.
H is (Ft)-adapted if Ht is (Ft)-measurable for each t ∈ [0, T ].
A probability measure Q on (Ω,F) is absolutely continuous with respect to

P (Q << P ) if for all A ∈ F

P (A) = 0 ⇒ Q (A) = 0

and it is equivalent to P if P and Q have the same sets with zero measure.
Let St be an (Ft)-adapted cadlag stochastic process describing the underly-

ing asset. Let r denote a constant risk–free interest rate and

Zt = e−rtSt (1)

be the discounted process of values of the underlying asset. We have to find the
measure P̃ equivalent to P for which Zt is a martingale. Throughout this paper
the measure P̃ will be called the equivalent martingale measure.

The next step is to find the form of the process St with respect to this new
probability measure P̃ . The price of a derivative with a payment function f is
given by formula:

Ct = exp (−r(T − t)) EP̃ (f (S) |Ft) , t ∈ [0, T ] . (2)

Next we remind some facts about fuzzy sets and numbers. Let X be a univer-
sal set and Ã be a fuzzy subset of X. We denote by µÃ its membership function
µÃ : X → [0, 1], and by Ãα = {x : µÃ ≥ α} the α-level set of Ã, where Ã0 is the
closure of the set {x : µÃ 6= 0}. In our paper we assume that X = R.



Let ã be a fuzzy number. Then, under our assumptions, the α-level set ãα is
a closed interval, which can be denoted by ãα = [ãL

α, ãU
α ] (see e.g. [9]).

We can now introduce the arithmetics of any two fuzzy numbers. Let � be a
binary operator ⊕, 	, ⊗ or � between fuzzy numbers ã and b̃, where the binary
operators correspond to ◦: +, −, × or /, according to the ”Extension Principle”
in [9]. Then the membership function of ã� b̃ is defined by

µã�b̃ (z) = sup
(x,y):x◦y=z

min{µã(x), µb̃(y)} . (3)

Let �int be a binary operator ⊕int, 	int, ⊗int or �int between two closed
intervals [a, b] and [c, d]. Then

[a, b]�int [c, d] = {z ∈ R : z = x ◦ y,∀x ∈ [a, b],∀y ∈ [c, d]} , (4)

where ◦ is an usual operation +,−,× and /, if the interval [c, d] does not contain
zero in the last case.

Therefore, if ã, b̃ are fuzzy numbers, then ã� b̃ is also the fuzzy number and
its α-level set is given by

(ã⊕ b̃)α = ãα ⊕int b̃α = [ãL
α + b̃L

α, ãU
α + b̃U

α ] ,

(ã	 b̃)α = ãα 	int b̃α = [ãL
α − b̃U

α , ãU
α − b̃L

α] ,

(ã⊗ b̃)α = ãα ⊗int b̃α =

= [min{ãL
α b̃L

α, ãL
α b̃U

α , ãU
α b̃L

α, ãU
α b̃U

α},max{ãL
α b̃L

α, ãL
α b̃U

α , ãU
α b̃L

α, ãU
α b̃U

α}] ,

(ã� b̃)α = ãα �int b̃α =

= [min{ãL
α/b̃L

α, ãL
α/b̃U

α , ãU
α /b̃L

α, ãU
α /b̃U

α},max{ãL
α/b̃L

α, ãL
α/b̃U

α , ãU
α /b̃L

α, ãU
α /b̃U

α}] ,

if α-level set b̃α does not contain zero for all α ∈ [0, 1] in the case of �.

Proposition 1 Let f : R → R be a function, F (R) be a set of all fuzzy subsets
of R and Λ̃ ∈ F (R) . We assume that the membership function µΛ̃ of Λ̃ is upper
semicontinuous and for all y the set {x : f(x) = y} is compact. The function
f(x) can induce a fuzzy-valued function f̃ : F (R) → F (R) via the extension
principle. Then the α-level set of f̃(Λ̃) is f̃(Λ̃)α = {f(x) : x ∈ Λ̃α}.

3 Minimal entropy martingale measure for Levy
processes

The cadlag stochastically continuous process Y = (Yt)t∈[0,T ] , Y0 = 0 a.s., is
called a Levy process if it satisfies the following conditions.

1. Yt − Ys is independent of Fs for all 0 ≤ s ≤ t ≤ T.

2. Yt − Ys and Yt−s have the same distributions for all 0 ≤ s ≤ t ≤ T.



We assume that a truncation function ϕ is defined by the formula ϕ (x) =
xI|x|≤1. We denote by M(R) the space of non-negative measures on R. For Levy
processes local characteristics, called Levy characteristics are defined. They are
functions of the following form

Bt : [0, T ] → R, Bt = bt,

Ct : [0, T ] → R, Ct = ct,

νt : [0, T ] →M(R), νt (dx) = ν (dx) t,

ν ({0}) = 0,

∫
R

(
|x|2 ∧ 1

)
ν (dx)

where b, c ∈ R and ν ∈ M(R). Moreover, only constant b depends on the form
of ϕ.

A stochastic process S = (St)t∈[0,T ] is called the geometric Levy process, if
it can be written in the following form

St = S0 exp (Yt) , t ∈ [0, T ] (5)

where Yt is a Levy process.
Throughout this paper we assume that S is of the form (5), F = FT and for

t ∈ [0, T ]
Ft = σ (Ss, s ∈ [0, t]) = σ (Ys, s ∈ [0, t]) .

The relative entropy I (Q,P ) of Q with respect to P is defined by

I (Q,P ) =

{
EP

(
dQ
dP ln

(
dQ
dP

))
if Q << P

+∞ otherwise.

If an equivalent martingale measure P ∗ satisfies the inequality

I (P ∗, P ) ≤ I (Q, P )

for all equivalent martingale measures Q is called the minimal entropy martingale
measure (MEMM).

Let

g(MEMM) (θ) = b +
(

1
2

+ θ

)
c +

∫
{|x|≤1}

(
(ex − 1) eθ(ex−1) − x

)
ν (dx)

+
∫
{|x|>1}

(ex − 1) eθ(ex−1)ν (dx)

Let Ỹ =
(
Ỹt

)
t∈[0,T ]

be the Levy process corresponding to the original Levy

process Y , such that the following equality holds

St = S0 exp (Yt) = S0E
(
Ỹt

)
, t ∈ [0, T ],



where E
(
Ỹt

)
is Doleans-Dade exponential of Ỹt.

Let P
(ESS)

Ỹ[0,T ],θ∗
and P

(ESS)

ỸT,θ∗
be the Esscher transformed measures of P (see [6]).

The following theorem from [6] will be useful in our paper.

Theorem 1. If the equation

g(MEMM) (θ) = r (6)

has a solution θ∗, then the MEMM of S, P ∗ exsists and

P ∗ = P (MEMM) = P
(ESS)

Ỹ[0,T ],θ∗
= P

(ESS)

ỸT,θ∗
.

The process Y is also a Levy process under P ∗ and the generating triplet of Y
under P ∗, (b∗, c∗, ν∗) is

b∗ = b + θ∗c +
∫
{|x|≤1}

x
(
eθ∗(ex−1) − 1

)
ν (dx) ,

c∗ = c,

ν∗ (dx) = eθ∗(ex−1)ν (dx) .

4 The model of the underlying asset and pricing formula

Let
(
Ω,F , (Ft)t∈[0,T ] , P

)
be a probability space with filtration. Let T < ∞.

The price of the underlying asset St is the geometric Levy process given by
(5), where

Yt = µt + σWt + kNκ
t , (7)

Wt is Brownian motion, σ > 0, µ, k ∈ R and Nκ
t is Poisson process with the

intensity κ > 0. We assume that Wt and Nκ
t are independent.

Theorem 2. The price of European call option with strike price K and payment
function f (x) = (x−K)+ at time 0 is given by formula

C0 = e−κ∗T
∞∑

n=0

(κ∗T )n

n!

(
S0e

(µ∗−r)T+ σ2T
2 +knΦ

(
dn
+

)
− e−rT KΦ

(
dn
−

))
,

where Φ is cumulative distribution function of standard normal distribution and
θ∗ is the solution of the equation

µ +
(

1
2

+ θ

)
σ2 + κ

(
ek − 1

)
eθ(ek−1) = r, (8)

µ∗ = µ + θ∗σ2 , κ∗ = κeθ∗(ek−1),

dn
− =

ln S0
K + µ∗T + kn

σ
√

T
, dn

+ =
ln S0

K + µ∗T + σ2T + kn

σ
√

T
.



Proof. We apply Theorem 1 to price the option. Equation (6) has the form (8).
Since limθ→−∞ g (θ) = −∞ and limθ→∞ g (θ) = ∞, the above equation has a
solution. We denote it by θ∗. According to Theorem 1, Y with respect to P ∗ has
the form

Yt =
(
µ + θ∗σ2

)
t + σW ∗

t + kNκe
θ∗(ek−1)

t , t ∈ [0, T ], (9)

where W ∗ is a Brownian motion and Nκe
θ∗(ek−1)

t is a Poisson process with
respect to P ∗ and the processes are independent. The price of the derivative is
given by formula.

C0 = e−rT EP∗ (ST −K)+ = e−rT EP∗ (ST −K) I{ST >K}

= e−rT EP∗
(
S0e

µ∗T+σW∗
T +kNκ∗

T −K
)

I
eµ∗T+σW∗

T
+kNκ∗

T > K
S0

ff

= e−rT EP∗
∞∑

n=0

I{Nκ∗
T =n}

(
S0e

µ∗T+σW∗
T +kn −K

)
In

µ∗T+σW∗
T +kn>ln K

S0

o

= e−(κ∗+r)T
∞∑

n=0

(κ∗T )n

n!
EP∗

(
S0e

µ∗T+σW∗
T +kn −K

)
In

µ∗T+σW∗
T +kn>ln K

S0

o

Since
(µ∗ − r) T + σW ∗

T + kn ∼ N
(
(µ∗ − r) T + kn, σ

√
T

)
,

I = e−rT EP∗
(
S0e

µ∗T+σW∗
T +kn −K

)
In

µ∗T+σW∗
T +kn>ln K

S0

o
=

1√
2πσ2T

∫ ∞

ln K
S0
−rT

(
S0e

x − e−rT K
)
e−

[x−((µ∗−r)T+kn)]2

2σ2T dx.

We apply standard integral operations and we obtain

I =
1√
2π

∫ dn
−

−∞

(
S0e

−yσ
√

T+(µ∗−r)T+kn − e−rT K
)

e−
y2

2 dy

= S0
1√
2π

∫ dn
−

−∞
e−yσ

√
T+(µ∗−r)T+kne−

y2

2 dy − e−rT KΦ (d−)

= S0
1√
2π

e(µ∗−r)T+kne−
y2

2

∫ dn
−

−∞
e−

2yσ
√

T+y2

2 dy − e−rT KΦ (d−)

= S0e
(µ∗−r)T+ σ2T

2 +knΦ
(
dn
+

)
− e−rT KΦ

(
dn
−

)
Finally,

C0 = e−κ∗T
∞∑

n=0

(κ∗T )n

n!

(
S0e

(µ∗−r)T+ σ2T
2 +knΦ

(
dn
+

)
− e−rT KΦ

(
dn
−

))
.



It is easy to prove that the above series is convergent. From the Taylor
expansion of the function exp, the form of its remainder term and from the
equality

C0 = S0e

“
µ∗+ σ2

2 −r−κ∗
”

T
∞∑

n=0

(
κ∗ekT

)n

n!
Φ

(
dn
+

)
−Ke−(κ∗−r)T

∞∑
n=0

(κ∗T )n

n!
Φ

(
dn
−

)
the following condition holds.

∀ε > 0 ∃N ∈ N

e−κ∗T

∣∣∣∣∣
∞∑

n=N+1

(κ∗T )n

n!

(
S0e

(µ∗−r)T+ σ2T
2 +knΦ

(
dn
+

)
− e−rT KΦ

(
dn
−

))∣∣∣∣∣ < ε.

Therefore in our further considerations we will replace the pracing formula by

N∑
n=1

(κ∗T )n

n!

(
S0e

(µ∗−r)T+ σ2T
2 +knΦ

(
dn
+

)
− e−rT KΦ

(
dn
−

))
, (10)

for sufficiently large N .

5 Pricing formula for fuzzy interest rate

In this section we will use the symbol ˜ above model parameters to indicate
they are fuzzy. Parameters without ˜ are crisp.

We assume that the constant interest rate r is not known precisely. Therefore
we will treat the interest rate as a fuzzy number r̃. Then the pricing formula
(10) has the form

C̃0 = e−κ̃∗⊗T ⊗
N⊕

n=0

((κ̃∗ ⊗ T )n � n!)⊗
(
S0 ⊗ e[((µ̃∗	r̃)⊗T )⊕(σ⊗σ⊗T�2)⊕(k⊗n)]

⊗Φ̃
(
d̃n
+

)
	

(
e−r̃⊗T ⊗K ⊗ Φ̃

(
d̃n
−

)))
, (11)

where θ̃∗ is the solution of the equation

µ⊕
((

1
2
⊕ θ̃

)
⊗ σ ⊗ σ

)
⊕

(
κ̃⊗

((
ek 	 1

)
⊗ eθ̃⊗(ek	1)

))
= r̃, (12)

for
µ̃∗ = µ⊕

(
θ̃∗ ⊗ σ ⊗ σ

)
, κ∗ = κ⊗ eθ̃∗⊗(ek	1),

d̃n
− = [ln (S0 �K)⊕ (µ̃∗ ⊗ T )⊕ (k ⊗ n)]�

(
σ ⊗

√
T

)
and

d̃n
+ = [ln (S0 �K)⊕ (µ∗ ⊗ T )⊕ (σ ⊗ σ ⊗ T )⊕ (k ⊗ n)]�

(
σ ⊗

√
T

)
.



We calculate the α-level set of C̃0 using Proposition 1.(
C̃0

)
α

=
[
C̃L

0α, C̃U
0α

]
, where

C̃L
0α = min

(
e−κ̃∗U

α T Ṽ L
α , e−κ̃∗L

α T Ṽ L
α

)
, C̃U

0α = max
(
e−κ̃∗U

α T Ṽ U
α , e−κ̃∗L

α T Ṽ U
α

)
,

Ṽ L
α =

N∑
i=1

[
S0e

(µ̃∗L
α −r̃∗U

α )T+ σ2T
2 +knΦ

(
d̃nL
+α

)
− e−r̃∗L

α T KΦ
(
d̃nU
−α

)]
,

Ṽ U
α =

N∑
i=1

[
S0e

(µ̃∗U
α −r̃∗L

α )T+ σ2T
2 +knΦ

(
d̃nU
+α

)
− e−r̃∗U

α T KΦ
(
d̃nL
−α

)]
,

µ̃∗Lα = µ + σ2θ̃∗Lα , µ̃∗Uα = µ + σ2θ̃∗Uα ,

d̃nL
−α =

(
ln S0

K + µ̃∗Lα T + kn
)

σ
√

T
, d̃nU

−α =

(
ln S0

K + µ̃∗Uα T + kn
)

σ
√

T
,

d̃nL
+α =

(
ln S0

K + µ̃∗Lα T + σ2T + kn
)

σ
√

T
, d̃nU

+α =

(
ln S0

K + µ̃∗Uα T + σ2T + kn
)

σ
√

T
,

κ̃∗Lα =

{
κeθ̃∗L

α (ek−1) for k ≥ 0
κeθ̃∗U

α (ek−1) for k < 0
,

κ̃∗Uα =

{
κeθ̃∗U

α (ek−1) for k ≥ 0
κeθ̃∗L

α (ek−1) for k < 0

and θ̃∗Lα and θ̃∗Uα are solutions of (8) for r = r̃∗Lα and r̃∗Uα respectively. From the
equality

µC̃0
(c) = sup

0≤α≤1
I(C̃0)

α

(c)

we obtain the membership function of C̃0. If c is the option price and µC̃0
(c) = α,

then the value of the membership function may be treated by a financial analyst
as the belief degree of c.

6 Concluding remarks

It is easily seen, that even the pricing fuzzy formula for classical European
call option (11) looks complicated, but for lower values of N may be calculated.
However, for more complex derivatives it may be impossible to obtain even
closed form for their price. But the equation giving new martingale measure
(12) derived from its crisp counterpart (8) still remains true. It gives us the
possibility to calculate for the given α the appropriate α-level interval [θ̃∗Lα , θ̃∗Uα ],
and to generate simulations of underlying asset trajectory for all θ∗ ∈ [θ̃∗Lα , θ̃∗Uα ].
These simulations may be derived from the iterative version of process (9), which



analogous for Black-Scholes formula is known as Euler scheme (see [3,7]). In our
case we have

Sti+1 = Sti
exp

((
µ + θ∗σ2

)
δt + σ

√
δtεi + kνi

)
,

where i = 0, 1, . . . ,m for ti0 = 0 and tim
= T , δt = ti+1− ti = const, ε0, . . . εm−1

are iid random variables from standard normal distribution and ν0, . . . νm−1 are
iid realizations from Poisson process with intensity κδteθ∗(ek−1) (compare with
(9)). Hence, we can simulate steps S0, St1 , . . . , Stm and then generate appropriate
bunch of trajectories. These data could approximate the shape of C̃0 for given
kind of derivative. Such an approach could be also used instead of the expansion
in (11) for the case of European call option.

It is worth of noting, that from a practical point of view, the α-level set
for fuzzy price like in (11) may be seen as the interval of prices which has belief
degree α for the financial analysts. Therefore, the analysts could find the interval
of prices for their desired α, e.g. α = 1 or α = 0.95, which are comfortable for
them.

In the paper we discussed some stochastic model from subclass of Levy pro-
cesses. After application of the martingale method and fuzzy sets theory we
obtained the pricing formula for classical example, i.e. European call option. We
also discussed generalization of the obtained formulas for other kind of deriva-
tives via simulations. Further possible studies include fuzzification of other pa-
rameters of the presented model and more detailed studies on more complex
derivatives.
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w wycenie opcji metodami Monte Carlo (in Polish). In: Kacprzyk, J., Weglarz, J.
(eds.): Modelowanie i optymalizacja — Metody i zastosowania. Exit (2002)

8. Shiryaev, A.N., Kruzhilin, N.: Essential of Stochastic Finance. World Scientific Pub-
lishing Co. Pte. Ltd. (1999/2000)

9. Zadeh, L.A.: Fuzzy sets. Information and Control 8 (1965) 338 – 353



A fuzzy geometric programming approach to a fuzzy 
economic order quantity model 

Shiang-Tai Liu 

Graduate School of Business and Management, Vanung University 
Chung-Li, Tao-Yuan 320, Taiwan, ROC 

E-mail: stliu@vnu.edu.tw 

Abstract. The changing economic conditions make the selling price and de-
mand quantity more and more uncertain in the market. The conventional inven-
tory models determine the selling price and order quantity for a retailer’s maxi-
mal profit with exactly known parameters. This paper develops a solution 
method to derive the fuzzy profit of the inventory model when the demand 
quantity and unit cost are fuzzy numbers. Since the parameters contained in the 
inventory model are fuzzy, the profit value calculated from the model should be 
fuzzy as well. Based on the extension principle, the fuzzy inventory problem is 
transformed into a pair of two-level mathematical programs to derive the upper 
bound and lower bound of the fuzzy profit at possibility level α. According to 
the duality theorem of geometric programming, the pair of two-level mathe-
matical programs is transformed into a pair of conventional geometric programs 
to solve. By enumerating different α values, the upper bound and lower bound 
of the fuzzy profit are collected to approximate the membership function. Since 
the profit of the inventory problem is expressed by the membership function 
rather than by a crisp value, more information is provided for making decisions. 

1   Introduction 

The integration of production and marketing functions has been recognized to be 
crucial in practice for increasing a firm’s profit and decreasing their conflicts by re-
ducing losses incurred from separate decision making. Pricing and lot sizing are two 
important strategies that concern simultaneous determination of an item’s price and 
lot size or economic order quantity (EOQ) to maximize a firm’s profit for constant 
but price-dependent demands over a planning horizon. Different from the classic lot 
sizing or EOQ problem, the demand is typically determined as a decreasing power 
function of the selling price with constant elasticity as in monopolistic pricing situa-
tions [8]. Geometric programming is an efficient and effective method to solve 
nonlinear programming problem with the terms in power functional form in the ob-
jective function and constraints [1,4]. The applications of geometric programming 
techniques on inventory management are well documented in the literature. Worrall 
and Hall [16] utilize geometric programming technique to solve an inventory model 
with multiple items subject to multiple constraints. Cheng [3] proposed an EOQ 
model with demand-independent unit cost and derived the optimal solution by em-



ploying geometric programming technique. Lee [9] utilized geometric programming 
techniques to determine the selling price and order quantity for a retailer. Jung and 
Klein [6] employed geometric programming technique to analyze two EOQ based 
inventory models under total cost minimization and profit maximization. Chen [2] 
proposed an inventory model under return-on-inventory -investment maximization 
for an intermediate firm to determine the selling quantity and purchase cost of a prod-
uct via geometric programming technique.   

The parameters in those studies are assumed to be precisely known. However, in 
real world applications, the parameters in the model might be inexact and imprecise 
in nature. For example, the component costs and selling price of personal computer 
assembly industry are decreasing at a sustained and significant rate [7]. Today the 
selling price, purchase cost, and demand quantity of a technology product become 
more and more uncertain in the market. To cope with quantitatively with uncertain 
information in making decision, Zadeh [18] introduces the notion of fuzziness. The 
associated problem becomes a fuzzy inventory model. Roy and Maiti [13] employ 
both fuzzy nonlinear and geometric programming techniques to solve a fuzzy EOQ 
model with demand-dependent unit cost under limited storage capacity. Nevertheless, 
only crisp solutions are provided. Intuitively, when the parameters are fuzzy, the 
objective value should be fuzzy as well. In this paper, we develop a solution proce-
dure that is able to calculate the fuzzy profit of the fuzzy inventory model where the 
demand quantity and unit cost are represented as fuzzy numbers. The idea is to apply 
Zadeh’s extension principle [17,18,19]. A pair of two-level mathematical programs is 
formulated to calculate the upper bound and lower bound of the profit at possibility 
level α. The membership function of the fuzzy profit is derived numerically by enu-
merating different values of α. 

The rest of this paper is organized as follow. We first state the problem and model 
formulation with fuzzy parameters. Next, a pair of two-level mathematical programs 
for calculating the upper bound and lower bound of the profit is formulated; we trans-
form the two-level mathematical programs into one-level conventional geometric 
programs to solve. Then we use an example to illustrate the idea of this paper. Finally, 
some conclusions are drawn from the discussion.  

2   Mathematical formulation 

We suppose that one novel version of technology product is being introduced to 
customers. The demand quantity ( D ) can be regarded as a function of price ( p ) with 

constant elasticity; that is, D = Kp−β , where K  is a convex fuzzy number denoting 
the scaling variable and β  is the price elasticity. Since the price of technology prod-
uct usually have a great impact on demand quantity, we assume β >1; i.e., the price is 

elastic. The demand quantity is also a fuzzy number since the scaling variable K  is a 
fuzzy number. The unit cost of this product is changing within a range and the sup-
plier offers quantity discount. We represent the unit cost C  as the decreasing func-



tion C = Rq−δ , 0 1< δ < , in which R  is a convex fuzzy number and q  is the lot-size. 
The discount factor δ  is a very small value. If δ =0, it means no quantity discount. 
Similar to demand quantity, the unit cost C  is a fuzzy number since R  is fuzzy. 
According to Lee [9], we have the following formulation for the profit per unit time: 

π = 0 ( , )f p q =revenue – ordering cost – inventory holding cost – purchase cost, 

= pD − A D / q − ICq /2− CD       (1a) 

= 1Kp−β+ − 1AKp q−β − − 10.5IRq−δ+ − KRp q−β −δ     (1b) 

where A is ordering cost and I is inventory carrying cost rate. In this model we 
have three assumptions, namely, no shortage cost, instantaneous replenishment, and 
batch order quantity, which are frequently found in the EOQ literature. The objective 
of this model is to maximize the profit with decision variables p  and q . 

Clearly, (1b) is an unconstrained signomial problem with fuzzy parameters K  
and R . A signomial geometric programming problem is a class of nonconvex nonlin-
ear programming problem possessing multiple locally optimal solutions. Although 
several methods [5,14,15] can tackle this type of problem, one simple approach is to 
transform the problem into a posynomial problem with one additional constraint and 
variable [1,9] as follows: 

Max  y         (2) 

s.t. 1Kp−β+ − 1AKp q−β − − 10.5IRq−δ+ − KRp q−β −δ y≥ ,  

which is equivalent to the following standard geometric program form: 
Min  1y−         (3) 

s.t. 1 1( )y K p− β− +A 1 1p q− − + .5 1 1 1( )IR K p q− β− −δ+ + 1Rp q− −δ 1≤ .  

Clearly, Model (3) is a fuzzy posynomial geometric programming problem. It is 
guaranteed to have a global optimum solution if we properly choose the values of 
parameters β  and δ . In the literature the solution techniques for geometric program 
may be categorized as either primal-based algorithms that directly solve the nonlinear 
primal problems, or dual-based algorithms that solve the equivalent linearly con-
strained dual [11]. In view of Rajgopal and Bricker [12], the dual problem has the 
desirable features of being linearly constrained and having an objective function with 
attractive structural properties, thus making it a natural candidate solution. According 
to Beightler and Phillips [1] and Duffin et al. [4], one can transform Model (3) into 
the corresponding dual geometric program as follows: 

Max
w

 0
0(1 )ww 11

1[( ) ]wK w− λ 22[ ]wA wλ 31
3[0.5 ( ) ]wIR K w− λ 44[ ]wR wλ   

s.t. 0w =1, 
− 0w + 1w =0, 

1( 1)wβ − − 2w + 3( 1)wβ − − 4w  =0,     (4) 



− 2w + 3(1 )w− δ − 4wδ =0, 

0 1 2 3 4, , , , 0.w w w w w ≥  

where λ = 1w + 2w + 3w + 4w . Note that the objective value derived from Model (4) 
is the reciprocal of the profit π .  

Let Kμ  and Rμ  denote their membership functions. We have, 

K ={( k , ( )K kμ )| k ∈S( K )} 

R ={( r , Rμ ( r ))| r ∈S( R )} 

where S( K ) and S( R ) are the supports of K  and R , which represent the uni-
verse sets of the scaling variables of demand quantity and unit cost, respectively. 
Denote the α-cuts of K  and R  as:  

L U( ) [( ) , ( ) ]K K Kα α α=       (5a) 

=[ min
k

{( k , ( )K kμ )|S( K ) ≥ α}, max
k

{( k , ( )K kμ )|S( K ) ≥ α}] 

L U( ) [( ) , ( ) ]R R Rα α α=        (5b) 

=[ min
r

{( r , Rμ ( r ))| S( R ) ≥ α}, max
r

{( r , Rμ ( r ))| S( R ) ≥ α}] 

Suppose we are interested in deriving the membership function of the profit. The 
major difficulty lies on how to deal with the varying ranges of the scaling variables 
k  and r . One idea is to apply Zadeh’s extension principle [17,18,19]. 

Based on the extension principle, the membership function Zμ  can be defined as: 

Zμ (z)= 
,

supmin
k r

{ ( )K kμ , Rμ  ( r )| z=Z(k,r)}    (6) 

where Z(k,r) is defined in Model (4). The application of the extension principle to Z  
may be viewed as the application of this extension principle to the α-cuts of Z  [10]. 
If the α-cuts of Z  at all α values degenerate to the same point, then this number is a 
crisp number. Otherwise, it is a fuzzy number. In Equation (6), two membership func-
tions are involved. To derive Zμ  in closed form is hardly possible. According to (6), 

Zμ  is the minimum of Kμ  and Rμ . We need ( )K kμ ≥ α and Rμ ( r ) ≥ α, and at 
least one ( )K kμ  or Rμ ( r ) equal to α such that z=Z(k,r) to satisfy Z~μ (z)=α. To find 

the membership function Z~μ , it suffices to find the right shape function and left 

shape function of Z~μ , which is equivalent to finding the upper bound UZα  and lower 

bound LZα  of the α-cuts of Z . Since UZα  is the maximum of Z(k,r) and LZα  is the 
minimum of Z(k,r), they can be expressed as: 

UZα =max {Z(k,r)| L( )K α ≤ k ≤ U( )K α , L( )R α ≤ r ≤  U( )R α }  (7a) 



LZα =min {Z(k,r)| L( )K α ≤ k ≤ U( )K α , L( )R α ≤ r ≤  U( )R α   (7b) 

Since the inventory model contains fuzzy parameters, the objective value calcu-
lated from the model should be fuzzy as well. The values of k  and r  that attain the 
largest value of the objective value can be determined from the following two-level 
mathematical programming model: 
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where λ = 1w + 2w + 3w + 4w . At least one k  or r  must hit the boundary of its α-
cut to satisfy Zμ (z)=α. In Model (8), the inner program calculates the objective value 
for both k  and r  specified by the outer program, while the outer program determines 
the values of k  and r  that generate the largest objective value. At α level, the objec-
tive value UZα  is the upper bound of Model (4).  

By the same token, to find the value of k  and r  that produce the smallest objec-
tive value, a two-level mathematical program is formulated by simply replacing the 
outer program of Model (8) from “Max” to “Min”: 
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where λ = 1w + 2w + 3w + 4w . In this model the inner program calculates the objec-
tive value for each given set of ( k , r ), while the outer program determines the set of 
( k , r ) that produces the smallest objective value. The objective value LZα  is the 
lower bound of the objective value of the α-level cut for Model (4). 



Since the objective values derived from (8) and (9) are the reciprocal of the profit 

defined in (1), the values [ ( ) 1UZ
−

α , ( ) 1LZ
−

α ]=[ L
απ , U

απ ] constitute the interval at the 

specific possibility level α.  

3   One-level transformation 

Models (8) and (9) are a pair of mathematical programs for calculating the upper 
and lower bounds of the fuzzy objective value at the specific α level. Since both the 
inner program and outer program of (8) have the same maximization operation, they 
can be combined into one level with the constraints of the two programs considered at 
the same time. That is: 

UZα = Max
w

 0
0(1 )ww 11

1[ ]wk w− λ 22[ ]wA wλ 31
3[0.5 ]wIr k w− λ 44[ ]wr wλ  

s.t. 0w =1, 
− 0w + 1w =0, 

1( 1)wβ − − 2w + 3( 1)wβ − − 4w  =0,    (10) 
− 2w + 3(1 )w− δ − 4wδ =0, 

L( )K α ≤ k ≤ U( )K α , L( )R α ≤ r ≤ U( )R α , 

0 1 2 3 4, , , , 0.w w w w w ≥  

Since variable k  is in the denominator of the objective function, the smaller the 
value of k  the larger the objective value is. To derive the upper bound of the objec-
tive value, one should set k  to its lower bound LKα . On the other hand, variable r  is 
in the numerator of the objective function. To obtain the largest objective value, we 
should set variable r  to its upper bound U( )R α . Consequently, Model (10) can be 
reduced to the following conventional geometric program: 

UZα = Max
w

 0
0(1 )ww 1L 1

1[( ) ]wK w−
α λ 22[ ]wA wλ 3U L 1

3[0.5 ( ) ]wIR K w−
α α λ  

4U
4[ ]wR wα λ  

s.t. 0w =1, 
− 0w + 1w =0, 

1( 1)wβ − − 2w + 3( 1)wβ − − 4w  =0,     (11) 
− 2w + 3(1 )w− δ − 4wδ =0, 

L( )K α ≤ k ≤ U( )K α , L( )R α ≤ r ≤ U( )R α , 

0 1 2 3 4, , , , 0.w w w w w ≥  



where λ = 1w + 2w + 3w + 4w . Model (11) is to find a stationary point of Largran-
gian function for a concave objective function subject to a set of convex constraints. 
Hence, Model (11) has a unique stationary point of Largrangian function- a global 
maximum [1,4] and we can derive the upper bound of the objective value UZα  by 
solving Model (11).  

In Model (9) we search for a set of ( k , r ) that derives the smallest objective value. 
Similar to Model (8), both variables k  and r  are in the objective function. To obtain 
the lower bound of the objective value, we should set k  to its upper bound UKα ; 

conversely, we should let r  to its lower bound LRα . Hence, Model (9) becomes the 
following conventional geometric program 

LZα = Max
w

 0
0(1 )ww 1U 1

1[( ) ]wK w−
α λ 22[ ]wA wλ 3L U 1

3[0.5 ( ) ]wIR K w−
α α λ  

4L
4[ ]wR wα λ  

s.t. 0w =1, 
− 0w + 1w =0, 

1( 1)wβ − − 2w + 3( 1)wβ − − 4w  =0,     (12) 
− 2w + 3(1 )w− δ − 4wδ =0, 

L( )K α ≤ k ≤ U( )K α , L( )R α ≤ r ≤ U( )R α , 

0 1 2 3 4, , , , 0.w w w w w ≥  
where λ = 1w + 2w + 3w + 4w .  

To find the optimal solution for Model (11), one simple way is to deal with the 
reduced problem because the model has only one degree of difficulty. From the con-
straints of Model (11), we can express 0w , 1w , 3w , 4w , and λ  in terms of 2w : 

0w =1,        (13a) 

1w =1,        (13b) 

3w = 2[ (1 ) ( 1) ] ( 1)wδ − β + δ − βδ − ,     (13c) 

4w = 2[( 1)( 1) (2 ) ] ( 1)wβ − δ − + − β − δ βδ − ,     (13d) 
λ = 2[ ( 1)( 1)]wβ δ − + / ( 1)βδ − .      (13e) 

Since λ = 2[ ( 1)( 1)]wβ δ − + / ( 1)βδ −  should be greater than 0 and the original as-
sumptions are β >1 and 0 1< δ < , we derive 1βδ < . It implies that Model (11) has 
feasible solutions only if β >1 and 1βδ < , where 0 1< δ < . Lee [9] has also shown 
this feasibility condition.  

The substituted program is formed by replacing variables in the objective function 
of Model (11) with (13a) through (13e): 
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We can take the logarithm of the objective function to derive a concave function [1] 
as follows: 

Ulog Zα =
2

Max
w
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Since there is only one variable 2w  in this logarithmic function, one can set the 

first derivative to zero to derive the optimal solution *
2w  
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Now, we can solve (16) easily by any commercial nonlinear software. Substituting 
*
2w  into (13c), (13d), and (13e), respectively, we obtain *

3w , *
4w , and *λ . With these 

values of *w , the objective value UZα  can be calculated from the objective function 
of Model (11) or Eq. (14).  

In the constrained geometric programming problem, the dual feasible solutions 
*w  and *λ  provide weights of the terms in the constraints of transformed primal 

problem. Let iθ = * */iw λ , i =1,2,3,4, where 4
1 ii= θ∑ =1. These weights represent 



proportions of the profit ( 1θ ), the ordering cost ( 2θ ), the inventory holding cost ( 3θ ), 
and the purchase cost ( 4θ ) to the total revenue as follow: 

1θ = L 1 1( )y K p− β−
α ,       (17a) 

2θ = A 1 1p q− − ,       (17b) 

3θ =0.5 UIRα
L 1 1 1( )K p q− β− −δ+
α ,      (17c) 

4θ = U 1R p q− −δ
α .       (17d) 

Using these equations, we can obtain the corresponding primal solution: 
*p = L 1/(1 )

4 2 3[0.5 /( )]IA K −β
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= U 1 1/(1 )
2 4[ ( ) ( ) ]R A−δ δ − −δ

α θ θ ,  

*q = L 1/(1 )
2 3 4[ ( ) /(0.5 )]K IAβ β −β

α θ θ θ      (19) 

= U 1 1 1/(1 )
2 4[( ) ( ) ]R A− − −δ

α θ θ . 

Similar to the discussion of Model (11), Model (12) can be transformed into the 
following mathematical equation: 
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By the same token, we can derive the optimal solution *
2w  by solving Eq. (20). 

The corresponding weights *
3w , *

4w , *λ , and the objective value LZα  are calculated 

from (13c), (13d), (13e), and (20), respectively. Since *λ  and *
iw , i =1,2,3,4, are 

obtained, we can easily derive iθ , i∀ , by previous definition 

1θ = U 1 1( )y K p− β−
α ,       (21a) 

2θ = A 1 1p q− − ,       (21b) 

3θ =0.5 LIRα
U 1 1 1( )K p q− β− −δ+
α ,      (21c) 

4θ = L 1R p q− −δ
α .       (21d) 

Based on the values of iθ , the solutions of *p  and *q  can be calculated 



*p = U 1/(1 )
4 2 3[0.5 /( )]IA K −β

αθ θ θ      (22) 

= L 1 1/(1 )
2 4[ ( ) ( ) ]R A−δ δ − −δ

α θ θ ,  
*q = U 1/(1 )

2 3 4[ ( ) /(0.5 )]K IAβ β −β
α θ θ θ      (23) 

= L 1 1 1/(1 )
2 4[( ) ( ) ]R A− − −δ

α θ θ .  

At the upper bound UZα  and the lower bound LZα , we can derive the associated 

selling price *p  and lot-size quantity *q , respectively. In (1) the original objective 

value π = y =1/ Z . Since UZα ≥ LZα , the profit will be the interval [ ( ) 1UZ
−

α , ( ) 1LZ
−

α ] 

at α-level. The numerical solutions for UZα  and LZα  at different possibility level α 
can be collected to approximate the shape of the membership function of the profit. 

4   Conclusion 

The integration of production and marketing functions is a critical issue in prac-
tice for increasing a firm’s profit. In previous studies, the demand and the unit cost 
are regarded as constants and are represented as a decreasing function of the selling 
price and a decreasing function of lot-size quantity, respectively. The obtained profit 
and its associated selling price and lot-size quantity are point values. This paper de-
velops a method to find the membership function of the fuzzy profit when the de-
mand quantity and unit cost are represented as fuzzy numbers. The idea is based on 
Zadeh’s extension principle to transform the fuzzy inventory problem to a pair of 
mathematical programs to derive the upper bound and lower bound of the fuzzy profit. 
According to the duality theorem of geometric programming technique, the two-level 
mathematical program is transformed into the one-level conventional geometric pro-
gram. We can easily find the global optimum solution for the profit via the well-
developed theories of geometric programming technique. By enumerating different α 
values, the upper bound and lower bound of the fuzzy profit are collected to ap-
proximate the membership function. Since the profit of the inventory problem is ex-
pressed by the membership function rather than by a crisp value, more information is 
provided for making decisions. 
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Abstract

In this paper we show that the vagueness induced by the fuzzy mathematics
(see [5], [7] and [14] for more details) can be relevant in modelling objects in
finance (see also [2], [8] and [11]), especially when a flexible parametrization is
adopted to represent the fuzzy numbers.
Fuzzy calculus for financial applications requires a big amount of computa-

tions and the LU-fuzzy representation produces good results due to the fact that
it is computationally fast and it reproduces the essential quality of the shape
of fuzzy numbers involved in computations. The paper considers the Black and
Scholes option pricing formula, as long as many other have done in the last few
years (see [3], [13], [15]).
We suggest the use of the LU-fuzzy parametric representation for fuzzy num-

bers, introduced in Guerra and Stefanini (see [10]) and improved in Stefanini,
Sorini and Guerra (see [12]), in the framework of the Black and Scholes model
for option pricing, everywhere recognized as a benchmark; the details of the
computations and an illustrative example are also incuded.

1 Introduction
Recent literature on fuzzy numbers is rich of several approaches to approximate
operations between fuzzy numbers. The desirable feature is to preserve the real
shape of the fuzzy numbers resulting from the operations, without loosing in
simplicity and applicability and in goodness of the approximations.

∗This research was partially supported by the National Project FIRB (financed by the
Italian Ministery of University), N.RBAU01KZ7Z-002.



In [10] we introduced a representation of the fuzzy numbers, based on the use
of parametrized monotonic functions to model the α− cuts (or the membership
functions) of the fuzzy numbers. We call it the LU representation, as it models
directly the Lower and the Upper branches of the fuzzy numbers and it uses the
parametrization to perform the arithmetic operations and more generally for the
fuzzy calculus. The LU-fuzzy numbers can also be viewed as a parametrized
extension of the standard LR-fuzzy numbers and are related to this extension
by a one-to-one (inverse) correspondence. In [12] we show the advantages of the
use of LU-fuzzy numbers in the principal applications of fuzzy calculus: they
generalize the LR-fuzzy setting in the direction of the shape preservation but
also they allow easy error-controlled approximations in fuzzy calculus.
It is well known in economics and in finance that the application of the

option theory, both for the real and for the financial markets, is strongly de-
pendent on the precision of the input data and that in many cases the quality
of the information becomes critical to the validity of the results. A suitable
methodology to approach this problems is based of the fuzzy calculus as it al-
lows the description of uncertain or imprecise interest rates, volatility, prices,
etc in combination with the stochastic (risky) characters of the real world.
On the other hand, the inclusion of vagueness and stochasticity into the

models frequently implies massive computations to simulate or perform the cal-
culations.
In section 2 we recall briefly some fundamental properties of fuzzy calculus

and in section 3 we apply the LU model to the Black and Scholes fuzzy option
pricing formula, in a way similar to the one proposed by Wu in [13] (see also
[15] and [3] for recent related aspects).

2 LU parametric fuzzy numbers
The relevant aspects of Fuzzy Set Theory have started by its invention due to
Zadeh [14] in 1965. In what follows, according to the representation theorem
for fuzzy numbers or intervals (see [9]), we use the so called a − cut setting to
define a fuzzy number or interval; a fuzzy number (or interval) u is completely
determined by any pair u = (u−, u+) of functions u± : [0, 1] −→ R, defining the
end-points of the a− cuts, satisfying the three conditions:
(i) u− : α −→ u−α ∈ R is a bounded monotonic increasing (non decreasing)
left-continuous function ∀α ∈]0, 1] and right-continuous for α = 0;
(ii) u+ : α −→ u+α ∈ R is a bounded monotonic decreasing (non increasing)
left-continuous function ∀α ∈]0, 1] and right continuous for α = 0;
(iii) u−α ≤ u+α ∀α ∈ [0, 1] .
If u−1 < u+1 we have a fuzzy interval and if u

−
1 = u+1 we have a fuzzy number;

for simplicity we refer to fuzzy numbers or intervals without nominal distinction.
The notation

[u]α =
£
u−α , u

+
α

¤
, α ∈ [0, 1] (1)

denotes explicitly the α − cuts of u. We can refer to u− and u+ as the lower
and the upper branches of u, respectively.



The arithmetic operations for two fuzzy numbers u = (u−, u+) and v =
(v−, v+) are all defined in terms of the α− cuts.
The LU-representation of the fuzzy numbers is obtained by writing the lower

and the upper branches u−, u+ : [0, 1] → R as monotonic functions. As men-
tioned in [10] and [12], a family of monotonic rational or mixed cubic-exponential
splines can be used as flexible and easy-to-implement models for the parame-
trization of the LU-fuzzy numbers. The parameters included in the models
(number and position of the nodes, values and slopes) allow a wide range of
shapes to be taken into account; further, any given fuzzy number can be ap-
proximated to a given prescribed precision at the cost of increasing the number
of the nodes. The computational experimentations reported in [10] and the ex-
tended applications in [12] suggest that the LU-fuzzy numbers are useful tools
in the fuzzy calculus.
In the current application we use two monotonic models: a (2,2)-rational

spline given by the ratio of two second degree polynomials) and a mixed cubic-
exponential spline.
In the simpler forms, the two (continuous) monotonic branches u− and u+

are parametrized by 8 numbers (u−0 , δ
−
0 , u

+
0 , δ

+
0 ; u

−
1 , δ
−
1 , u

+
1 , δ

+
1 ) giving the values

u0, u1 and the slopes δ0, δ1 (we omit the superscripts + and − for simplicity)
at the extremal points of the [0, 1] interval; the two interpolating functions for
u− and u+ for α ∈ [0, 1] are obtained as functions s(α) satisfying s(0) = u0,
s0(0) = δ0, s(1) = u1, s0(1) = δ1 (if u1 = u0 we assume δ0 = δ1 = 0 and a
constant s(α)):

s(α) = p(α)
q(α)

where
p(α) = (u1 − u0)u1α

2 + (u1δ0 + u0δ1)α(1− α) + (u1 − u0)u0(1− α)2

q(α) = (u1 − u0)α
2 + (δ0 + δ1)α(1− α) + (u1 − u0)(1− α)2

(2)

for the (2,2)-rational model, and
s(α) = u0 + (u1 − u0 − δ0+δ1

v )α2(3− 2α) + δ0
v − δ0

v (1− α)v + δ1
v α

v,
where

v = 1 + δ0+δ1
u1−u0

(3)

for the mixed model.
If the data are increasing (i.e. u1 ≥ u0 and δ0 ≥ 0, δ1 ≥ 0) then s(α) is

increasing for all the values of α ∈ [0, 1]; if the data are decreasing (i.e. u1 ≤ u0
and δ0 ≤ 0, δ1 ≤ 0) then s(α) is decreasing for all the values of α ∈ [0, 1]. So,
simply by choosing the data in the appropriate way, we can model the lower
(increasing) and the upper (decreasing) branches of the fuzzy numbers.
An interesting property of (2) is that its inverse can be computed analytically,

while (3) is such that if the data are linear (δ0 = δ1 = u1 − u0) or quadratic
(δ0 + δ1 = 2(u1 − u0)) or polynomial (δ0 + δ1 = n(u1 − u0), n > 2) then s(α)
is a linear, a quadratic or an (n+ 1)-polynomial (a cubic shape is obtained for
δ0 = δ1 =

3
2(u1−u0) or δ0 = δ1 = 0 but u1 > u0). Note also that in models (2)



or (3) any non negative values are admitted for the slopes δ0 and δ1 to reproduce
non decreasing functions of a very large family (depending on u0 and u1 > u0
for the values and on two arbitrary non negative parameters, ranging from zero
to infinity, for the slopes); we will use une of the following notations to indicate
the spline function s:

s(α) = s(α;u, δ) = s(α;u0, δ0, u1, δ1). (4)

The models allows a representation of the α− cuts of the LU-fuzzy number
by four pairs of values u = (u−0 , δ

−
0 , u

+
0 , δ

+
0 ; u

−
1 , δ
−
1 , u

+
1 , δ

+
1 ) : each pair (u

∗
i , δ
∗
i ),

with i ∈ {0, 1} and ∗ ∈ {−,+} refers to one of the four interpolating points
corresponding to α0 = 0 and to α1 = 1 for the lower and the upper α − cut
branches.
To obtain the general (continuous) LU-representation, we introduce a de-

composition of the α’s into N + 1 nodes (N subintervals) 0 = α0 < α1 < ... <
αN = 1 and we model each branch u− and u+ by a piecewise function of the
forms above. Let (u−i , δ

−
i )i=0,1,...,N and (u+i , δ

+
i )i=0,1,...,N be given values of the

functions u− and u+ and of their first derivatives at the N + 1 nodes of the
decomposition; valid values must satisfy the following conditions:

u−0 ≤ u−1 ≤ ... ≤ u−N ≤ u+N ≤ u+N−1 ≤ ... ≤ u+0

δ−i ≥ 0 and δ+i ≤ 0.

For all the values of α ∈ [0, 1] the functions u− and u+ are computed on
each of the N subintervals of the decomposition with a different version of the
mixed spline s: after the transformation α ∈ [αi−1, αi] ←→ tα ∈ [0, 1], i.e.
tα =

α−αi−1
αi−αi−1 and

eδ−i = δ−i (αi − αi−1), eδ+i = δ+i (αi − αi−1), we get

u = (u−i , δ
−
i , u

+
i , δ

+
i )i=0,1,...,N

m
uα = [s(tα;u

−
i−1,eδ−i−1, u−i ,eδ−i ), s(tα;u+i−1,eδ+i−1, u+i ,eδ+i )]i=1,2,...,N . (5)

ForN ≥ 1 , an array of 4 (N + 1) parameters is available for the lower branch
u−α (monotonic increasing) and the upper branch u+α (monotonic decreasing);
the simple conditions δ−i ≥ 0, δ+i ≤ 0 and u−0 ≤ u−1 ≤ ... ≤ u−N ≤ u+N ≤
u+N−1 ≤ ... ≤ u+0 are required.
The set of LU-fuzzy numbers (for a fixed monotonic-shaped model) is de-

noted by

FN =
©
(u−i , δ

−
i , u

+
i , δ

+
i )i=0,1,...,N | u−i %, u+i &, δ−i ≥ 0, δ+i ≤ 0

ª
.

In particular, corresponding to the nodes of the α−decomposition, the mem-
bership function of u is given by the relations

µ(u−i ) = µ(u+i ) = αi for i = 0, 1, ..., N



and, for the differentiable case, it holds:

µ0(u−i ) =
1

δ−i
, µ0(u+i ) =

1

δ+i
for i = 0, 1, ...,N.

For the particular (2,2) rational spline (2) it is easy to compute the analytic
inverse of the spline s(α) by solving the following equation of second degree, to
obtain α = s−1(x) ∈ [0, 1] for x ∈ [u0, u1] or for x ∈ [u1, u0] :

p(α)− q(α)x = 0

i.e.

(u1−u0)(u1−x)α2+[(u1−x)δ0+(u0−x)δ1]α(1−α)+(u1−u0)(u0−x)(1−α)2 = 0.
If we define ax = (u1 − u0)(u1 − x) ≥ 0, bx = (u1 − x)δ0 + (u0 − x)δ1 and

cx = (u1 − u0)(u0 − x) ≤ 0, then the inverse spline is given by:

s−1(x) =
2cx − bx ±

p
b2x − 4axcx

2(ax + cx − bx)
(6)

where we select the + or the − in the numerator for which the value is in [0, 1]
(note that it is unique and that b2x − 4axcx ≥ 0 ∀x).
The arithmetic operations, the Zadeh’s fuzzy extensions, the fuzzy integral

and derivative and other elements of fuzzy calculus can be defined in FN .
As an example, the fuzzy multiplication is obtained by a relatively simple

algorithm: denote uv = w =
¡
w−i , f

−
i , w

+
i , f

+
i

¢
i=0,1,...,N

, and

(uv)
−
i = min{u−i v−i , u−i v+i , u+i v−i , u+i v+i } (7)

(uv)+i = max{u−i v−i , u−i v+i , u+i v−i , u+i v+i }; (8)

let (p−i , q
−
i ) be the pair associated to the combination of + and - of u

±
i v

±
i giving

the minimum for (uv)−i in (7), and similarly let (p
+
i , q

+
i ) be the pair associated

to the combination of + and - of u±i v
±
i giving the maximum for (uv)+i in (8),

then (for the values and the slopes of w = uv)(
w−i = u

p−i
i v

q−i
i , w+i = u

p+i
i v

q+i
i

f−i = δ
p−i
i v

q−i
i + u

p−i
i e

q−i
i , f+i = δ

p+i
i v

q+i
i + u

p+i
i e

q+i
i .

To obtain the fuzzy extension of a real function f : R −→ R (we consider
here for simplicity the simple case where f is monotonic) let’s introduce the
following notation:

p−α , p
+
α ∈ {−,+} and

p−α =
½ − if min {f (u−α ) , f (u+α )} = f (u−α )
+ if min {f (u−α ) , f (u+α )} = f (u+α )

p+α =

½ − if max {f (u−α ) , f (u+α )} = f (u−α )
+ if max {f (u−α ) , f (u+α )} = f (u+α )



(where we simplify p±αi ≡ p±
i
, i = 0, 1, ..., N, in the points of the α−decomposition).

So, we have f(u)−α = f
³
u
p−α
α

´
and f(u)+α = f

³
u
p+α
α

´
.

If X is the LU-fuzzy number X =
¡
x−i , δ

−
i , x

+
i , δ

+
i

¢
i=0,1,...,N

then its image
f(X) is

f(X) =
³
f(x

p−i
i ), f

0(xp
−
i
i )δ

p−i
i , f(x

p+i
i ), f

0(xp
+
i
i )δ

p+i
i

´
i=0,1,...N

.

An LU-fuzzy calculator, implementing the basic fuzzy arithmetic operations
and calculus by an interactive desk-top easy-to-use software is available by con-
tacting the authors1.

3 LU-fuzzy Black-Scholes model
Many empirical studies have shown that some hypothesis of the Black-Scholes
(B-S) model for european options (introduced in [1]) do not reflect in a satis-
factory way the behavior of financial markets. In particular the risk-free rate
r is considered constant but in the real world it varies in an imprecise way.
Moreover, a big amount of recent financial literature is devoted to the volatil-
ity modeling and many different approaches have been studied; we believe that
the fuzzy modeling of volatility can contribute in the research of a benchmark
volatility model, especially when an easy model to implement is adopted.
The B-S formulation consists in determining the current value Ct of an eu-

ropean call option of a derivative security having known current stock price and
exercise price at maturity time T . The volatility and the so called risk-neutral
interest rate are the other parameters by which the B-S formula is composed.
All these parameters, with the possible exception of the strike price and of the
time to maturity, can be modelled as fuzzy numbers. In our calculations, the
stock price, the strike price, the volatility and the interest rate are handled as
fuzzy numbers due to their imprecise character. The strike price and the time to
maturity are supposed to be real numbers because they have this characteristics
in the real world.
The general procedure is very similar to that described by Wu (see [13]);

we focus on the alternative way of representing the fuzzy numbers, the LU
representation illustrated in the preceeding section, and on its advantages in
producing quickly the final solution.
Denote, as usual, by

Φ (x) =
1√
2π

xZ
−∞

e−
t2

2 dt

the cumulative standard normal function.
1L. Sorini - L. Stefanini, An LU-fuzzy calculator for the basic fuzzy calculus, EMS working

paper series, 98, 2005, University of Urbino "Carlo Bo", Italy (contact laerte@uniurb.it or
lucste@uniurb.it)



It is an increasing function with derivative

Φ0 (x) =
1√
2π

e−
x2

2 .

To introduce the standard Black Scholes formula for the European put/call
options (without dividends), denote

D1 (S,K, r, σ, t) =
ln
¡
S
K

¢
+
³
r + σ2

2

´
t

σ
√
t

and
D2 (S,K, r, σ, t) = D1 (S,K, r, σ, t)− σ

√
t.

We also write

D1 =
ln
¡
S
K

¢
+ rt

σ
√
t

+
σ

2

√
t

D2 =
ln
¡
S
K

¢
+ rt

σ
√
t

− σ

2

√
t.

If St is the (current) stock price at time t ∈ [0, T ] (where T is the time to
maturity), K is the exercise price (strike price), r is the interest rate (continu-
ously compounded), σ is the (standard deviation) volatility, then the price Ct

of the corresponding European call option at time t is given by:

Ct = StΦ (D1 (St,K, r, σ, T − t))−Ke−r(T−t)Φ (D2 (St,K, r, σ, T − t)) (9)

and the price Pt of the corresponding European put option at time t (with the
same expiry date T and strike price K) is given by:

Pt = Ct +Ke−r(T−t) − St. (10)

It is also important to compute a probability density function for the option
value Ct, given by (log-normal type):

D (Ct) =
a

2π
e−

1
2 b

2

(11)

where

a =
er(T−t)

σ (T − t)
¡
Cter(T−t) + St

¢
and

b =
ln
³
Cte

r(T−t)+k
S

´
−
³
r − σ2

2

´
(T − t)p

σ (T − t)
.



3.1 The LU-fuzzy representation

The fuzzyfication of (9) and (10) assumes that K,T are given crisp numbers and
r, σ, {St; t ∈ [0, T ]} are given fuzzy numbers; in the LU-fuzzy setting, denote:

r =
¡
r−i , δr

−
i , r

+
i , δr

+
i

¢
i=0,1,...,N

σ =
¡
σ−i , δσ

−
i , σ

+
i , δσ

+
i

¢
i=0,1,...,N

St =
¡
S−t,i, δS

−
t,i, S

+
t,i, δS

+
t,i

¢
i=0,1,...,N

and 0 = α0 < α1 < ... < αN = 1.
To compute the fuzzy extensions of (9), (10) and (11), observe first that all

the involved quantities are non negative crisp or fuzzy numbers so that all the
arithmetic operations are simplified; the procedure works as follows:
Step 1. Compute the fuzzy extension of the function

St → ln

µ
St
K

¶
(12)

(St fuzzy, K crisp, t given).

The strike price K is a crisp positive quantity and we use the scalar multi-
plication

St
K
=

Ã
S−t,i
K

,
δS−t,i
K

,
S+t,i
K

,
δS+t,i
K

!
i=0,1,...,N

as the function x → ln (x) is increasing, the fuzzy extension of (12) is the
following

ln

µ
St
K

¶
=

Ã
ln

Ã
S−t,i
K

!
,
δS−t,i
S−t,i

, ln

Ã
S+t,i
K

!
,
δS+t,i

S+t,i

!
i=0,1,...,N

Denote this fuzzy number by:

Lt =
¡
L−t,i, δL

−
t,i, L

+
t,i, δL

+
t,i

¢
i=0,1,...,N

Step 2. Compute D1,t and D2,t by extending the fuzzy functions

D1,t : (St, r, σ) −→
ln
¡
St
K

¢
+ r (T − t)

σ
√
T − t

+
σ
√
T − t

2
(13)

and

D2,t : (St, r, σ) −→
ln
¡
St
K

¢
+ r (T − t)

σ
√
T − t

− σ
√
T − t

2
(14)

as functions of St, r and σ for given (crisp) K,T, t.
If

At = ln

µ
St
K

¶
+ r (T − t)



we denote
At =

¡
A−t,i, δA

−
t,i, A

+
t,i, δA

+
t,i

¢
i=0,1,...,N

in order to obtain:

A−t,i =
¡
L−t,i + r−i (T − t) , δL−t,i + δr−i (T − t) , L+t,i + r+i (T − t) , δL+t,i + δr+i (T − t)

¢
.

The fuzzy extensions of D1,t and D2,t in the LU-representation can be writ-
ten as:

D1,t =
¡
D−1,t,i, δD

−
1,t,i,D

+
1,t,i, δD

+
1,t,i

¢
i=0,1,...,N

D2,t =
¡
D−2,t,i, δD

−
2,t,i,D

+
2,t,i, δD

+
2,t,i

¢
i=0,1,...,N

and the values of the parameters are obtained by applying the extension princi-
ple to the functions (13) and (14). We omit here the tedious details for brevity;
observe only that, with respect to x = σ

√
T − t, D1,t andD2,t have the following

form:

D1,t : x −→ At

x
+

x

2
, D2,t : x −→ At

x
− x

2

and their fuzzy extensions require to distinguish the two cases At ≥ 0 and
At ≤ 0; in fact, D1,t is increasing if At ≤ 0 but has a global minimum point at
x = (At)

2
3 if At > 0; analogously, D2,t is decreasing if At ≥ 0 but has a global

maximum point at x = (−At)
2
3 if At < 0.

Step 3. Compute Φ (D1,t) and Φ (D2,t) as the fuzzy extension of the
cumulative standard normal function.
As the function x → Φ (x) is differentiable and monotonic increasing, it is

immediate to obtain its fuzzy extension Φ (Dk,t) k = 1, 2 :

Φk,t =
³
Φ
³
D−k,t,i

´
, δD−k,t,iΦ

0
³
D−k,t,i

´
,Φ
³
D+
k,t,i

´
, δD+

k,t,iΦ
0
³
D+
k,t,i

´´
(15)

To compute the (integral) cumulative function Φ (x) we use a well known ap-
proximation2.
Step 4 Compute the fuzzy extension of

r → e−r(T−t) (16)

(T and t crisp, r fuzzy)

The fuzzy extension of this differentiable decreasing function has the follow-
ing LU-representation

e−r(T−t) = (exp
¡−r+i (T − t)

¢
,− (T − t) δr+i exp

¡−r+i (T − t)
¢
,

exp
¡−r−i (T − t)

¢
,− (T − t) δr−i exp

¡−r−i (T − t)
¢
i=0,1,...,N

denote it by
Et =

¡
E−t,i, δE

−
t,i, E

+
t,i, δE

+
t,i

¢
i=0,1,...,N

2For more details see W.H. Press et al. Numerical Recipes in C: the Art of Scientific
Computing, Cambridge University Press, second edition, 1992.



Step 5 Compute Ct by the arithmetic operations in (9).
If the LU-representations of the fuzzy extension of Ct, Pt and D (Ct) are

denoted by
Ct =

¡
C−t,i, δC

−
t,i, C

+
t,i, δC

+
t,i

¢
i=0,1,...,N

Pt =
¡
P−t,i, δP

−
t,i, P

+
t,i, δP

+
t,i

¢
i=0,1,...,N

Dt =
¡
D−t,i, δD

−
t,i,D

+
t,i, δD

+
t,i

¢
i=0,1,...,N

we easily obtain (due to the fact that all quantities are positive) the following

C−t,i = S−t,iΦ
−
1,t,i −KE+t,iΦ

+
2,t,i

δC−t,i = δS−t,iΦ
−
1,t,i + S−t,iδΦ

−
1,t,i −K

¡
δE+t,iΦ

+
2,t,i +E+t,iδΦ

+
2,t,i

¢
C+t,i = S+t,iΦ

+
1,t,i −KE−t,iΦ

−
2,t,i

δC+t,i = δS+t,iΦ
+
1,t,i + S+t,iδΦ

+
1,t,i −K

¡
δE−t,iΦ

−
2,t,i +E−t,iδΦ

−
2,t,i

¢
The computation of the fuzzy price Pt in (10) and of the probability Dt in

(11) can be made in a similar way as for Ct. We only note that equation (10)
defines Pt as the Hukuhara difference:

Pt = Ct +Ke−r(T−t)
h− St

where
h− is defined by the equality (if the fuzzy Z exists)

Z = X
h− Y ⇐⇒ Z + Y = X.

Introducing the term Et = Ke−r(T−t) the following equalities hold ∀α ∈
[0, 1]: ½

P−t,α + S−t,α = C−t,α +E−t,α
P+t,α + S+t,α = C+t,α +E+t,α

that are equivalent to the following ( after (9) and (15)):

½
P−t,α = S−t,α

¡
Φ−1,t,α − 1

¢
+E−t,α −E+t,αΦ

+
2,t,α

P+t,α = S+t,α
¡
Φ+1,t,α − 1

¢
+E+t,α −E−t,αΦ

−
2,t,α.

The final step of our computation is the construction of the membership func-
tion by inverting the LU representation. As illustrated in the previous section,
depending on the adopted model for the spline, we can use the analytic inverses
as in (6) and (??) for the (2,2)-rational spline, or one of the two methods (??)
or (??) for the mixed spline model.



3.2 Computational results

As an example of the illustrated procedures, we consider the same evaluation
reported by Wu ([13]). In our case, the complexity of the computations is
extremely reduced: as we will see, only 5 points in the α−decomposition (N = 4)
give an error less than 0.004% (with a precision between the fourth and the fifth
decimal place) for all the values of the membership greater than α = 0.5 (note
that, in the financial applications, usual values of interest for α are between 0.9
and 1.0). In the framework of the LU-fuzzy calculus, the results are obtained
in a much simpler way and the calculation of the membership function of the
involved quantities makes also possible their use in further fuzzy calculations.
In particular, the problem to find the value of α such that µ (C) = α (where µ
is the membership function) can be solved in closed form and does not require
additional computational effort.
In our computations, the results are obtained by the LU-fuzzy decomposition

with N = 1, 2, 4 and 10 and by an exact procedure in 101 uniform α points. The
approximation with N = 10 is exact up to 8 decimal places and is not reported
further.
The same data as in ([13]) are used: K = 30, T = 0.25, t = 0, S0 =

(32, 33, 34), r = (0.048, 0.05, 0.052) and σ = (0.08, 0.1, 0.12) (triangular and
symmetric).
The following tables give the LU-representation for the data S0, r and σ for

the first α− decomposition (N = 1):

u = S0 αi u−i du−i u+i du+i
0 32 1 34 -1
1 33 1 33 -1

u = r αi u−i du−i u+i du+i
0 0.048 0.002 0.052 -0.002
1 0.05 0.002 0.05 -0.002

u = σ αi u−i du−i u+i du+i
0 0.08 0.02 0.12 -0.02
1 0.1 0.02 0.1 -0.02

Figure 1 illustrates the calculated exact and approximated membership func-
tions for the α values of interest. Note that the approximations with N = 2 and
N = 4 are graphically coincident with the exact solution.
The obtained LU-representation of C0 is reported for the two α− decompo-
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Figure 1: Computed exactly and approximated membership functions

sitions (N = 2, 4) in the following table:

u = C0 αi u−i du−i u+i du+i
N=2 0 -0.7549 5.0881 7.5312 -5.1247

0.5 1.5173 4.0371 5.2478 -4.0486
1 3.3813 3.5673 3.3813 -3.5673

N=4 0 -0.7549 5.0881 7.5312 -5.1247
0.25 0.4479 4.5355 6.3212 -4.5570
0.5 1.5173 4.0371 5.2478 -4.0486
0.75 2.4792 3.6903 4.2839 -3.6951
1 3.3813 3.5673 3.3813 -3.5673

The percentage error of the 5-point approximation is reported in figure 2
(here a zero error means exact to the fifth decimal).
The remaining three figures illustrate the membership functions of the fuzzy

option value Ct, the fuzzy price value Pt and the fuzzy probability density Dt

obtained by the mixed spline model.
It appears that the LU parametric representation and the corresponding

calculus maintain the shape of the fuzzy numbers and are precise also when few
nodes are considered. This means a relevant saving in the computations and the
advantage of obtaining the membership functions which can be used for further
fuzzy operations.
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Figure 3: The membership function of the fuzzy option value Ct
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Figure 5: The memebership function of the fuzzy probability density Dt.
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Abstract. The  description  of  the  technological  process  one  finds  in  von 
Neumann’s model which looks as follows:
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A simple method of describing technology can be presented in the following 
way: consumption of goods -  a(1,j)  units of number 1 goods, a(2,j) units of 
number 2 goods, etc., a(k,j) units of number k goods, one obtains the result 
which includes: b(1,j) units of different number 1 goods, b(2,j) units of different 
number 2 goods, etc., and finally b(k,j) units of different number k goods. The 
simplified equation corresponds with such a technology:

(a(1,j)a(2,j) ….  a(k,j))                 ( b(1,j)   b(2,j) ….    b(k,j)) (2)

Assume  that  the  technologies  were  realized  with  the  following  intensities: 
x(1),x(2),...,x(m), which means that using technology 1 one supplies multiple 
x(1)  outlays   (a(1,1),a(2,1),  ...,  a(k,1),  i.e. 
(x(1)*a(1,1),x(1)*a(2,1),...,x(1)*a(k,1))  and  expects  similar  multiples  of  the 
result,  i.e.  (x(1)*b(1,1), x(1)*b(2,1), ... ,x(1)*b(k,1)).  Using technology  j one 
generates  outlays  (x(j)*a(1,j),  x(j)*a(2,j),  ...  ,x(j)*a(k,j))  and  obtains  results: 
(x(j)*b(1,j),  x(j)*b(2,j),  ...  ,x(j)*b(k,j)).  Total  outlays  of  the  first  goods  are 
(x(1)*a(1,1),x(2)*a(1,2),...,x(m)*a(1,m)),  and  r-th  goods  -  (x(1)*a(1,1), 
x(2)*a(1,2), ... ,x(r)*a(r,m)). Thus, the vector of outlays x*A arises. The vector 
of the obtained results looks as follows: 

(x(1)*b(1,1) + x(2)*b(1,2) + ,..., + x(m)*b(1,m); 
(x(1)*b(2,1) + x(2)*b(2,2) + ,..., + x(m)*b(2,m);

 ...................................................................... 
(x(1)*b(k,1) + x(2)*b(k,2) + ,..., +x(m)*b(k,m)) = x*B

One  is  only  interested  in  those  vectors  which  have  at  least  one  positive 
coordinate. Technological growth is defined as:

techn_growth = 
ki≤≤1

min { ∑
=

m

j 1
 (x(j)*b(i,j)) / ∑

=

m

j 1
 (x(j)*a(i,j))}

 
(3)
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1   Introduction

Prices of individual goods can be presented by means of the prices’ vector  (p(1),  
p(2),...,p(k)), p(i)  ≠ 0, i =1,...,k. Financial control of the studied undertaking can be 
ascribed to “the second” player in the strategy game [1].  Vector  Ap describes the 
value of unit outlays of processing results. Thus, if one divides each coordinate of 
vector Bp (values of technological effects) by the appropriate coordinate of vector Ap, 
then the smallest such value (for one of the vectors’ coordinates) will be accepted as 
the technological profitability coefficient:

techn_prof_coeff = mi≤≤1
min { ∑

=

k

i 1
 (b(i,j)*p(i)) / ∑

=

k

i 1
 (a(i,j)*p(i))}

(4)

The rate of economic growth is the largest value of the quotient by the assumption 
that at least one of the coordinates p(i) is larger than zero:

econ_growth= mi≤≤1
max { ∑

=

k

i 1
 (b(i,j)*p(i)) / ∑

=

k

i 1
 (a(i,j)*p(i))}

(5)

The  introduction  of  fuzziness  with  reference  to  both  independent  and  dependent 
parameters takes the model closer to the real situation. One certainly senses that an 
increase in the outlays as well as the intensity degree lead to an increase of production 
and  technological  results.  One  also  is  aware  of  the  fact  that  through  some 
technological solutions it is possible to incur a loss. Also, one does not always have 
an influence on the intensity level. A global problem related to many technologies, 
various outlays, various intensity levels and various final products requires a wider 
analysis and can lead not only to surprising results  but can also provide suggestions 
for the control of production and technological processes.

2   Introduction rules of fuzzy strategies 

Fuzziness  with  reference  to  outlays  A represents  a  quantitative  range  of  use  of 
individual  products  for  the  realizations  of  selected  technologies.  This  is  statistic 
information or experts’ knowledge. This fuzziness can be connected with the quality 
of products, rejects and technological requirements. Fuzziness brought into intensity 
X can determine a controlled parameter; thanks to it one can control technological and 
economic  growth  as  well  as  profitability  indexes.  Fuzziness  of  technology 
implementation effects, i.e. parameters of matrix B, one can determine on the basis of 
statistical data or can calculate using the interval analysis on the basis of fuzziness of 
matrixes A and X:

[Xp,Xk]*[Ap,Ak] =[B’p,B’k] (6)

where: p denotes values of minimal limitations, k – values of maximal limitations, B’ 
– row vectors of matrix B.



If, on the basis of intensity vector X and matrix A, one wants to estimate lower and 
upper limits of the results, then it is possible to use the interval mathematics [7]. The 
mathematical  apparatus  will  apply  to  addition  and  multiplication  operations.  The 
interval operations for closed intervals are realized in the following way:

[xp(i),xk(i)] + [xp(j),xk(j)] = [xp(i) + xp(j), xk(i) + xk(j)] (7)

If one wants to determine the intensity on the basis of results and outlays it is possible 
to apply the interval division:

[xp(i),xk(i)] * [xp(j),xk(j)] = [ min{xp(i)* xp(j), xp(i)* xk(j), xk(i)* xp(j), 
xk(i) * xk(j)},max{xp(i)* xp(j), xp(i)* xk(j), xk(i)* xp(j), xk(i) * xk(j)} ](8)

(8)

[xp(i),xk(i)] / [xp(j),xk(j)] = [xp(i),xk(i)]*1/[xp(j),xk(j)] (9)

while
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Multiplying intensity vector X by productivity matrix A one obtains the result vector 
which can estimate fuzziness as follows: 

kjljiakjxkjiap

ixkjiakxpjiapixp
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m
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m

i
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∑

∑

=

=

)}],(*)(),,(

*)(),,(*),,(*)(max{
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*)(),,(*)(),,(*)({min[
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1

(11)

In the situation when the basis information is result B and borne outlays A and one 
wants  to  estimate intensity ranges  X,  it  is  possible to use intervalization methods 
relating  to  solving  the  system  of  equations:  AT*X=B,  k=m.  Gauss’s  elimination 
method leads to the intensity intervalization according to the following description [3] 
(so-called contractor):

[x(j)] = ([b(r,j)] - )],(/[)])([*]),([
1

jjaixija
k

ji
∑

+=
,  1≤j≤k,  1≤r≤m

(12)

Similar  contractors  can  be  presented  for  the  Gauss-Seidel  method,  Krawczyk’s 
method,  forward  and  backward  propagation,  linear  programming  (k>m)  [10],  etc. 



Obtained ranges are either equal or edged in relation to real intensity ranges. On the 
other hand, one obtains the real values of range limitations using accurate solution 
methods for the system of linear equations with reference to the full set of boundary 
values  (minimal  and  maximal)  of  matrix  A parameters  and  a  selected  column of 
matrix  B.  The creation strategy of setting up parameters  A and  B is  analogous to 
filling the binary register as in Table 1.

Table  1. Creation strategy of parameter sets for technological intensity analysis, 0 - denotes 
range lower limit and 1- upper limit

a(1,
1)

a(1,
2)

...
a(1,
k0

a(2,
1)

a(2,
2)

…
a(2,
k)

… ….
a(m
,1)

a(m
,2)

…
a(m
.k)

b(r,
1)

b(r,
2)

...
b(r,
k)

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

3   Realization  algorithm of  task  research of  growth index and 
technological profitability

The  goal  of  interference  in  the  intensity  control  process  is  the  maximization  of 
technological growth and profitability by simultaneous minimization of outlays and 
intensity of implementations. Several of the above mentioned criteria induce one to 
choose the most important - or what is convenient for deterministic analysis - validity 
weights.  Finally, the multicriterion notation of the goal function can be presented as 
follows:
z=w_techn_growth  *techn_growth  +  w_techn_prof_coeff  * 
techn_prof_coeff 

w_int * ∑
=

k

i
ix

1

)( - w_out * ∑ ∑
= =

k

i

m

j
jia

1 1

),( + w_result* ∑ ∑
= =

k

i

m

j
jib

1 1

),(     max 

(13)

where:
w_techn_growth – weight of technological growth in optimization criterion,
w_techn_prof_coeff – weight of technological profitability coefficient,
w_int – weight of intensity level,
w_out – weight of outlays’ level,
w_result – weight of technological result.

The fuzzy strategies certainly oblige one to consider the variability intervals of the 
individual parameters mentioned in the previous section. In this case one adds the 
fuzzy intervals to the price vector p(1), p(2), ...,p(k):

[pp(1),pk(1)], [pp(2),pk(2)], ... , [pp(k),pk(k)] (14)



Example 1. Estimation of growth and implementation profitability of technology

Table 2. Technological outlays

matrix A
0.15 0.45 0.66 0.24 0.91 0.38 0.28 0.16 0.39 0.26 0.4 0.94
0.19 0.05 0.78 0.55 0.21 0.65 0.74 0.62 0.53 0.27 0.76 0.07
0.77 0.35 0.81 0.64 0.39 0.69 0.03 0.27 0.56 0.18 0.68 0.25
0.97 0.13 0.79 0.59 0.91 0.61 0.36 0.12 0.02 0.33 0.53 0.09
0.87 0.27 0.96 0.79 0.97 0.1 0.87 0.74 0.52 0.65 0.45 0.45
0.98 0.49 0.83 0.58 0.7 0.43 0.37 0.48 0.35 0.19 0.3 0.63
0.01 0.59 0.54 0.04 0.45 0.73 0.49 0.49 0.35 0.04 0.23 0.15

Table 3. Results of technology implementation

matrix B
0.36 0.55 0.74 0.58 0.92 0.9 0.54 0.68 0.57 0.9 0.91 0.26
0.59 0.06 0.21 0.08 0.86 0.98 0.56 0.36 0.07 0.24 0.35 0.9
0.7 0.62 0.09 0.52 0.51 0.83 0.62 0.98 0.26 0.09 0.64 0.64
0.28 0.64 0.49 0.62 0.07 0.37 0.66 0.29 0.25 0.19 0.18 0.01
0.69 0.81 0.46 0.82 0.95 0.71 0.44 0.57 0.69 0.12 0.04 0.43
0.69 0.17 0.54 0.34 0.9 0.33 0.76 0.49 0.8 0.33 0.13 0.14
0.07 0.77 0.55 0.45 0.86 0.46 0.36 0.06 0.6 0.12 0.52 0.33

Table 4. Technology implementation intensity

0.06 0.31 0.99 0.09 0.08 0.42 0.44 matrix X

Table 5. Table 6. Vectors for research of technological growth 

vector X*A
1.41 0.89 1.81 1.19 1.16 1.47 0.76 0.96 1.09 0.46 1.24 0.71

vector X*B
1.29 1.19 0.75 1.04 1.66 1.62 1.39 1.43 0.98 0.44 1.1 1.16

Table 7. Table 8. Analysis results of technological and economic growth

0.41 min techn. growth

1.84 max economic growth

1 2 3 4 5 6 7 8 9 10 11 12
XB/ XA 0.92 1.35 0.41 0.87 1.44 1.1 1.84 1.49 0.9 0.95 0.88 1.64



Table  9. Table  10. Table  11. Price  vector  and  vectors  for  research  of  technological 
implementation profitability

 A*P 2.1 3.03 2.83 2.69 3.78 2.74 1.75

B*P 4.2 2.18 3.08 2.25 2.93 2.7 2.47

Table 12. Table 13. Technology implementation profitability indexes

BP / AP 0.72 min profit.
2 2 max profit.
0.72
1.09
0.84
0.78
0.99
1.41

Table 14. Weight values

weights
growth profitability intensity outlays results
0.49 0.46 0.34 0.68 0.61

Table 15. Optimization coefficient of technology implementation (13)

optim.
coeff.
0.99

The row vectors in matrixes A and B (Tables 1 and 2) correspond with successive 
implemented technologies and the columns correspond with raw material outlays or 
products obtained as a result of the implementation of individual technologies. Table 
3 includes the intensity levels X of the implementation of individual technologies.
Example 2

Table 16. Fuzziness of intensity level and its optimal level

Xb Xe Xopt
0.05 0.09 0.09
0.29 0.34 0.29
0.88 1 0.88
0.06 0.12 0.06
0.05 0.11 0.05
0.38 0.52 0.39
0.4 0.51 0.51

price vector P 0.51 0.46 0.17 0.76 0.13 0.42 0.81 0.17 0.63 0.97 0.99 0.1



In  this  example  one  assumes  fuzziness  of  the  intensity  level  of  technological 
implementations. The non-linear character of the model of technological outlays and 
effects allows one to conclude (the analysis results confirm it) that optimal intensity 
levels can be inconsistent with the lower or upper limit of its fuzziness (searching for 
the optimal solution was done by means of Solver’s method). However, it is possible 

for the sake of the occurrence of local monotonicity.

Fig. 1. Fuzziness range of implementation intensity and optimal levels of this parameter

Example 3. Optimization of technological outlays

In this example the intensity vector agrees with the optimal solution from Example 2 
and  is  constant.  Elements  of  the  technological  outlay  matrix  are  subjected  to 
optimization. 

Table 17. Constant level of intensity (X)

0.09 0.29 0.88 0.06 0.05 0.39 0.51

Table 18. Optimal values of technology implementation outlays (Aopt)

-0.1 0.22 0.56 -0.1 0.84 0.17 -0.1 0.07 0.08 -0.2 -0.1 0.88
0.19 0.05 0.74 0.54 0.21 0.64 0.74 0.62 0.52 0.26 0.75 0.06
0.77 0.34 0.7 0.63 0.38 0.68 0.02 0.27 0.56 0.17 0.68 0.25
0.97 0.12 0.77 0.58 0.9 0.6 0.35 0.11 0.02 0.32 0.53 0.09
0.86 0.26 0.95 0.78 0.96 0.09 0.86 0.73 0.51 0.64 0.44 0.45
0.98 0.48 0.78 0.57 0.7 0.42 0.37 0.47 0.34 0.19 0.29 0.63
0.01 0.59 0.48 0.04 0.44 0.72 0.49 0.48 0.34 0.04 0.22 0.15

As the experiments show, by limiting of the technology outlay range [Ap,Ak], it is 
enough to  select  the limit  value  which is  the closest  to  the  optimal  value (if  the 
optimal value     lies outside the fuzziness interval) or optimal value (if it lies inside 
the technology outlay fuzziness):

afopt(i,j)∈[ap(i,j),ak(i,j)];afopt(i,j); if aopt(i,j)∉ [ap(i,j),ak(i,j)]=

        ap(i,j) dla |ap(i,j)-aopt(i,j)|≤ |ak(i,j)-aopt(i,j)|

        ak(i,j) dla |ap(i,j)-aopt(i,j)|>|ak(i,j)-aopt(i,j)|

(15)
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afopt(i,j)∈[ap(i,j),ak(i,j)];     afopt(i,j)= aopt(i,j) ifaopt(i,j) ∈ [ap(i,j),ak(i,j)] (16)

 

1 2 3 4 5 6 7 8 9 10 11 12
S1

S2

S3

S4

S5

S6

S7

codes of materials or raw materials

levels of 
technology 

implementation 
intensity

Optimal technological outlays 0,9-1
0,8-0,9
0,7-0,8
0,6-0,7
0,5-0,6
0,4-0,5
0,3-0,4
0,2-0,3
0,1-0,2
0-0,1
-0,1-0
-0,2--0,1
-0,3--0,2

Fig.  2. Diagram of  optimal  levels  of  technological  outlays  for  constant  intensity 
values (X) and results of technology implementation (B)

4   Conclusions

1. If  one has  the possibility of controlling the fuzziness parameters of technology 
implementation outlays, it is possible to construct a criterion function similar to 
(13) and, on the basis of the optimization results, to determine directions of outlay 
quantities in order to increase their use efficiency (16).

2. Another  way  to  influence  technology  implementation  effects  is  to  control  the 
intensity vector elements (Example 2). Its influence on the growth and technology 
profitability is definitely (on average 8.5 – 10.5 times) smaller than the influence of 
the outlays (for the data from Examples 1, 2 and 3).

3. The control of technology implementation results is possible thanks to technical 
procedures  and  evidently  influences  the  effects  of  growth  and  profitability  of 
technology.
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Abstract. The socio-economic system as an aggregate of economic system and 
social environment is investigated. A mathematical tool of the theory of fuzzy 
logic is proposed as a tool for analysis and forecasting of socio-economic 
system under influence of examined factors of uncertainty. Some fuzzy models 
for different level problems of economic system and social environment have 
been developed. 

1   Introduction.  

Socio-economic system (SES) as an aggregate of economic system and the social 
environment is considered. While the economic system covers production, 
distribution, an exchange and consumption of an gross product, the social 
environment covers sosaity, material and spiritual conditions of human existence. 
SES represents the hierarchical information system and majority of parameters have a 
non-numerical nature [1]. The final product of SES as an information system is the 
integrated population’s life quality parameter of the state [2] formed on the basis of 
the following five integrated characteristics: population quality; well-being of the 
population; quality of social sphere; quality of ecological niche and natural-climatic 
conditions. As it is not difficult to notice, parameters of these characteristics can be 
the qualitative indexes formed, for example, by gradational scaling.  

The information environment forming the population’s life quality parameter is 
actually the economic system and the social environment of the state which 
determines economic behavior in production, distribution, an exchange and 
consumption. The given information environment differs by numerous factors of 
uncertainty, while majority of its parameters being qualitative, as a rule, are 
immeasurable. Therefore, for overcoming the complexities related to the record and 
processing of immeasurable data, in the present work we propose to use the 
mathematical tools of the fuzzy sets theory. In particular, for modeling of the level 
problems of SES we propose to represent qualitative indicators by linguistic variables 
accepting values as fuzzy term-sets [3]. In this case for definition of the population’s 
life quality integrated parameter fully reflecting the level of SES development, it is 
possible to take advantage of fuzzy logic inference, or particularly the fuzzy model 



based on linguistic rules. For achievement of isomorphism of this model the number 
of preconditions and consequences of fuzzy linguistic rules are being selected based 
on the requirements of the fuzzy environment, while its parameters such as those of 
membership functions of linguistic variables should be appropriately optimized.  

Models at all levels of the economic system (micro, mezo, macro and meta) and 
model of economic behavior corresponding to its social environment are used as a 
source of information for such modeling. For studying of the social environment and 
consequences of its influence on global parameters of SES it is proposed to use the 
fuzzy model of economic behavior in production, distribution, an exchange and 
consumption of the gross product. Here fuzzy curves of consumer indifference and 
fuzzy utility functions from consumption sets are used as a tool for modeling.  

Below the existing factors of uncertainty in SES are investigated and proceeding 
from this alternative fuzzy models for solution of the level problems of economic 
system are presented. 

2   The Factors of Uncertainty in SES. 

SES is an open, dynamic and ill-structured system [4] functioning in conditions of 
complete uncertainty and, secondly, there are no effective methods to overcome this 
uncertainty. Moreover, from 50% to 90% of the data in SES are non-numerical [1], 
i.e. they have uncertain or fuzzy nature. Therefore, it is quite justified that the further 
researches of SES underlie in the area of studying the nature of the present 
uncertainty. Uncertainty is a concept reflecting absence of unambiguity. There are 
two types of uncertainty: true uncertainty − stipulated by internal properties of 
investigated objects, and uncertainty related to incompleteness of information about 
these objects. As many researches have shown, there are both types of uncertainty in 
SES [5].  

The first researcher of a phenomenon of uncertainty in SES was the American 
economist F.Knight [6], who particularly noted that for definition of a reasonable way 
of behaviour the economic subject should define causal relations between the 
decisions and their consequences. However by virtue of increased uncertainty of 
economic environment he can resort only to defining probabilities of event 
occurrence. However, the more we approach to innovative field, the more we face 
unique events, the mathematical whose calculation of probabilities is simply 
impossible. In this respect, F.Knight has proposed to name uncertainty of the first 
type (when there is some information about processes) as a risk, while for the second 
type he has kept the definition an uncertainty itself.  

It is known that the basic sources of uncertainty in economy, as well as in other 
areas, are incompleteness or inadequacy of human knowledge about processes that 
take place and about the environment, and also contingency, which in similar 
conditions occurs unequally and which beforehand cannot be foreseen. In this case the 
research of uncertainty in its all appearances on SES scale is being conducted trough 
application of the alternative approaches. 

Each SES is the complex self-organizing object developing under influence of 
many changing certain and uncertain factors − both internal and external. From the 



factors forming a principle of uncertainty in the SES, it is possible to distinguish 
economical, political, socio-psychological, technological and natural components of 
uncertainty. Departing from general structure of functioning environment of the SES, 
it is possible to consider the appropriate factors of uncertainty. Among political 
factors of uncertainty we distinguish internal and external. Internal political factors 
include 1) legislative system of the state; 2) economic policy of the government; 3) 
social policy of the government; 4) activity of opposition forces; 5) ethno-political 
situation. The external political factors of uncertainty include set of conditions 
incorporated in general diplomatic, military-political and politico-economic groups. 

Social-psychological factors of uncertainty are considered in aspects of economic 
and human behaviour. The classical types of economic behaviour are realized on 
various phases of the reproduction cycle. In general, economic behaviour is not the 
independent factor of development of economic life. It depends on a number of 
deeper factors of formation of economic culture and economic thinking, features of 
the existing systems of the economic and social relations. In the field of the human 
relations one might distinguish the whole group of uncertainty factors defined by 
value-normative space, with cultural features and state of the society. These factors 
reflect human, public and cultural measurements of the economic phenomena and, 
therefore, are uncertain. 

The technological factors of uncertainty in SES are caused by functioning of 
existing and appearance of new engineering, and also with development of new 
technologies. The general direction of the development of a science and technology, 
especially on the near future, can be predicted with known accuracy. However, 
complete definition of specific consequences of those or other scientific findings and 
technical inventions is almost impossible. The technical progress is not reachable 
without risk and uncertainty. 

Uncertainty of natural environments take place owing to spontaneity of the natural 
phenomena and, first of all, to those which result in various natural disasters, which 
can have strong negative influence on results of economic processes, and may become 
a source of the unforeseen costs. Furthermore, the special role in the modern world is 
played by ecological problems being the consequence of human’s unsystematic 
activity which is destructive for the nature.  

Thus, we see that under influence of the political, socio-psychological, 
technological and natural factors of uncertainty at the various levels SES (micro, 
mezo, macro and meta) there are various categories of uncertainty. 

3   Some Fuzzy Models of SES. 

At micro level of SES the task of positioning of the consumer market is 
considered, where in the specific market segment the rational choice of a competitive 
food commodity is carried out by a method of fuzzy logic inference. To realize of this 
task qualitative criteria of estimations of considered interchangeable food products are 
used. Fuzzification of their, the subsequent formation of relations of preference and a 
subset undominated alternatives are carried out on the basis of the mathematical tool 
of the fuzzy sets theory. Furthermore, on the example of the Azerbaijan consumer 



market the model of consumer behavior is developed on the basis of application of the 
fuzzy logic inference mechanism. As curves of indifference of this model fuzzy sets 
are chosen, and utility from each chosen set of the goods and services (value of utility 
function) is determined by means of dot estimations of these fuzzy sets. In particular, 
suppose that we deal with a segment of food commodities of the consumer market, 
where space of possible sets of the goods is closed convex and continuous m -
dimensional hyperspace { }mj,xxxxXC j

T
m 1, ),...,,( 21 =≥== 0 , in which jx  

denotes quantity of j -th commodity acquired by the consumer. Let's break all 
consumers in q  linguistic categories by levels of interval incomes kr )1,( qk = , part 
of which they are ready or capable to spend for the purchase of food commodities 
from the given segment. Then, taking into account “degraded” values of the prices 

jp  of the goods from a set X , the proposed fuzzy model in a general can look as: 

If kr~I =  and 11 p~P =  and 22 p~P =  and … and  mm p~P = , then il
~IC =  (1) 

where kr~  )1,( qk =  is the k -th fuzzy level of consumers' incomes; jp~  )1,( mj =  is 

the fuzzy level of the price of j -th commodity from a set X ; il
~  )1,( si =  is the i -th 

fuzzy level of indifference curve IC . Each of submitted in (1) levels has a non-
numerical nature and can be expressed by terms such as, for example, “low”, 
“average”, “high”, “lower than average”, etc.  

The choice of this approach is proved by the following reasons. During 
optimization of his choice each consumer can use a so-called map of indifference 
curves, each of which in classical interpretation represents a geometrical place of 
points (sets of commodities) in space whose dimension is defined by a number of the 
consumed goods. It is obvious that by virtue of limitation of the incomes among these 
indifference curves only one curve has a point (set) in which the consumer reaches the 
maximal utility from consumption of the appropriate set of goods. In a multivariate 
case it is a point of touch of the appropriate indifference curve with a hyper plane of 
the consumer incomes in space of the commodities prices. As it is known, each of 
indifference curves corresponds to the certain utility level, estimated in conventional 
units - utiles. However, we recognize that concept “utility” is rather a qualitative 
category than a quantitative one. Therefore, as criterion of utility it is proposed to use 
a linguistic variable whose values would be fuzzy term-sets. This in turn allows 
considering each indifference curve as fuzzy set. Among components of a basic 
vector of this set only for one, in which the curve of indifference touches the 
appropriate hyper plane of the consumer income, membership function will be equal 
to 1. In the proposed fuzzy model of consumption it is possible to regard linguistic 
variable “utility” as endogenous value. As exogenous values of considered model the 
consumer income and retail prices for the goods or services are chosen. These values 
are never strictly fixed. Each of them varies within the limits of the appropriate 
interval and consequently one has to use its average value. Finally this results in 
errors which at times do not provide required adequacy of model to consumer 
behavior. Therefore, we shall interpret these values also as linguistic variables with 
“degraded” values from the appropriate intervals. As a result with the help of the 



acquired model it was possible to construct family of fuzzy indifference curves, 
whose defuzzyfied values of levels became conditional alternatives to utiles. 

Key parameter describing mezo economic level of SES is the level of regional 
development (RD). It is determined trough indexes of RD, being, in essence, 
endogenous values of mezo-economic model. In this case, values such as levels of 
supply of the regional population with crops areas, production capacities, social 
objects, workplaces, natural resources, and also level of production volume per capita 
are exogenous. It is obvious, that it is not the full list of values of which finally level 
of RD develops. There are many factors of aesthetic, psychological and social 
character which can not be put on balance and can not be measured. In general they 
do not have expression in any units. The relative importance of such factors on 
regional space is determined by instinctive sympathies and antipathies which have 
developed as a result of nurture, education and a social environment of representatives 
of local population. Therefore, exact definition of level of RD generally represents the 
most complex problem of measurement and comparison of many diverse 
(incommensurable) variables of which, actually, parameters of mezo-economic model 
develop. As a result the estimation data of RD obtained in practice can not be 
considered absolute since the desirable result can not be determined without taking 
into account the designated factors above which it is impossible to carry out usual 
arithmetic operations. Moreover, even the listed above exogenous values of mezo 
models are not absolute − they always change in the certain limits. Therefore, for 
achievement of the greater adequacy it is more expedient to estimate parameters and 
variables of mezo models by trough intervals with their subsequent fuzzification. 

For mezo level of SES the fuzzy productive model for definition of level of 
regional development RD can look as following: 

If 1k
11 p~P =  and 2k

22 p~P =  and … and 13k
1313 p~P = , then jl~RD =  (2) 

where )1,13( =iPi  are linguistic variables describing the basic social and economic 

indices of regions; ik
ip~  is the fuzzy term-set corresponding to ik -th value of 

linguistic variable iP ; jl~  ( ,...j 1,2= ) is the fuzzy j -th level of regional 

development. Number of rules and amount of term-sets for each linguistic variable iP  
are chosen on the basis of accessible heuristic knowledge. On the basis of this model 
and the expert socio-economic information on eleven regions of Azerbaijan the 
ranging of the appropriate regional levels of development is carried out.  

On macro level we propose the fuzzy analogue for econometric model of definition 
of gross demastic product (GDP) whose level in the generalized form depends on 
investment volume, inflation rate and the oil price in the world market. In classical 
interpretation the parameter of GDP and the designated factors influencing its value 
are.averaged. Actually these values vary in the certain limits which in essence 
establish corresponding levels to them. Therefore, to increase degree of adequacy of 
model for definition of GDP it is proposed to use the mathematical tool of fuzzy sets 
trough fuzzification of elements and parameters of the model. In this case the fuzzy 
analogue of model of definition of GDP can be presented as the following linear 
dependence: 



oil3210 P~A~FN~IA~VN~IA~A~PD~Q ⋅+⋅+⋅+=  (3) 

where PD~Q  is a required fuzzy parameter of GDP; VN~I  is a fuzzy volume of 
investment contributions; FN~I  is a fuzzy inflation rate; oilP~  is a fuzzy price level of 
one barrel of petroleum in the world market; )0,3( =kA~k  are fuzzy parameters.  

For definition of fuzzy level of investment contributions VN~I  it is possible to take 
advantage of a fuzzy recurrent parity: 

3)(2)(1)( 3210 −⋅+−⋅+−⋅+= tS~B~tS~B~tS~B~B~VN~I  (4) 

where 3)( 2),( 1),( −−− tS~tS~tS~  are fuzzy volumes of savings relative to the current 
t -th year relative to years 1)( −t , 2)( −t  and 3)( −t ; )0,3( =kB~k  are fuzzy 
parameters. 

To determine fuzzy analogue of inflation rate it is possible to apply the following 
fuzzy linear model: 

M~C~C~FN~I ⋅+= 10  (5) 

where M~  is a fuzzy volume of money available in circulation; oC~  and 1C~  are 
unknown fuzzy parameters. 

Finally, for definition of the current fuzzy price level of one barrel of oil in the 
world market it is possible to take advantage of a fuzzy recurrent parity: 

( )3)(2),(1),()( oiloiloiloil −−−= tP~tP~tP~FtP~  (6) 

where 3)(2),(1),( oiloiloil −−− tP~tP~tP~  are the fuzzy price levels of one oil barrel 
relative to the current t -th year accordingly in years 1)( −t , 2)( −t  and 3)( −t . 

The next important problem of macro level of SES is development of the balance 
reflecting interbranch proportions. The exact formulation of the purpose this problem 
of input-output balance (IOB) and criteria of its achievement (of criterion function) 
generally represents a most complex problem of measurement and comparison of 
many diverse (incommensurable) variables of which parameters of its model develop. 
By virtue of these circumstances it is possible to replace classical model of IOB by 
fuzzy analogue, i.e. system of the algebraic equations with fuzzy variable and fuzzy 
parameters: 

Y~X~A~X~ +⋅=  (7) 

where ( )ny~,...,y~,y~Y~ 21=  is a vector of the final products expressed as fuzzy levels 
of volumes; ( )nx~,...,x~,x~X~ 21=  is a set of fuzzy levels of volumes of production 
possible at the present resources; ( )

nnija~A~
×

=  is a matrix of fuzzy factors of direct 

expenses ija~ , which show fuzzy levels of production volumes of i-th branch 
necessary for production of one unit of production of j-th branch. Fuzzy problem of 
IOB (7) can be simulated and solved by means of a fuzzy neural network [7]. For this 
purpose we shall present this system in well caused, equivalent aspect: 



Y~X~B~ =⋅ ∗  (7’) 

where ),...,( nx~x~,x~X~ 21=  is the required vector with fuzzy components; 

n
k,iikb~B~ 1][ ==  is a fuzzy matrix with fuzzy elements 
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T y~y~y~Y~ ),...,,( 21=  is a fuzzy vector-column. As a fuzzy neural network we shall 
choose a two-layer network, whose weights of internal connections will be required 
fuzzy numbers )( n,kx~k 1= . For their finding, for example, it is possible to choose 
“error backpropagation” learning algorithm and to realize it under the circuit of the 
neuro-identifier (Fig. 1). In its output the fuzzy neural network induces a 

signal )( n,ix~a~z~
n

k
kiki 1

1
==∑

=

. Herewith, as criterion of its comparison with a 

desirable target iy~  it is possible to use a fuzzy measure of comparison ),( ii y~z~E  [7]. 
Assuming that the optimum fuzzy output of a neural network finally should satisfy the 
condition 1),( =ii y~z~E , trough “error backpropagation” learning algorithm it is 
possible to adjust fuzzy parameters )( n,kx~k 1=  so that this condition on the certain 
steps of training is accomplished. For realization of the arithmetic operations 
stipulated by these algorithm it is possible to use, for example [8] in which the 
techniques of operations on fuzzy sets is considered. The proposed fuzzy model of 
IOB was confirmed on data of four branches of Azerbaijan economy. 

 

 

 

 

 

 

Fig. 1. Neural identification of fuzzy solutions of IOB problems 

Other approach to the decision of the fuzzy problem of IOB is based on finding of an 
inverse matrix. In this case decision of the fuzzy problem (7) relative of X~  in the 
matrix form is expressed as: 
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Y~)A~E(X~ ⋅−= −1  (8) 

or in the extended expression as: 

n,k,i;yx
n

j
jkijik 1

1
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=

  β  
(8’) 

where ijβ  are the fuzzy numbers of the inverse matrix 1−− )( A~E . As is known, the 
scheme of construction of the inverse matrix including calculation of the matrix 
determinant A~E −  and algebraic adjuncts of the transposed elements jiB~ , is 
realized by formula: 

n,j,i;
)A~Edet(

B~ji
ij 1=

−
=  β  (9) 

To find ijβ  it is possible to take advantage of the construction of “linearized 
history” of the fuzzy number and its corresponding algebra [10]. 

For meta level of SES the alternative approach for estimation of the global level of 
state development based on fuzzy logic inferences is considered. On the basis of the 
proposed fuzzy model and on the basis of researches which have been done within the 
framework of the United Nations Development Program, the estimation of global 
level of development of Azerbaijan is carried out. Endogenous value of the given 
model is the quality indicator “global level of development” ( GD ) of SES and 
exogenous values are linguistic variables: “index of human development” ( HDI ) and 
“index of technological achievements” (TAI ), accepting values in the fuzzy term-sets 
determined by gradational scales. On their basis and based on the chosen dominant 
judgments fuzzy linguistic rules for the estimation of GD  are formed as:  

If iA~HDI =  and jB~TAI = , then kC~GD =  (10) 

where iA~  ( 1,2,...=i ) is the fuzzy term-set corresponding to i -th value of linguistic 
variable HDI ; jB~  ( 1,2,...=j ) is the fuzzy term-set corresponding to j -th value of 

linguistic variable TAI ; kC~  ( 1,2,...=k ) is the fuzzy term-set corresponding to k -th 
value of linguistic variable GD .  

Conclusion. 

On the basis of the performed research of uncertainty factors under whose influence 
the socio-economic system functions, we propose the fuzzy models for solution of 
some problems of economic system on micro, mezo, macro and meta levels and of 
socio-economic behavior. The carried out researches do not apply for the completed 



character. For full research it is necessary to develop the integrated system of models 
of economic system and the social environment. 
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Abstract. To evaluate the goodness of a VaR model, banks as well as regulators
use backtesting to confirm their judgments. We applied variance techniques of daily
VaR estimation to evaluate changes in financial risk caused by Euro introduction.
The analysis covers 10 European indices and neutral DJIA as a mirror for common
world developments. Estimations are made on 1000 ex-ante and 1000 ex-post data
points and backtested on the next 250 for each index by Kupiec’s (1995) methodol-
ogy. At this stage of the ongoing research it is already clear that in general VaR has
grown significantly after introducing Euro, which in turn claims for new commercial
bank capital requirements according to Basle Accord.

1 INTRODUCTION

In the last years we have experienced a ”perfect storm” in the confluence of a stock market bubble
that favoured stock-based incentive compensation, increased focus on short-term stock market move-
ments, research reports written by conflicted analysts, audits performed by accountants focused on
growing their consulting businesses. These circumstances have grown the interest in the study of the
financial market risk (Jorion, 1995).

Financial risk, caused by movements in financial markets, is one of the three types of risk
distinguished in the financial literature. In turn financial risk is broken down further into different
categories. Among them the market risk brought on by changes in the prices of financial assets
and liabilities is our target. Uniform methodology of risk measurement called Value-at-Risk (VaR)
has received a great attention both from regulatory and academic fronts. It was made popular
by US investment bank J.P. Morgan (1996), who incorporated it in their risk management model
RiskMetricsTM. During a short span of time, a serious number of papers have studied various
aspects of VaR methodology (Hull and White, 1997), (Goorberg and Vlaar, 1999; Lee and Saltoglu,
2002). The availability of information from financial markets allows us to empirically examine this
type of risk better than any other kind. VaR is defined as the maximum potential change in value
of a portfolio of financial instruments with a given probability over a certain time horizon, with
assumption that the composition of the portfolio remains the same. We will return to this indicator’s
definition and to its detailed characteristics a little later in our next chapters.

VaR measures can have many applications, such as in risk management, to evaluate the perfor-
mance of risk takers and for regulatory requirements. In particular, the Basel Committee on Banking
Supervision (1996) at the Bank for International Settlements imposes to financial institutions such
as banks and investment firms to meet capital requirements based on VaR estimates. Providing
accurate estimates is of crucial importance. If the underlying risk is not properly estimated, this
may lead to a sub-optimal capital allocation with consequences on the profitability or the financial
stability of the institutions.

We did not try to find the best possible model for VaR estimation as many other authors do
before, making the process into Holy Grail search. We used variance techniques of VaR estimation
previously used by the other authors (Goorberg and Vlaar (1999)) and applied them on the exante
and expost periods of Euro introduction. We evaluated VaR using Maximum Log-likelihood method
for normally and t-student distributed returns, along with RiskMetrics and GARCH(1.1) models
with Gaussian innovations. The analysis cover 10 European indexes corresponding to Netherlands,
Austria, Belgium, Germany, France, UK, Spain, Denmark, Italy and Swiss (AEX, ATX, BFX, DAX,
FCHI, FTSE, IBEX, KFX, MIB30, SSMI) and DJIA for USA, covering larger geographical area than



most other related studies. Kupiec’s (1995) back-testing procedure is run for the estimation results.
We compare ex-ante and ex-post VaR estimations to evaluate the ”Euro effect”. Then several ideas
are discussed to characterize changes in world financial markets caused by Euro.

The outline of the paper is as follows: Section 2 revisits the general view about Value at Risk.
In the 3rd section VaR regulation is described. Section 4 examines different techniques for VaR
computing. Section 5 summarizes the empirical results of VaR estimates. Kupiec backtest is the
issue of the 6th section and finally in the 7th section present our conclusions.

2 VALUE AT RISK: DEFINITION

Three aspects need to be kept in mind when judging the Value-at-Risk of a portfolio. In the first
place, we need to know the initial value of the portfolio. For analytical purposes, the initial portfolio
value is usually normalized to 100 currency units, but it could be any other amount, of course.
A second ingredient is the holding period to which the VaR pertains. And finally, the confidence
level is of importance. Evidently, the higher the confidence level the larger the Value-at-Risk of the
portfolio. By varying the confidence level, one is able to explore a whole risk profile, i.e. the entire
distribution of results is revealed.

Defined as the maximum potential change in value of a portfolio of financial instruments with
a given probability over a certain time horizon VaR is a little difficult to estimate. However, VaR
indicator is suitable to be defined analytically. It just runs into the idea of probability distribution.

Pr[rt < −V aR (h)] = α (1)
where rt is the return at time t, V0 and Vt are initial and time t values of the asset (portfolio,

derivative, etc.) respectively, is the left tail probability and VaR(h) is the VaR for time horizon h.
We shall evaluate and compare daily VaR, so in our observation h = 1

Analytically, the VaR is defined by the top limit of integral of the function of expected returns
r(s):

α =

E(r)−V aR∫
−∞

r (s) ds (2)

Usually it is assumed that the expected value of the returns is zero so we can transform (2) into

α =

−V aR∫
−∞

r (s) ds (3)

An alternative representation consists of considering the VaR through the following expression:

V AR(h) = α
√

σ2h (4)
where is the factor that defines the area of returns, σ2 is returns variance and h is the time

horizon for which the factor of risk will be calculated.
Value at Risk (VaR) concept, or valuation of the risk, comes of the need from quantifying with

certain level of significance or uncertainty the amount or percentage of loss that a portfolio will face
in a predefined period of time (Jorion 2000, Penza and Bansal 2001). Its measurement has statistical
foundations and the standard of the industry is to calculate the VaR with a significance level of 5%.
This means that only 5% of times, or 1 of 20 times we can consider too that once a month with daily
information, or once every five months with weekly information the return of the portfolio will fall
down of what indicates the VaR, in relation with the expected return.

If we consider a series of historical returns of a portfolio that has N number of assets, it is feasible
to visualize the distribution of density of those returns across the analysis of the histogram. It is
common to find fluctuations of returns around an average slightly different value of zero, in other
words, to find mean reversion process and which distribution comes closer one normally. Skewness
is sometimes perceived in the returns and from a practical point of view it is not so realistic to
assume symmetry in the distribution. That is why the assumption about the distribution, in order
to compute the Value at Risk, is a very important issue.

3 VALUE AT RISK REGULATION: MARKET AND
ASSET LIQUIDITY RISKS

Market risk refers to the potential losses arising from the changes in the value or price of an asset,
such as those resulting from fluctuations in interest rates, currency exchange rates, stock prices and
commodity prices. Asset liquidity risk is clearly allied with market risk and represents the risk that
an entity will be unable to unwind a position in a particular financial instrument at or near its
market value because of a lack of depth or disruption in the market for that instrument.

Market risk together with liquidity risk, are the most important risks for securities firms, which
typically operate on a fully mark-to-market basis. Securities firms, which engage in the business of



underwriting, trading, and dealing in securities, must necessarily maintain proprietary positions in
a wide range of financial instruments. Therefore, the aim of such firms is not to eliminate all market
risk, but rather to manage it to a level at which acceptable returns, net of market losses, can be
generated.

Market risk is also important for banks and their affiliates that hold significant positions that are
marked to market. Banks typically manage market and liquidity risks associated with such positions
in the same manner and with the same kinds of tools as their securities firm counterparts. The
situation is somewhat different in regard to assets that the firms intend to hold to maturity and
may be illiquid. Insurance companies are also subject to market risks. Here, such risks are generally
classified as asset or investment risks in insurance activities. The investment of premiums must
generate income and have a realizable liquidation value sufficient to meet the firms’ liabilities. Shifts
in market prices could affect achievement of this objective.

Most securities firms and banks, together with insurance companies running significant trading
positions, use statistical models to calculate how the prices and values of assets are potentially
impacted by the various market risk factors. These models generate a Value-at Risk estimate of the
largest potential loss the firm could incur, given its current portfolio of financial instruments. More
precisely, the VaR number is an estimate of maximum potential loss to be expected over a given
period a certain percentage of the time.

A number of vast VaR models depend on statistical analysis of past price movements that de-
termine returns on the assets. The VaR approach evaluates how prices and price volatility behaved
in the past to determine the range of price movements or risks that might occur in the future. These
models are commonly back-tested to evaluate the accuracy of the assumptions by comparing predic-
tions with actual trading results. In practice, while VaR models provide a convenient methodology
for quantifying market risks and are helpful in monitoring and limiting market risk.

The Basel Committee has developed a so-called ”internal models” approach to the calculation of
a market risk capital charge. For those banks that meet a series of qualifying criteria, this approach
effectively relies on their own value-at-risk calculations of market risk. Banks and securities firms
choosing to use an internally developed VaR model to calculate market risk capital charges must
demonstrate to their supervisor that their model meets minimum qualitative and quantitative stan-
dards, including incorporation of VaR into the firm’s daily risk management process, back-testing
to determine the precision of the model and continuous adjustment of the latter.

For back-testing proposal we used Kupiec (1995) methodology performed according to the Basel
Internal Model approach regulations.

4 MODELING VAR: EMPLOYED VARIANCE
METHODS

To measure VaR we used so-called variance methods based on some assumption concerning distribu-
tion of returns. Applied methods include both static Maximum Log-likelihood method and non-static
methods [Risk Metrics and GARCH (1.1)], which take into account volatility clustering phenomenon.

4.1 Normality Assumption

One of the static models that we use in our paper is that assumed that high frequency financial
return data have fatter tails than can be explained by the normal distribution, this artefact seems
odd. However, the normal distribution entails some very convenient characteristics that do not carry
over to other distributions.

First of all the parameters of normal distribution are easier to estimate as there is often an
analytical solution for them. One of the other advantages is the additivity of the normal distribution
and this characteristic is especially important for the calculation of the multi-day VaR based on
one-day VaR.

Hence, if we assume independence of normally distributed returns and a mean return of zero
(Figlewski,1994) it can be show that:

VAR(T ) =
√

TVAR (5)

Also assuming i.i.d log-returns we can express the Value at Risk as:

V AR = −V(eµ+σφ−1(α) − 1) (6)
where V represents the initial value of our portfolio and φ(·) is the cumulative distribution function
of the standard normal probability distribution. For this model we can estimate the parameters of
µ and σ by means of normal distribution’s log-likelihood function maximization.



4.2 t-Student Distribution Assumption

As we can see the results related on the application of the first model based on the assumption that
our portfolio returns follow normal distribution are underestimates the portfolio risk. So it seems
obvious to try the estimation with the consumption that the log returns of portfolio are Student-
t distributed, as it is known that Student-t distribution is the most suitable for VaR estimation
because of its fatter tails (Goorberg and Vlaar,1999).

The Student-t probability distribution has three main characteristics which are the scale (γ > 0)
degrees of freedom (υ > 0) and location parameter (µ). At this stage we can say that any variable

distributed by means of Student-t distribution has a variance υγ2

υ−2 for υ > 23, mean (µ) and provided

(υ > 1)4.
Hence, assuming that our portfolio log returns follow t-distribution the log likelihood function

is given by:

MLt−dist = T [log Γ ( υ+1
2 )− log Γ ( υ

2 )− 1
2 log πυ − log γ]− υ+1

2

T∑
t=1

log[1 + (
rt−µ

γ
√

υ
)2] (7)

Gamma function is defined as Γ (ξ) =

∞∫
0

e−xxξ−1 dx and for this case the maximum likelihood

optimization has to be done numerically. There is no analytical expression for γ, υ and µ. The Value
at Risk for Student-t distribution assumption can be expressed as:

V AR = −V (eµ+γF
−1
ν (α) − 1) (8)

where F (·) is the cumulative distribution function of a standardized t-distributed random vari-
able.

4.3 Non static models

The static models are that they do not take the volatility clustering into account. By far the most
popular model to model this phenomenon is the so called Generalized Autoregressive Conditional
Heteroskedasticity, or GARCH, model introduced by Bollerslev (1986). It is an extension of the
Autoregressive Conditional Heteroskedasticity, or ARCH, model by Engle (1982). In the GARCH
model we start by defining an innovation ηt+1, i.e., some random variable with mean zero conditional
on time t information, It. This time t information is a set including the innovation at time t, ηt ε
It, and all previous innovations, but any other variable available at time t as well. In finance theory,
ηt+1 might be the innovation in a portfolio return. In order to capture serial correlation of volatility,
or volatility clustering, the GARCH model assumes that the conditional variance of the innovations
depends on the latest past squared innovations as is the assumption in the less general ARCH model,
possibly augmented by the previous conditional variances. In its most general form, the model is
called GARCH(p,q), and it can be written as:

σ2
t = ω +

p∑
j=1

βjσ2
t−1 +

q∑
i=1

αiη
2
t−i+1 (9)

p lags are included in the conditional variance, and q lags are included in the squared innovations.
In this section, we shall regard these innovations as deviations from some constant mean portfolio
return:

rt+1 = µ + ηt+1 (10)

so that σ2
t is also the conditional variance of the portfolio returns. We can write the innovation

ηt+1 as σtεt+1, where εt+1 is assumed to follow some probability distribution with zero mean and
unit variance, such as the standard normal distribution.

A great many empirical studies have proved it unnecessary to include more than one lag in the
conditional variance, and one lag in the squared innovations. This is why our point of departure will
be the GARCH(1,1) model:

σ2
t = ω + βσ2

t−1 + αη2
t (11)

with ω > 0, β ≥ 0 and α ≥ 0 to ensure positive variances. If the market was volatile in
the current period, next period’s variance will be high, which is intensified or offset in accordance
with the magnitude of the return deviation this period. If, on the other hand, today’s volatility
was relatively low, tomorrow’s volatility will be low as well, unless today’s portfolio return deviates
from its mean considerably. Naturally, the impact of these effects hinges on the parameter values.
Note that for α + β < 1, the conditional variance exhibits mean reversion, i.e., after a shock it will

3 For υ → ∞ the t-distribution is reduced to the normal one with mean (µ) and
variance (γ2)

4 The smaller υ gets, the fatter the tails are



eventually return to its unconditional mean ω
(1−α−β) . If α + β = 1 this is not the case, and we have

persistence.
In order to estimate these parameters by means of likelihood maximization, one has to make

assumptions about the probability distribution of the portfolio return innovations ηt+1. We shall
consider Gaussian innovations.

εt ∼ N(0, 1), ηt+1|It ∼ N(0, σ2
t ) (12)

leading to a conditional log likelihood of ηt+1 equal to

lt(ηt+1) = − log
√
2π − 1

2 log σ2
t −

η2
t+1
2σ2

t

(13)

The log likelihood of the whole series η1;η2; : : ;ηT is

L =
T∑

t=1

lt(ηt+1) (14)

As an alternative to the GARCH(1,1) model, or as a special case of this model, US investment

bank J.P. Morgan introduced RiskMetricsT M , a VaR assessment method that basically restricts both
µ and ω to 0, and α to 1−β in formula (11). The parameter β, called the decay factor and renamed
λ, is set at 0.94 for daily data. This makes estimation elementary, since there are no parameters to
estimate left. The portfolio return variance conditional on time t information is just:

σ2
t = λ σ2

t−1 + (1− λ) r2
t (15)

or

σ2
t = λt σ2

0 + (1− λ)

t−1∑
k=0

λk r2
t−k (16)

From the formulae above, it is clear that the conditional variances are modeled using an ex-
ponentially weighted moving average: the forecast for time t is a weighted average of the previous
forecast, using weight λ, and of the latest squared innovation, using weight 1−λ. The RiskMetricsT M

approach essentially boils down to keeping track of the return data and using these along with the
decay factor to update the conditional volatility estimates.

The imposition of the restriction that α and β should sum to unity implies persistence in the
conditional variance, i.e., a shock moving the conditional variance to a higher level does not die out
over time but ‘lasts forever’. If there are no shocks offsetting this volatility increase, the conditional
variance will remain high, and will not display mean-reverting behavior.

As you will make sure the non-static models can better predict VaR than the comparably näıve
static ones. All these methods are applied to those 11 indexes under observation.

5 ESTIMATING THE DAILY VAR

Before estimating VaR it is suitable to verify the existence of autocorrelation in the daily returns of
our time series for every eleven indexes. The correlograms of the returns suggest hardly any evidence
of autocorrelation in the first six lags (the results can be provided upon request).

Therefore, following the techniques described in the past section of the paper we compute VaR
estimation for 11 countries. The analysis cover 10 European indexes and 1 USA index: the time
series of every country comprises data from the end of January of 1994 till December of 2003 or 2500
daily data. Dividing our data in two subsets, before and after Euro introduction in the EU markets,
obtain 1250 daily data for every period. Hence, the estimation sample consists in 1000 daily data
and 250 for evaluation sample, for both periods. For the purpose of not overloading the paper we
attach VaR estimates results only for left tail probability of 1% (see table 1).

Table 1. Ex-ante and Ex-post VaRs for 1% Confidence Levela

VaR ESTIMATES AEX AT X BF X DJIA F CHI F T SE IBEX KF X MIB30 SSMI DAX

Normal (ex-ante) -2,39 -2,29 -1,87 -2,03 -2,68 -1,85 -2,67 -1,93 -3,21 -2,33 -2,65
Normal (ex-post) -3,94 -2,27 -3,08 -3,15 -3,95 -3,19 -3,82 -3,06 -3,76 -3,23 -4,37
Student-t (ex-ante) -2,74 -2,62 -2,12 -2,32 -2,86 -1,98 -2,95 -2,12 -3,43 -2,62 -3,02
Student-t (ex-post) -4,53 -2,53 -3,55 -3,47 -4,38 -3,52 -4,10 -3,40 -3,43 -3,71 -4,88
RM (ex-ante) -3,69 -3,50 -2,91 -2,67 -3,39 -2,83 -3,33 -2,82 -3,80 -2,71 -3,88
RM (ex-post) -5,42 -2,17 -3,66 -3,22 -5,11 -3,49 -3,91 -2,60 -4,20 -3,80 -6,30
GARCH(1,1) (ex-ante) -3,59 -2,40 -2,83 -2,40 -3,69 -2,87 -2,76 -2,74 -4,37 -2,65 -3,33
GARCH(1,1) (ex-post) -4,68 -2,42 -3,66 -3,07 -4,55 -3,46 -3,77 -2,57 -4,20 -3,62 -6,06

a
The results for the rest confidence levels are excluded in order to not overloading the paper but may be provided
upon request.



6 KUPIEC BACK-TESTING OF THE ”INTERNAL
MODEL”

Once we have estimated VaR our goal is focused on Kupiec back-test which is one of the most
popular tests applied in backtesting. The likelihood ratio developed by, will be used to conclude if
the VaR model has to be rejected or otherwise has to be accepted. For this proposal we split our
indexes returns into an estimation sample and an evaluation sample.

The estimation sample were used to estimate the model and to predict the VaR, were upon a
statistically back-test is applied by means of the evaluation sample in order to find the adequacy of
the model.

Be N the number of failures (it is the number of cases in which loss exceeds the one forecasted by
VaR model) in a sample of size T, then the number of VaR violations follows a binomial distribution
and the failure rate N/T should be equal to the left tail probability p.

The likelihood ratio statistic is:
LR = −2Ln[(1− p∗)T−N (p∗)N ] + 2Ln[(1− N

T )T−N ( N
T )N (17)

with the null hypotheses: H0: N/T=p, H1 : N/T 6= p.
The likelihood ratio is asymptotically χ2 distributed under the null hypotheses that is the true

probability the VaR is exceeded.
Thus, we can construct rejection/acceptance intervals with certain confidence level that advice

us whether a model has to be rejected or not. Conventionally the confidence level is set to 0.05. The
table 2 shows the rejection/acceptance regions according to the likelihood ratio statistic.

Table 2. Acceptance/Rejection regionsa

Left Tail Prob. EVALUATION SAMPLE SIZE (T)

250 500 750 1000 1250

0.05 7<N<19 17<N<35 27<N<49 38<N<64 60<N<92
0.01 1<N<6 2<N<9 3<N<13 5<N<16 9<N<23
0.005 0<N<4 1<N<6 1<N<8 2<N<9 3<N<13
0.001 0<N<1 0<N<2 0<N<3 0<N<3 0<N<4

a
The test size is 5%

Also, in order to not overloading the paper, as in the past section, and according to the rejec-
tion/acceptance regions we present the numerical results for the failure rates for 0.05, 0.01, 0.005,
0.001 and 0.0001 left tail probabilities which are tabulated at the end of the paper (see table 11).

According to the results, the pre-Euro period presents violations in case of Normal, t-Student,
Riskmetrics and Garch(1,1) . The assumption of normality is rejected at almost all left tail prob-
ability levels, except for DJIA in which one is accepted at 5% of left tail probability. In case of
t-Student assumption we improve the failure rates time due to the fatter tails that generates more
realizations in the tails than is to be expected on the basis of a normal distribution. The accepted
regions for t-Student distribution mostly corresponds to 0,1%. The last two assumption, Riskmetrics
and Garch(1,1), fit better. Kupiec back-test does not reject them mostly for 5%, 1% and 0,1% for
11 countries (see table 11).

As can be observed not the same occurs for post Euro period. Both, Normal and t-Student
assumption improve VaR estimates compared with the previous period but still exists regions in
which ones VaR estimates are rejected according to the Kupiec back-test. On the contrary, the back-
test results for Riskmetrics and Garch(1,1) models are very successful. They are accepted at all levels
and for entire group of countries (see table 11).

Other of our remarks is the comparison of the financial risk before and after the Euro. We used
average VaR arrived by different methods for 1% confidence level. As we one can see from the figure
1 only in Greece the average VaR was reduced. In all remaining countries VaR trends to grow after
Euro Zone establishment. The largest jump in VaR was registered in Germany, Netherlands and
France.

Therefore, after Euro introduction the world financial markets have a quite different model with
higher but more predictable Value at Risk.

7 CONCLUSION

After introducing the Euro Europe has pretended to deepen the economic integration. The most
important component of the economy is the financial market. Thus we tried to evaluate the effect of



Euro on the financial markets stability through VaR estimations. We conclude that after Euro VaR
has grown in European and world financial markets as well. Only in Greece the average VaR was
reduced. In all remaining observed countries VaR trends to grow after Euro Zone establishment. The
largest jump in VaR was registered in Germany, Netherlands and France. Though it is a bit difficult
to be sure that the Euro zone establishment is the very source for those changes, several hypotheses
can be suggested however.

E.g. a common currency for EU member states, the Euro/Dollar exchange rate now concerns
entire competitiveness of the both industrial giants of the world - EU and USA. The same is true also
for relative competitiveness of EU products compared with any other trade partners of its own. The
often changes in competitiveness may by the events preconditioning changes in prices of company
shares all over the world. So slight changes in exchange rates now are more significant for the indices
under observation. The often fluctuations in exchange rates after establishment of Euro can explain
the higher VaR indicated after creation of Euro zone. In fact, in spite of higher financial risk, now it
is more predictable, as it is obvious from Kupiec back-testing of our VaR measures. This fact makes
other explanations of VaR levels jump even less persuasive.

Higher VaR does not mean that we must loose in market regulation. Only accurate evaluation of
potential risk makes it harmless for the business. Concluding remarks we have to state that non static
models of VaR estimation (GARCH(1.1) and RiskMetrics) are more suitable and non rejectable on
all the left tail probability confidence levels. However after the Euro the static models also became
more efficient, characterizing with lower failure rates.
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Table 3. Failure Times Number for 250 evaluation sample size

α 0.05 0.01 0.005 0.001 0.0001 0.05 0.01 0.005 0.001 0.0001
AEX exante AEX expost

Normal 32 18 13 9 7 18 7 5 2 0
Student-t 35 13 9 2 0 10 1 1 0 0
RM 14 7 5 4 0 13 4 2 1 0
GARCH(1,1) 15 0 0 0 0 21 10 7 4 1

ATX exante ATX expost
Normal 28 16 14 11 7 1 1 1 0 0
Student-t 30 13 9 4 0 1 1 0 0 0
RM 14 7 7 4 1 1 1 1 0 0
GARCH(1,1) 27 8 13 9 7 1 1 1 0 0

BFX exante BFX expost
Normal 32 13 10 8 4 16 2 2 1 0
Student-t 33 10 7 1 0 23 1 0 0 0
RM 10 4 1 1 0 7 1 1 0 0
GARCH(1,1) 10 4 3 1 0 7 1 1 0 0

DJIA exante DDJIA expost
Normal 19 12 10 6 3 3 1 1 0 0
Student-t 21 10 6 1 0 4 1 0 0 0
RM 13 8 4 2 1 2 1 1 0 0
GARCH(1,1) 16 8 8 4 2 3 1 1 0 0

FCHI exante FCHI expost
Normal 25 12 10 7 4 9 3 1 1 0
Student-t 20 9 6 0 0 13 1 1 0 0
RM 16 9 7 3 1 5 1 0 0 0
GARCH(1,1) 13 7 6 2 0 6 1 1 0 0

FTSE exante FTSE expost
Normal 32 20 18 11 7 7 2 1 1 0
Student-t 32 18 13 7 0 9 1 1 0 0
RM 18 8 5 0 0 7 1 1 1 0
GARCH(1,1) 18 8 5 0 0 7 1 1 1 0

IBEX exante IBEX expost
Normal 31 15 13 9 7 4 2 0 0 0
Student-t 33 13 9 6 0 5 0 0 0 0
RM 20 10 8 7 5 3 2 0 0 0
GARCH(1,1) 29 15 13 8 7 4 2 0 0 0

KFX exante KFX expost
Normal 33 22 21 12 7 4 1 0 0 0
Student-t 33 21 15 5 1 4 0 0 0 0
RM 21 12 7 3 1 11 2 2 0 0
GARCH(1,1) 22 12 8 5 1 11 2 2 0 0

MIB30 exante MIB30 expost
Normal 31 18 14 7 4 7 1 0 0 0
Student-t 31 18 11 4 0 11 1 0 0 0
RM 24 11 8 4 0 5 0 0 0 0
GARCH(1,1) 19 7 4 2 0 5 0 0 0 0

SSMI exante SSMI expost
Normal 32 22 17 13 9 11 3 2 1 0
Student-t 32 17 12 4 0 13 2 1 0 0
RM 27 17 14 9 5 5 2 1 0 0
GARCH(1,1) 27 17 14 10 7 6 2 1 1 0

DAX exante DAX expost
Normal 30 15 14 10 6 31 19 16 11 7
Student-t 32 14 8 4 0 32 15 11 3 0
RM 14 7 6 4 0 6 0 0 0 0
GARCH(1,1) 19 10 8 6 4 6 1 0 0 0



Fig. 1. Ex-ante and Ex-post Average VaR Estimates for 1% Confidence Level
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Abstract. A fast algorithm for a portfolio efficient frontier reconstruction is 
represented. Portfolio consists of both real assets and derivatives. No more 
Monte-Carlo simulation, no probabilistic framework, fuzzy number analytics 
only. 

1   Introduction 

In papers [1-3] new methods of portfolio optimization were proposed, considering 
the case of portfolio consisted of a combination “asset + option of one type” as well 
as of portfolio consisted of only options. Now there is every reason to optimize port-
folio of a common type. 

It is clear from the content of the cited papers how the future price of the combina-
tion “asset + 2 options” looks like. On the one hand, due to the minimum price of the 
asset the minimum of the price is limited by the fixed price, i.e. by the strike of the 
put option and the extent of hedging 0 ≤ γ. In the maximum-field the price of the 
combination is forced and defined as the relation of the maximum price of the asset, 
the strike of the call option and the extent of forcing 0 ≤ δ. The approximate future 
price is presented on Fig. 1 (for the case when the underlying asset price is a triangle 
fuzzy number) 
 

 

Fig. 1. The future combination price “asset + 2 options” 

In this paper it is assumed that underlying assets and options on them can have any 
proportion. That means that options in this concept can play role of an independent 



investment object, regardless whether the investment is made into underlying asset or 
not.  Thus, we consider the case for the competitive investing into assets of different 
nature. 

2   Quantitative analysis of investment into the combination “asset 
+ 2 options” 

2.1   Return on an asset is a triangle number 

Consider the simplest case for the description of the return on underlying asset as a 
fuzzy number. 

Let us examine one asset in time. Its today’s price is Po. Our market analysis indi-
cates that for the moment T the price for asset P can fluctuate in the following inter-
vals:  

• the worst price P=Pmin; 
• the average expected price – P=Pav; 
• the maximum price – P=Pmax. 

If the return on such asset is designed as a triangle number, it can be written down 
as: 
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The analytical type of the triangle fuzzy number of the future price, represented as 

an interval-segmented type, can be written as: 
 
P = [P1(α), P2(α)], α = [0,1], where 
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The “triangle” representing of the future price for the asset is shown on Fig. 2. 
Now it is assumed that the investment is undertaken into two types of options on 

the examined undertaking asset – into put- and call-option. The depth of hedging for 
call options is δ, and for put-option is correspondingly γ. If a virtual lot of 100 shares, 
which make up the underlying asset, is considered (it is necessary to note that shares 
on the Stock Exchange are traded in round lots for 100 shares), it would mean that 
divisible lots of call-options in the amount of 100*δ shares and divisible lots of put-
options in the amount of 100*γ shares are purchased. 



 

Fig. 2. Future asset price as a triangle number 

Let the price of the option lots bought account for zc and zp, and the strike price 
(the option’s exercise price) of the underlying asset, listed in the option, account for 
yc and yp correspondingly for call- and put-options. Naturally, yc < Pmax and yp > Pmin - 
otherwise, there is no point investing in the option. The condition yc > Pav > yp  is true 
for the rational market (i.e. nobody, who buys an option, will not act at one’s loss, 
regardless the price expectations). Here and further the combination of “the underly-
ing asset + δ% call-option + γ% put-option” will be considered. This combination is 
called “strangle”; if strike prices are the same then the combination is called “strad-
dle”. 

This gives us a relationship for the future return on our combination. In accordance 
with [3], the future price of the combination «δ% call-option + γ% put-option» is: 

 
ZPС = [γZP1(α)+δZС1(α),γZP2(α)+δZС2(α)] = [Z1(α), Z2(α)], α = [0,1], where 
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Correspondingly, the resultant future price of the combination “the underlying as-

set + δ% call-option + γ% put-option” is: 
 
ZАPС = [P1(α)+γZP1(α)+δZС1(α), P2(α)+γZP2(α)+δZС2(α)] = [Z1(α), Z2(α)], α = 

[0,1], where 
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It follows from (4) that the calculated price and return are fuzzy generalized bro-

ken line numbers. For these numbers a comparison of segmented intervals is possible 
[3]. Thus, the scheme of types’ succession represented in a series of our papers can be 
shown on Fig. 3. 

 
 

Fig. 3. The scheme of succession of fuzzy number types. 

Abbreviations in the scheme: BL – classical numbers of broken line type, MBL – 
mirror broken line numbers (it was proved in [3] that the future price of the put-
option is a number of this type), TT – truncated triangle numbers [1], T – triangle 
numbers, I – rectangle or interval numbers, MTT – mirror TT, MT – mirror T, MI – 
mirror intervals.   

2.2   Return on asset as an interval 

If the future price of the asset is an interval [Pmin, Pmax], than the price for the call-
option on such asset is also an ordinary interval with bounds [0, Pmax - yc]. At the 
same time the put-option price is a mirror (modal) interval with bounds [yp - Pmin,0]. 
Thus, the price of the combination “the underlying asset + δ% call-option + γ% put-
option” is [Pmin + γ*(yp - Pmin), Pmax + δ* (Pmax - yc)]. It can be either a classical or a 
mirror interval depending on the relationship among the underlying share, the strike 
option prices and the depth of hedging. 

 
Correspondingly, the return of such combination is I or MI type: 
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3   Problem setting for the generalized portfolio optimization  

A generalized portfolio of 3 sub-portfolios is considered: 
A. A sub-portfolio of N underlying assets. 
B. A sub-portfolio of put-options. It consists of N lots of call-options; each of 

lots implements the hedging of the relevant underlying portfolio with the depth  γi 
from 0 to 1. If γi = 0, then there are no options, and if δi = 1, then the hedging is 
100%, i.e. on each dollar of the underlying asset. 

C. A sub-portfolio of call-options. It consists of N lots of call-options. Each of 
them implements the forcing of the relevant underlying asset with the depth δi from 0 
to 1. If δi = 0, there are no options, and if δi = 1, the forcing is 100%, i.e. on each 
dollar of the underlying asset. 

This, there are 3N constitutes in the generalized portfolio. The weight of each con-
stitute is estimated on the basis of the prices of the underlying assets and option pre-
miums. As a result, each constitute has a weight of xi, and 

 

1
3

1
=∑

=

N

i
ix , 0 ≤ xi ≤ 1.       (6)

  
Here and further it is assumed that the depths of hedging (forcing) are infinitely 

divisible values. It is also assumed that the initial sum of investments remains con-
stant, i.e. if weight of one constitute decreases, the increase of other weights of other 
constitutes in the portfolio follows.  

The portfolio holder, while making an investment decision, set a criterion for a 
lower bound of the return on the portfolio at the moment T. It can be represented as a 
fuzzy number [rPmin(α), rPmax(α)]. In singular case it is a common numerical criterion 
rP, for example, 15% per annum. However, in most cases the portfolio holder has 
hardly idea about these criteria. For example, tomorrow inflation rate is not precisely 
known; it can fluctuate in some bounds. If there is no convex, the most expected rate 
of inflation, around which other opportunities are grouped, then it is a common inter-
val. Therefore, the portfolio holder wants the portfolio’s rate of return to be ahead of 
the inflation rate (a rather natural desire). But the investor has rather fuzzy expecta-
tions about the portfolio as well as about the rate of inflation. If the expectations 
about the portfolio and inflation are crossed on some membership intervals, there is 
an obvious risk that the portfolio will not “fight” inflation, i.e. investments turn out to 
be inefficient (such situation is presented in Fig. 4). As it was shown, the return on 
the portfolio is a GBL number.   

 



 
Fig.4. A comparison between the return on the portfolio and the rate of inflation 

Observations. A part of a portfolio’s fuzzy number is marked on Figure 4. It is 
formed by mirror (model) segmented intervals of membership.  

The maximum of the expected return is required, because we consider forcing as 
well as hedging instruments, which have different impact. Any maximization leads to 
the crowding out effect of certain classes of assets from the portfolios, which form an 
efficient frontier of the portfolio set. 

4   Solution of the optimization problem 

 
It is carried out on the same principle as it is described in [1-3]. The risk degree of 

each portfolio is defined and the effective frontier of the portfolio set is reestablished 
according to the gradient method. 

 
Consider a numerical example. 

5   A numerical example of the portfolio with options, 3N=12 assets 

The initial data on assets and options are borrowed from [3] and form Table 1. The 
total amount of investment in portfolio is constant and equals 1000 conventional 
units. The limit on the lower bound of return on the asset is rP = 9.5%..11% per an-
num. 

The preliminary analysis indicates that if there are no limits on the shares of the as-
sets, all optimal assets, which lie on the efficient frontier, consist of only options 
(solution from [3]). To derive not an “extreme” solution, the following restrictions are 
to implied: a). there is at least one underlying asset in the portfolio; b). the depth of 
hedging of the asset lies in between from 0 to 1. In this case we have a classical strat-
egy of portfolio investment into underlying assets, which is “diluted” by the applica-
tion of derived securities which relate to these assets as the hedging.  



 
Table 1. Initial data on assets and options. 
 
The solution of the problem turns out to be singular. Right point of the efficient 

frontier is the asset number 4 forced at 100%. Left point is represented by the combi-
nation of the asset number 4, the put-option with 100% hedging and the call-option 
with 70% hedging. Thus, the efficient frontier is formed through the reallocation of 
the capital from the underlying asset and its hedging call-option in the direction of the 
put-option, i.e. from the forcing to the hedging as it must be. Other assets and options 
are not able to compete with the 4th asset in our statement of the problem, and, there-
fore, they do not hit the efficient frontier in the portfolio. 

Conclusion 

The theory of portfolio optimization developed here and in [1-3] establishes good 
assumptions for the development of a specialized portfolio calculator. Having con-
nected our assumptions represented in interval or triangle form with objective pricing 
data of the market, we can immediately define, which options are efficient in use, 
which is not and which form an efficient frontier considering the criterion of optimi-
zation, which will be actually proposed by us.  Such calculator can be a very suppor-
tive tool for investors-professionals.  
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Abstract. Fuzzy Pareto Set (FPS) is an excellent tool for investment planning 
that allows excluding extreme investment scenarios if even they are formally 
optimal. Exclusion of extreme scenarios gives more relevant estimations for 
costs & prices in structure of investment budgets.  

1   Introduction 

The classic Pareto set is a set of non-dominated alternatives, either countable or 
non-countable. It is a mathematical formalism which is broadly applied in economic 
theory. Consider some examples to gain better understanding of the topic.  
    Countable Pareto Set. Consider a set of N investment projects, where each of 
them can be described by two parameters: X – risk of the project’s failing, and Y – 
internal rate of return. Hence, there are N points in XY coordinates, from which we 
need to find the subset, where risk is minimal OR (not simultaneously) IRR is maxi-
mal (in singular case logical connector “OR” can be substituted by “AND”). The 
Pareto subset of the actual set, which satisfies these conditions, is represented on Fig. 
1 (there are 4 elements in the subset). 
 

 

Fig. 1. Countable Pareto set 
 
Thus, the actual (basic) set can be divided into two subsets: the Pareto subset and 

the subset of inefficient alternatives. Moreover, any element from the Pareto subset 
has characteristics that are not worse on one of the criteria than any other element 
from this subset (for the example on Fig. 1 – criteria are return and risk). If the set of 
inefficient alternatives is not empty, then there is such element in the Pareto set, 
which dominates some element from the “inefficient” set on two criteria at the same 



time (in case of complete domination, risk is lower and return is higher at the same 
time). 

Non-countable Pareto Set. One can think of the classical example of Markowitz’s 
equation for stock portfolio. If assets introduced into a portfolio are infinitely divisi-
ble, then the set of investment alternatives is non-countable. Therefore, in “volatility - 
return” plane a so-called “portfolio cloud” can be shown. This means a complete set 
of possible portfolios, which can be combined from N infinitively divisible assets. 

Consequently, a line without gaps, where return on a portfolio reaches its maxi-
mum considering its fixed volatility – a so-called efficient frontier of the portfolio set 
– is also the Pareto set. The example of such frontier for the portfolio set consisted of 
3 assets is represented on Fig. 2. Dots on Fig. 2 indicate portfolios, which consist of 
only one asset. 
 

 

Fig. 2. Non-countable Pareto set – efficient frontier 
 
In applied economic problems it is often the case that the Pareto subset, which is 

worked by the means of classical optimization, can not be proved for optimality if we 
want to consider other issues defined by the means of natural language. The mecha-
nism of “fuzziness” of the actual Pareto set is turned on, its conversion begins.  

2   Assumptions for the transformation of the classical Pareto set 

Let us look at Figure 3, where the actual countable set of investment alternatives is 
graphed. 
 



 

Fig. 3. The Pareto set consisted of only one element 
 

A formal optimization shows that the Pareto subset for the basic set represented on 
Figure 3 consists of only one element. It is also seen that this element is situated far 
away from the others elements, which constitute a densely group. As a result, an 
analyst would regard this pointed Pareto set with distrust. He would see in this “star” 
element some suspicious anomaly, which is not typical of the actual set. 

Variants of the further analysis are the following: 
• An analyst would ignore his anxiety and consider an anomalous element 

as the Pareto set. From this point of view he remains being a mathemati-
cian, however, stops being an analyst.  

• An analyst would exclude an anomalous element from the analysis con-
sideration, assuming those elements to be the Pareto set, which are the 
cross-hatched and oval-shaped area. Besides, the analyst’s measurement 
of trust to the formed Pareto set is 100%, even though this set from the 
oval-shaped figure is not the Pareto set according to the formal character-
istics. Here one points out a quasi-Pareto set (as if it the Pareto set was 
considered not absolutely, but under condition of exclusion of anomalous 
element from the actual set). The analyst does his best as an analyst and 
no other analyst would condemn him. However, the mathematician would 
be unsatisfied and would require further research. And, by the way, would 
be absolutely right.  

• An analyst would make a deal with himself as if he were a mathematician 
and put the anomalous element back into the actual set and the Pareto 
subset, however, not to a full extent. He would have some limited degree 
of trust to the fact that this anomalous element can really be optimal, that 
there is no computational mistake, no garbled facts or something like this. 
Therefore, the anomalous element and elements from the quasi-Pareto 
subset are included in the new set. Moreover, they are included not condi-
tionally independent, but belong to this broadened subset with their cer-
tain membership degree. 

Thus, there are assumptions for determining the quasi-Pareto set (in that the 
anomalous element is also included) as a fuzzy set. This will be defined later, and 
now consider one typical example. 

  
Assume that alternatives have the following allocation (Fig. 4): 



 

Fig. 4. The Pareto set with closely located elements 
 
In fact, all the balls are closely-grouped (we will allow us such free “geometrical” 

explanation), and there is no anomaly. At the same time, there is one ball, which is 
situated rather closely to the oval-shaped figure, which covers the Pareto-set (exactly 
on the oval’s frontier). On the one hand, this “closely situated” alternative is domi-
nated by other elements from the Pareto set, and from this point of view it is formally 
inefficient. On the other hand, however, if we remember that the is an analyst in us, 
then this alternative is considered to be so close to the Pareto set, that it is a pity just 
to ignore it.  And what if we had calculated something wrong for this alternative or 
took bad data (without considering white noise) for the analysis of the alternative? 

As a result, we turn back again to the idea of the quasi-Pareto set, where the ele-
ments of the actual Pareto set (with membership 1) will be included as well as other 
elements of the basic set which have some closeness to the Pareto set. Moreover, the 
measurement of this closeness is, actually, a degree of elements’ membership to the 
set. 

3   The formal definition of the Fuzzy Pareto Set (FPS) 

Thus, the Fuzzy Pareto Set (the quasi-Pareto set, FPS) – is a fuzzy subset of the ac-
tual set (in traditional definition – of the carrier), which is formed on the carrier by 
introducing the membership functions of the elements of the actual subset in accor-
dance with the fuzzy set.  

Therefore, the membership function (discrete and continuous in its domain) – is a 
method for an analyst, which allows him to adjust initial formal solution of the opti-
mization problem by expanding the classical Pareto-set up to the actual set. The ana-
lyst gives the grade of certainty to each element of the carrier that all these elements 
are considered as conditionally optimal or conditionally non-optimal (as you like – to 
see the glass as half full or half empty). 

There, where we are not confident about something, or confident that it is vise 
versa, the membership function is close to or equals zero. On the contrary, the closer 
to the formal Pareto-set we are, the higher the analyst’s confidence is. In this case it 
useful to imply formalism of the Hamming distance between two elements of the set 
in the phase space of these criteria (calibration of the set is implemented by linear 



transformation of the criteria scale, considering its changes for specific scales with 
membership area as a unit interval).    

Thus, we turn back again to our discrete examples (Fig. 5). On these figures there 
is a membership degree near the each element of the FPS, indicating its membership 
to the set. If there is no membership, we do not put zero values down. 

 

 
Fig. 5. Different cases of FPS 
  
The case (a) on Fig. 5 is when the classic Pareto set coincides with the fuzzy set. 

The case (b) is when the analyst actually excludes the anomaly from the fuzzy Pareto 
set (giving it a zero degree of membership) and adds elements to the FPS, which are 
considered to be the Pareto set to the actual set excluding the anomalous element. The 
case (c) is when the FPS consists of the classic set (full membership) and a border 
with a rather high membership degree. 

A typical example of a fuzzy Pareto set in case of non-countable carrier is an effi-
cient fuzzy Markowitz’ frontier (Fig. 6). Consider the classic problem of portfolio 
optimization to be fuzzy concerning its initial inputs: return and risks of assets, the 
correlation matrix – LR fuzzy numbers (Dubua-Prad case). Then, the efficient frontier 
of the portfolio set is also fuzzy and turns to be a curvilinear line, where each level of 
risk corresponds with a fuzzy number of maximal return. Therefore, the FPS for 
Markowitz’ problem is a segment of the membership function.  



 

Fig. 6. FPS as a segment of a fuzzy function 

4   Example of definition of FPS “taken from life” 

The best is, if we give here an example how the FPS has helped us in the invest-
ment projecting.  

Consider a building project of a business center (BC) in Saint-Petersburg. We 
know land parameters, its location, purpose of BC, its class and other input parame-
ters of the project. There is also an architect project available. From this point of view 
the problem of determining of initial investment costs and current operating costs can 
be solved rather precisely.  

It's quite another matter when we need to estimate return on the project, which in-
cludes rental payments of leases by tenants in the BC. Firstly, the volume of the de-
mand for the BC is unclear, in other words, the number of leases is unknown. Sec-
ondly, and this is mostly important, the rental rate of the effective business size, dol-
lars per square meter per annum. To define it, it is necessary that marketing research 
is carried out, gathering data on all BC of the same category in the region. Moreover, 
it is more important to get concept of not only rates, but also utility, which is gained 
by a tenants form the BC. Thus, in the analysis we must include qualitative estimate 
of the BC, i.e. a complex estimate of the consuming characteristics of the BC (further 
– a quality of the BC, Fig. 7). 

The simplest model of the BC’s quality is based on the qualitative and quantitative 
estimate of the parameters and further aggregation of the estimates, which were found 
by the methods of fuzzy mathematics (by analogy with how it was done on [1]). 

The factors to be estimated are: 
• F1 -  region, location 
• F2 – state and quality of repair and maintenance 
• F3 – sum of required advance (1 – 6 months) 
• F4 – type, area of parking and price of parking for tenants  
• F5 – infrastructure of the BC (café, restaurants, shops and so on) 

Expert estimation of chosen criteria has shown that they have the following prefer-
ence relations (preference criteria on estimation) among each other: 



 
F1 ⎬  F2 ≈  F5 ⎬  F3  ≈ F4,      (1) 
 
Where «⎬» - a weak preference relation, «≈» - an indifference relation. Application 

of Fishburn’s rule to (1) gives us weights of criteria in matrix form.  
 
F1 = 0.333, F2 = F5 = 0.222, F3 =F4 = 0.111.    (2) 
 

 
 
Fig. 7. Example of quality matrix 
 
Having applied the matrix scheme of quality evaluation for all business centers of 

B and B+ class, situated in Saint-Petersburg (for us, they are objects analogies), we 
face with two-dimensional evaluation of each business center by “quality – rental 
rate” criteria (Fig. 8).  Data are valid for September, 2005. 

 

 
 
Fig. 8. Characteristics of BC’s of B and B+ class in SPb 
 
Taking into account the variation of points on Fig. 8, we come to conclusion that 

the formal Pareto set here (3 points) is not exactly what we need. Firstly, there are 
few points, i.e. they are not densely located. Centers represented by these points are 
either of too high quality or too cheap, which makes analyst regard these alternatives 



as unsuitable for the analysis. On the contrary, our BC (the basic object) has such 
level of quality that there is a tightly plotted group of points near the vertical line 
passing through abscissa of 0.589. 

Therefore, it necessary to search the group of relevant objects-analogous for defin-
ing an equilibrium rental rate directly in the dense set of points, and not on the 
“anomalous” formal Pareto frontier. 

Finally, to define computable rental rate for the basic object, a so-called method of 
“net” is applied. This method includes a set of techniques for identifying (they are 
usually all of a heuristic type).  The “net” itself is represented by ellipse, whose semi-
major axe has angle value of 45 degrees to abscissa. Such orientation of the net 
means that we are going to net alternatives located in the right down corner of the 
coordinate space. Length of the axes is defined the way that all (or a majority) of the 
alternatives, which possess a “good” membership to FPS, can be covered by the net. 
The whole question rests here on the expert estimations and value judgments about 
what anomalies exist, which of them to neglect and which of them are closely located 
to the optimal set (in the sense of Figure 5c) and if there is point in applying these 
alternatives. 

In the end, as the “net” is located on the surface, cut it vertically by the abscissa re-
sponsible for the quality of the basic object. The coordinates for the points of inter-
section of the “net” and the “vertical” gives us an interval, where the rental rate for 
the basic object of investment is to be found (in our example it is 300-400 USD per 
sq.m. of useful size of the BC per annum) 

Considering this estimation in the budget, we apply a prudence method. By that, it 
is assumed that we are able to offer the most favorable rental rates for the consumers, 
staying at the same quality of rental areas offered by other business centers in the city. 
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Abstract. The paper regards the problem of optimum investment program
composition in conditions of imprecise initial information about the investment
projects. The problem of composing an optimum investment program is
formulated as a problem of fuzzy mathematical programming. The approach to
solution of the stated problem that we propose is based on the use of heuristic
algorithms and allows composing an optimum investment program which is
characterized by the given efficiency criterion and also by probability of not
exceeding the available financial budget. The formalization of imprecise initial
data and mathematical fundamentals of the suggested approach are considered.

1   Introduction

Making decisions about realization of real investment projects is inevitably attended
by uncertainty. In these conditions it’s important to prove expediency and efficiency
of supposed investments. One of the problems of evaluating investment projects’
efficiency is composing an optimum investment program on the basis of given
investment portfolio with given limitations on projects’ selection. It’s known that
often the initial parameters of the investment projects may be given imprecisely, only
as a certain intervals, thus one should not precisely limit the amount of monetary
resources for financing the investment program.

In this paper the problem of optimum investment program composition in
conditions of imprecise initial information about the investment projects is
considered. The approach to solution of the stated problem with the use of the
formalism of fuzzy mathematics is suggested.

2   Formalization of Imprecise Initial Data

As the precise values of parameters are unknown according to concepts founded
in [2, 3] we suggest formalizing the initial data using the following fuzzy quantities:
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the parameters of projects and investment program are described by fuzzy numbers
[ ]maxmin ,, aaaA =  with triangular membership function:
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The parameters with indexes min, max show the boundaries of the interval of
parameter values, and the parameter a  shows the most expected parameter value.

the available budget of monetary resources for financing the investment program is
described by fuzzy set [ ]max, aaA =  with z-similar membership function:
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This function describes a statement: “the budget for financing the investment
program is equal to a , but if it’s necessary it may be increased up to amax”.

If any of parameters A is known quite precisely or is uniquely assigned, the fuzzy
number A degenerates to a real number A with fulfillment of the condition

maxmin aaa == .

3   Mathematical Fundamentals of Composing an Optimum
Investment Program

Maximum value of net present value, maximum profit on each unit of investment
capital, minimum payback period, maximum value of investments’ profitability index
etc. may serve as a criterion of selection projects into investment program [5, 6]. In
this paper we suggest to use the maximum of net present value (NPV) and
profitability index (PI) of the investment program.

Composition of an optimum investment program is carried out on the basis of the
following premises [1]:

1. Considered projects are equivalent for person, who makes decisions.
2. Financial resources are limited.
3. Investment program is composed on the beginning of planned period, initial

expenses might not exceed the capital budget.



4. All projects have passed the evaluation of efficiency, which proved their right for
implementation.

5. All projects are indivisible.

Let’s consider the following designations:

1. njaA j ,1},{ ==  – a set of projects included into investment portfolio.
2. ),,( maxmin jjjj ICICICIC =  – the volume of initial investments required for

implementation of project j.
3. ),( maxIII =  – available to investor budget of monetary resources for financing the

investment program.
4. ),,( maxmin jjjj NPVNPVNPVNPV =  – the value of NPV of project j.

5. njx j ,1},1,0{ =∈  – Boolean variable, which value defines if the project will be
included into the optimum investment program:
xj = 1, if project j will be included into the optimum investment program,
xj = 0, otherwise.

6. P – probability that the volume of monetary resources required for financing the
investment program won’t exceed the prescribed budget.

7. Preq – given by an expert number from an interval [0, 1], which presents the
required value of P.

Then the optimum investment program will consist of such set of parameters xj,
which will be the solution of the following problem of fuzzy mathematical
programming:

It’s required to maximize NPV of the investment program
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with following restrictions:

1. on volume of initial investment resources:
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2. on sufficiency of monetary resources:

P Preq , (5)

3.

njx j ,1},1,0{ =∈  . (6)

Thus the problem of composing an optimum investment program down to the
problem of integer programming with Boolean variables in conditions of fuzzy input
data.

The following algorithms are used for solving the stated problem:



Algorithm “first suitable with sequencing by NPV” – FSSNPV (see fig. 1):

1. Sort projects by descending of NPV.
2. Select a project.
3. Check the sufficiency of investment resources for implementation of the selected

project.
4. If there are sufficient resources( req) then include the project into the program.

If all projects have been reviewed then – end, otherwise go to p. 2.

Algorithm “first suitable with sequencing by PI” – FSSPI :

1. Calculate the profitability of each project using the following formula:

j

j
j IC

NPV
PI =  . (7)

2. Sort projects by descending of PI.
3. Select a project.
4. Check the sufficiency of investment resources for implementation of the selected

project.
5. If there are sufficient resources ( req) then include the project into the program.

If all projects have been reviewed then – end, otherwise go to p. 3.

The probability of sufficiency of monetary resources is calculated by means of
comparison of membership functions of fuzzy numbers ),( maxIII =  and
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There may be several situations, for example see fig. 2.
In the situation shown in fig.2 the probability of sufficiency of resources for

financing the investment program P is calculated as a ratio of area of zone restricted
by lines ),( min ICSICS , ),( maxIII =  to area of triangle ),,( maxmin ICSICSICS .

As the suggested algorithms are heuristic we can’t guarantee their complete
efficiency. It’s suggested to solve the stated problem with the use of both algorithms
and take the maximum result as an optimal decision [1].

4   Analysis of Efficiency of Suggested Approach

A number of experiments were carried out to check the efficiency of suggested
algorithms. The results of calculations with the use of suggested algorithms were
compared with the results of calculations with the use of the exhaustive search
algorithm.

The results of experiments are presented in table 1.
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Table 1. The results of checking the efficiency of algorithms FSSNPV and FSSPI

Coincidence of results with
the results received with the
use of the exhaustive search

algorithm
Number

of
projects

Number
of

experi-
ments

FSSNPV  FSSPI  FSSNPV
and
FSSPI

Relative error when
algorithms FSSNPV and

FSSPI were used jointly,

∑
=

−N

i EXSEAR

FSSEXSEAR

NPV
NPVNPV

1

100*

number of not coincided
experiments

10 1000 45,6% 54,7% 84,7% 1,87% – 3,12%
15 1000 49,8% 52,6% 82,1% 3,11% – 3,56%
18 600 53% 60,83% 85,33% 1,012% – 1,05%
20 500 48,2% 53,6% 73,8% 1,125% – 1,99%
22 100 42% 50% 74% 2,1% – 2,34%

The average difference of NPV calculated with the use of suggested algorithms
from NPV calculated with the use of the exhaustive search algorithm was taken as a
relative error. So when the algorithms FSSNPV and FSSPI are used jointly the average
error makes up 1,84% – 2,41% of NPV.

Thus the joint implementation of algorithms FSSNPV and FSSPI just insignificantly
reduces the efficiency (precision) of decision. Besides the suggested algorithms
significantly reduces the computational difficulty of solution [4].

5   Conclusion

In this paper the approach to composing optimum investment program in conditions
of imprecise initial information about the investment projects is suggested. The
formalization of imprecise initial data and mathematical fundamentals of the
suggested approach are considered.

The problem of composing an optimum investment program in conditions of
limited budget is formulated as a problem of fuzzy mathematical programming. Fuzzy
value of NPV of the investment program is considered as the efficiency criterion. The
budget limitation is set as z-similar function and represents the investor’s preferences.

The suggested solution of the stated problem is based on the use of heuristic
algorithms FSSNPV and FSSPI and allows to compose an optimum investment program
which is characterized not only by given efficiency criterion but also by probability of
not exceeding the available financial budget.

The analysis of efficiency of algorithms FSSNPV and FSSPI showed that the results
of joint implementation of these algorithms coincide with optimum in 73%-85% of
experiments and in the rest of experiments the average error doesn’t exceed 4% of
NPV.
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Abstract. In an  n-person game one wants to determine which coalitions can 
form and how the winnings of a coalition will be divided among its members. 
The division plan of winnings by a potential coalition essentially influences the 
formation of the coalition by individual players [4]. The payment vector should 
meet the following conditions:
- payment for all players within confines of cooperation should be greater than 
payment  without  this  cooperation:  xi>v(i),  i –  player’s  number,  v(i) – 
characteristic function for i-th player (individual rationality),
- sum of payments for players by formed cooperations should be equal to sum 
of payments in non-cooperation play 

∑
=

=
n

i
Nvxi

1

)( (collective rationality)

The N-dimensional vector of payments meeting the conditions of individual and 
collective rationality is called imputation. 
Note that in real conditions the following are subjected to fuzziness: 
- amount of payments, 
- percentage division of payments within confines of coalition, 
- value of pool for division.
The  idea  of  stabilization  consists  in  this,  that  external  stability  “attracts” 
imputation to the stability zone and internal stability protects against “leaving” 
this zone.  
Controlled  fuzziness  can  influence  an  increase  in  the  possibilities  of  the 
stabilization of imputation sets and uncontrolled fuzziness can lead to a loss of 
stability of the game solution. This is the main thesis which will be verified 
here and the conditions of its confirmation will be analyzed.

1   Selection of tools for research of stability of imputation sets

As basic models describing the distribution of payments in coalitions one can use a 
normalized  triangle,  with  the  sum of  distances  to  all  sides  equal  to  1 (rectangle, 
polygon),  in  which  points  describing  the  selected  imputation  will  be  placed 
(Figure 1).
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Fig. 1. Research models of cooperation in 3, 4 and 5-person games

In  the  internal  stability  of  an imputation  set  one component  is  not dominated by 
another  imputation belonging to this set.  The domination of imputation  X or  over 
imputation  X (Figure  2  and  3)  consists  in  the  existence  of  a  coalition  for  which 
payments for all players in this coalition are greater than the payments in imputation 
Y which is dominated in the coalition and the sum of payments for the players of the 
coalition is not greater than the pool of payments for this coalition S:

xi>yi for players of coalition S, 

∑
∈ Si

xi ≤ v(S).

External stability is the domination of imputations belonging to a given set over all 
the imputations which do not belong to the set.

Fig.  2. Domination  of  AB,  BC,  AC coalitions  over  imputation  X in  situation  of 
determined weights and over fuzzy set [X] in situation of fuzzy weights.
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Fig.  3. .  Examples  of  domination presentation:  coalitions  cd,  ad,  cb,  ab dominating fuzzy 
imputation  [X] (on the left),  coalition  acd dominating fuzzy imputations  [X]  (on the right), 
coalition a’c’d’ is dominated by [X] (on the right)

The use of rectangle does not allow the presentation all the coalitions as dominant, 
because  the  rectangle’s  sides  making  the  basis  of  the  payment  calculation  lie  on 
opposite sides.   

Fig. 4. Coalitions AB, BC, AC dominated by imputation X in situation of determined weights 
and by imputation fuzzy set [X] in situation of fuzzy weights

If  one  determines  a  set  in  which  none  of  the  imputations  dominates  any  of  the 
remaining  imputations,  then  the  set  is  internally  stable  (Figure  5).  If  in  each 
imputation not belonging to the given set players of the coalition obtain less than 
within the confines of the imputation from the given set, then the set is externally 
stable (Figure 5).  
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Fig. 5. Set of imputations {S,R,T} (on the left) is not internally dominated, i.e. internally stable; 
sets [S],[R],[T] are not internally stable (on the right) (Figure 6); each imputation from external 
set is externally dominated by internal imputations from {S,R,T} set  (external stability); fuzzy 
sets of [S],[R],[T] imputation are also externally stable

Fig. 6. Interpretation of internal domination inside of fuzzy field [S] (direct domination)

Figure 6 shows the graphical way of demonstrating internal domination in the case 
if one allows more than one imputation point from the fuzzy field. In this case the 
other point  S’ is located inside the same fuzzy subfield  [S]. One deals here with 
direct internal domination. It is possible to obtain the same result by allowing the 
existence of an imputation inside both remaining subsets  [R]  and [T]. One can 
define this situation as indirect internal domination (Figure 7).

Fig. 7. Interpretation of internal domination outside of internal field (indirect domination)
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An analysis of the external domination shows that the fuzzy subfield [S] dominates 
over the f and g fields. These fields are external fields in relation to [S] (the condition 
of external stability) (Figure 8). 

Fig. 8. Example of domination of fuzzy set [S] over f and g sets

The  assurance  of  external  domination  and  the  lack  of  internal  domination  is  a 
situation which induces the estimation of the stability degree. 

2   Fuzzy instability measure

It is obvious that a lack of stability results from fuzziness. The analysis of instability 
can be carried out by means of fuzziness polygons (here - [S],[R],[T] triangles). One 
can intuitively suggest that the greater fuzziness of payments, the greater instability. 
However, it is excessively simplified, because the position of the imputation polygon 
is an additional factor influencing destabilization (Figure 9).

Fig. 9. Examples of instability resulting from imputation fuzziness. Points   are stable 
places 
The estimation of the measurements of instability as the sum of distances from stable 
places can be carried out in the way illustrated in Figure 10.

                   
         f                        f

[S]

    g

       g

                          B                                                                        B

                                                                  
          [S]       [R]                                      [S’’]

                                                                                                               [R’’]

                                                                                                                         
A                 [T]                            C                     A           [T’’]                        C



Fig. 10. Measurement of instability as sum of distances from stability place S realized as sum 
of surfaces of triangles SLP, SPQ and SLQ (instability triangles)

In general, instability can be estimated as follows:

∑
=

 →←∆
n

i
isideSsurf

1
)}({  if side (i) and point S do not lie on the 

same straight line

∑
=

 →←
m

i
ivertSvertdist

1
)}({_  if points S and interval limits of  

imputation fuzziness lie on the same straight line

(1)

where:
surf∆ {S↔ side(i)} – surface of triangle created from vertex  S and side of triangle 
with number i,
dist_vert {S↔ vert(i)} – distance between stability point S and vertex with code i,
n – number of players,
m – number of instable imputations.

The presented kind of instability has an external character, because it does not take 
the  surface  of  imputation  polygon  into  consideration.  This  surface  increases  the 
danger of domination and internal instability as well. There are conceivable situations 
when an increase in the imputation polygon surface causes a simultaneous increase in 
internal instability and a decrease in external instability (Figure 11).

Fig.  11. Example of change influence of external instability on reverse reaction of 
internal  instability  as  confirmation  of  thesis  on  possibility  of  expression  of  total 
instability in the form of contour surface created from combination of stable point and 
imputation polygon.
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Thus, one can write down:

Uii = ∆PLQ

Uei =∆SLP + ∆SPQ + ∆SLQ

Ui = Uii + Uei = ∆PLQ + ∆SLP + ∆SPQ + ∆SLQ = 2*∆SLQ = 
2*contour

 
(2)

If  the  stability  point  lies  on  a  side  or  inside  the  imputation  polygon,  then  the 
instability contour obviously “reduces” the surface of the polygon (Figure 12). 

Fig. 12. Rules of construction of instability contour

 3   Conclusions

1. The imputation fuzziness of payments influences the solution instability increase of 
cooperation rules within the confines of the players’ coalition. It causes a loss of 
internal stability and the possibility of a decrease in external stability.

2. The tool which one can use to research the stability level is the instability contour 
constructed on the fuzzy imputation polygon and the stability point.

3. The control of the imputation fuzziness level takes into consideration its direct, and 
frequently simultaneous, influence on the increase or decrease of the external and 
internal domination of the set of payments. A decrease in the internal domination 
level can cause an increase in the external domination scale (Figure 11).
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Abstract. E-learning has become demanding and competitive in the recent 
times. Internet has now made financing dynamic by introducing the concept of 
financing through internet. E-learning in finance refers to learning about 
financial systems using Internet and e-commerce systems. The worldwide 
interest into financial markets has gained the interest in learning about the 
financial market. E-learning provides an alternative for classroom learning. In e-
learning system actual problem is getting the best knowledge with in short 
period of time. Intelligent agents act as a catalyst in improving the quality of the 
resource for the learner in finance. Genetic Algorithm will create an appropriate 
sequence of the resources from the set of all possible solutions. The proposed 
knowledge based genetic algorithm incorporates agent to make it capable of 
finding optimal resources and provides the best alternative for effective learning 
in finances. This paper extends the idea to use intelligent agents using Genetic 
algorithm for making e- learning in finance more effective.

1 Introduction

   The information age overwhelms us with loads of information every second yet we 
do not have the appropriate tools to convert the data into usable information that a 
user needs at a particular moment. Managing overloaded information is a challenge. 
The approach that can be used to manage overload information is through agents. 
Agents are primarily computer programs that can work for the users. They are 
responsible for doing tasks on behalf of the users. The agents could act as search 
engines and retrieve- user beneficial information from the internet based on which 
the e-learning module of the user could be made more appropriate and interactive. 
A database could be used to store the knowledge of such retrievals. The use of 
genetic algorithm for retrieving the information from the database can be very 
beneficial. Genetic algorithms are adaptive search techniques that can learn high 
performance knowledge structure. The genetic algorithms can improve the quality 
of business decision making [2]. Objective of this paper is to apply intelligent agent 
and genetic algorithm to make e-learning in finance more interactive and effective 
for the users. 



1.1 Why e-learning in finances?

Derek Stockley [9] defines e-learning a “The delivery of a learning or education 
program by electronic means.” e- learning involves the use of a computer or 
electronic device in some way to provide educational or learning material’. As per 
Lance Dublin[4] e-learning is defined as “The use of technologies internet, intranet, 
WANs, Satellite, CD-ROM, wireless – to provide and manage data, information, 
knowledge and learning to improve the performance of Organization and employees.”  

E-learning in finances describes an alternative to one-to-one classroom 
sessions. It provides enterprise-wide solutions through the usage of a set of tools and 
techniques. It reduces the learners training time which saves the cost related to 
training. It also maintains training consistency.  It is the best way to deliver training to 
a number of people across different locations. 

But the challenge is keeping the requirements of the end-user in mind - How 
would the user learn? How would he acquire the skill? And most important, how 
would a user be able to access the information which would be beneficial to him? The 
success of the ‘e’ in e-learning lies in the proper addressing of these questions and in 
ensuring proper design and implementation of all the concerned factors. 

1.2 What are Agents?

Intelligent agents are called e-assistants or helper programs that can sit inside a 
computer and make the learning in e-learning happen dynamically to suit the need of 
the users. They could basically help in extracting knowledge relevant to the users 
from the available information. Intelligent agents can customize the content of e-
learning according to the user’s knowledge and skill. It can trap the user’s likes and 
dislikes in various areas, the level of knowledge and the learning style and 
accordingly provide the information dynamically [11]. A dedicated e-learning portal 
can be built with multi-agent technology which would be responsible for finding the 
best possible match for the given requirement.

The difference [2] between software programs and agents are: 

Autonomous: The agent goes beyond a simple software program where functionality 
is considered. It has a fair degree of control over its actions and it does not have to 
always wait for commands. It can take decisions of its own and function 
independently.

Persistent: Agents have the ability to run continuously. They persist over time i.e. the 
output of one stage affects the next stage.

Reactive: Agents can perceive changes in the environment and adapt its behavior in 
response to the changing environment.

Proactive: Agents are goal-oriented and take proactive initiatives towards fulfilling 
the goals set for them.

Personalized: Agents learn over time and can also be taught what to do in a particular 



situation.

Social Behavior: Agents can interact and collaborate with other users so as to help 
them to achieve their goals. 

2 Genetic Algorithms

Genetic Algorithms (GAs) were proposed by Holland [3], inspired by the concepts of 
evolution and natural selection [3]. In nature, the population of a species evolves 
according to principles of natural selection, of the “Survival of the fittest”. 
Accordingly, the characteristics of an individual which is fit (good) are most likely to 
be passed to the next generation than the characteristics of an unfit individual. Genetic 
Algorithm [5] attempts to simulate the natures’ theory. The algorithm supports a 
population of individuals, each one representing a possible solution to the problem of 
interest. Genetic algorithm is the most widely used random search technique.  A 
genetic algorithm [3][5] is a domain – independent global search technique where 
elements in a given set of population are randomly combined until the termination 
criteria is satisfied. Population is evolved iteratively in order to improve the quality of 
the population. Initially the population is generated and with each generation a new 
set of solutions is generated by applying the three basic operators. The process is done 
by three important operators’ i.e selection, crossover and mutation. Crossover is one 
of the most important operators of GA as it explores new search space by 
recombining existing elements of the space [5]. Mutation introduces new search 
elements that were not found in existing solutions.

3 Implementation of Intelligent agent and genetic algorithm to e-
Learning

Intelligent agents – the so called e-assistants or helper programs - can sit inside a 
computer and make the learning in e-learning in finances happen dynamically to suit 
the need of the user. They would basically help in extracting knowledge relevant to 
the user from the available information. The supply and demand equation of the 
information market has changed. Today the information market is dominated by the 
demand for information rather than the supply of information as in the earlier days 
[10]. Similarly, the e-learning modules which were supplier-based earlier can give the 
end-user a more competitive edge in the global market by becoming demand-based. 
Intelligent agents can play a major role in making e-learning demand-based.

Intelligent agents can customize the content of e-learning according to user’s 
knowledge and skill. It can trap the user’s likes and dislikes in various areas, the level 
of knowledge and the learning style and accordingly provide the information 
dynamically [11].

A dedicated e-learning portal can be built with multi-agent technology which 
would be responsible for finding the best possible match for the given demand of 



requirements. This portal would result in efficient search in a user-friendly 
environment. The agent based e-learning system [12] would be responsible for:
 Suitable matching of supply to demand of information. 
 Re-matching the previous match dynamically as and when the supply/demand 

scenario changes
 Continuing the matching process until the best match is achieved or the time 

specified for the search runs out.  
The agents could act as search engines and retrieve user-beneficial information from 
the Internet based on which the e-learning module of the user could be made more 
interesting and interactive. The content would thus change according to the different 
user-learning styles. The progress at each level would be judged and accordingly more 
and more information would be provided. A database could be used to store the 
knowledge. Figure-1 shows a proposed model below which shows how Intelligent 
agents can be used for effective e-learning.

Learner

Open Forum

Open Forum Agent

Instructor Agent

Instructor Content Agent

Learner Agent Learner Database Database

Figure 1: Intelligent agents in e-learning

The different actors in this model are:
Learner- The learner gets the contents related to the subject with the help of Content 
agent. If there is any query, the actor (Learner) can post the query in the “Open 
Forum”. 
Open Forum Agent- Open Forum agent will parse the query and analyze it. If it is a 
proper query then it searches the database based on the tokens. If the answer is found 
then it sends it back to learner. At the same time it interacts with the Learner agent to 
store the query and the result of the query in the Learner Database. If the result based 
on the tokens is not found, the query is sent back to the “Instructor”. 
Instructor-The Instructor has to send the information with the help of the Instructor 
Agent to the Learner regarding the query. The Instructor gets the details about the 
learner with the help of Learner agent.
Learner Agent- Learner agent stores the activities of a Learner as well as the query 
and the result in the Learner Database. 
Content Agent- The Content agent takes the request from the Learner and also gets 
the details of the Learner from the Learner agent and then gives the content of the 
specific subject to the Learner based on his level of knowledge [13]. 



In this approach, the content agent search for the solution in the database. To 
optimize the search genetic algorithms are used. The life cycle of the knowledge 
based genetic algorithm for database as shown in Figure 2. An important fact with 
respect to e- learning is the ability of modifying the content in such a manner that the 
outcome can fit the learner’s conditions.

The criteria for effectiveness of the solution are the time and the quality of 
the solution. The quality of the solution is improved by learner agent. The search is 
optimized by applying GA. 

This will be an intelligent question answering system. The user or the learner 
will be able to get the required information asked for and the agents will reply the 
information according to the ability or understandability of the user or learner. 

3.1 Why Genetic Algorithms?

The Genetic Algorithm will surpass their traditional cousins for robustness because 
GA is different in fundamental ways. 

 GA searches from population and not from single point.

 Use of Objective functions

 GA uses probabilistic transition rules

 The use of Genetic Algorithm will optimize the search and the required 
information will be retrieved in shorter period of time. 

3.2 Parameters of Genetic Algorithm

The two basic operators used are Cross over and Mutation. The cross over has a 
probability of sticking in the local minima so the mutation is performed so as to 
change the population. 

Cross over
Cross over select the genes from the parent chromosome and create new offsprings. 
The easiest way to perform crossover is to choose randomly some crossover point and 
everything before this point copy from first parent and then everything after a cross 
over point copy from the second parent. The rate of crossover should be as high as 
85%.

Mutation
The mutation is performed after the crossover and it avoids the possibility of solution 
getting stuck in the local optimum. Mutation is performed by changing randomly bits 
from 1 to 0 or 0 to 1. Mutation rate should be as low as 1%.

The life cycle of the genetic algorithm for the initial population 
chromosomes P using the fitness function and selection operator it chooses the subset 
of the chromosomes that is optimal for the moment. Then the process follows a 
iterative process by applying crossover and mutation operators unless the termination 



criteria is satisfied. Let R= {R1, R2……..Rn} is a set of contents or resources. We 
will relate a collection of X=(KR) set of key words i.e KR is a set of keywords in R1. 
The Learner agent will update the database with the learning ability of the learner. To 
search for the query given by the learner the database needs to be searched for the 
matching keyword. The components of the GA, presenting for optimal search from 
database [7].
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Figure 2: Lifecycle of the Knowledge based genetic algorithm for e- learning

The initial population is created by GA. The elements from the population 
(chromosomes) encode teaching resources. The important operator of GA is crossover 
operator. This operation creates new chromosomes via the crossing over operation. 
Select two chromosomes based on the fitness of the chromosome. Let we get two
chromosomes C1 and C2, crossing breaks them in some points and get C11,C111 and 
C21C211 parts of those chromosomes. Then two new chromosomes are created Cs= 
C11C211and Ck = C21C111. The Pseudo code [10] for genetic algorithm for 
knowledge base is shown in Figure 3.



The process can be repeated until the best match resources or most effective 
chromosomes are obtained.

Begin /* genetic Algorithn*/
Create initial random population of 
resources R1,R2…
compute fitness of each individual

WHILE  Not finished Do 
Begin/*produce new population*/

FOR  (population size / 2) DO 
Begin 

IF Set of keywords K1 = No match THEN
selection of the two chromosome
(resourse) from the
population is made via roulette

operator selection for the 
recombintion of the
existing chromosome to create new 
generation offsprings

offsprings are inserted in the new 
generation
End

If  Match = Found or population = 
converges then
Finished
End
End

Figure 3 Pseudo code   for a genetic algorithm for knowledge Base

4 Case Study

The experiments shows that if there were 15 set of keywords and the initial population 
generated is 300 then  the best result is obtained at  198th generation. The suggested 
approach can be used for e-learning. This approach helps the learner to get the 
resources or content according to his/her ability and the results are found in possible 
short time. Learner agent stores the queries of the learner in a database and the 
contents that are searched using genetic algorithm from the database helps the learner 
to get the quality resources. 

5 Conclusions

Implementing agents and GA in e-learning will make the learning process more 
dynamic. It will lead to a revolution in the education world. The issue that we 
presented in the paper is to construct the resources in such a way that solutions 
obtained are useful for the learner. The GA will work better and the learners will get 
knowledge of demand within short period of time [7]. However, by our experience we 
feel that this will act like a catalyst to the learning world in the industry.



6 Disclaimer

The author(s) of this paper gratefully acknowledge Accenture for their encouragement 
in the development of this paper. The information contained in this document 
represents the view of the author(s) and the company is not liable to any party for any 
direct/indirect consequential damage. 

7 References

1. Quesenbery and Whitney: The Logic Underlying the Intelligent Technologies Used in 
Performance Support. Technical Communication. Nov2002. Vol. 49 Issue 4. p449. 
9p. 1 chart. 1 diagram; (AN 7685560).

2. Deshar-nais  P  and Radhakrishnan J: Exploring agent support at the user interface in 
e-commerce applications.  International Journal on Digital Libraries. 2002.  Vol. 3 
Issue 4. p284, 7p; (AN 6688344)

3. Xu Y and Vukovich G: A Fuzzy genetic Algorithm with Effective search and 
Optimization.  International joint conference on neural networks 1993. p. 2967-2970. 

4. VIRTUALLY HELPFUL. Telephony, 2/11/2002, Vol. 242 Issue 6, p56, 1p, 2bw; 
(AN 6128484)

5. Yi-wen Z and Jian-gang Y: A hybrid genetic Algorithm with Lamarckian Indiviual 
learning for tasks scheduling. Man and Cybernetics. 2004 IEEE International 
Conference on
Volume 4. 10-13 Oct. 2004 Page(s):3343 - 3348 vol.4 2004.

6. Hu Y and Yang  S.X: A Knowledge based genetic algorithm for path planning of a 
mobile robot.  IEEE International conference on Robotics & automation New 
Orleans. LA – April 2004.

7. Culver E.R.S. and Hackos J.T: Perry's Model of Intellectual Development.  
Education, 72, 221-226 (1982). 

8. Hovakimyan A, Sargsyan S and Barkhoudaryan S: Genetic Algorithm and the 
problem of getting knowledge in e-learning systems. IEEE International conference 
on Advanced learning Technologies (ICAL T’04) IEEE Computer Society. 2004 0-
7695-2181-9.

9. E- learning in the new economy : http://www.linezine.com/elearning.htm

10. White S: Enhancing Knowledge Acquisition with constraint technology. Thesis 
degree of doctor of philosophy by. Department of Computing Science at university of 
Aberdeen. 

11. Intelligent Software Agents on the Internet : 
http://www.firstmonday.dk/issues/issue2_3/ch_123/

12. Zhang T..Z,  Fu Y.G and Shen  N.M: Improve questions& Answers  system by 
applying genetic algorithm. Third international conference on machine learning and 
cybernetics. 26-29. 2004

13. Virtual learning http://www.brunel.ac.uk/depts/cs/research/madira/collab.htm

14. Genetic algorithm :          http://www.icce2001.org
15. Agarwal R, Deo A and Das S: From Education to Learning: A paradigm shift. Journal 

on Excellence in College Teaching. 2003.



Possibilities of fuzzy neuron networks in  soft expert 
system 

Nadezhda G. Yarushkina 
Ulyanovsk State Technical University 

Severny Venets str. 32, 432027 Ulyanovsk, Russia 
jng@ulstu.ru 

Abstract. Relied upon Zadeh’s soft computing methodology, an integration of 
the expert system and the fuzzy neuron networks is presented. It is considered 
as a new approach to development the architecture of Soft Expert System. This 
paper is devoted to analysis of Fuzzy Neural Networks (FNN) with Genetic 
Tuning of parameters. The possibilities of FNN are considered for solving of 
basic and applied problems. That example is Data Miner for Relational Data 
Base in Soft Expert System for Performance Assessment  

Keywords. Fuzzy sets and systems, Fuzzy Neural Network, fuzzy data base, 
complex system, expert system, multi-criterion choice, soft computing, Data 
Mining 

 

1. Introduction 

 
eBusiness is becoming an ever-increasingly complex activity involving numerous 
software tools, communication/transformation of data and collaboration among 
enterprises within a corporation.  Among the new tasks that have appeared, assessing 
the performance of an enterprise involved in a large-scale collaboration in all phases 
of activity seems to hold the lead. The past decade has witnessed an obvious 
proliferation of software tools available for business managers and assessors such as 
knowledge bases, expert systems, rule-based dynamics analysis tools, decision 
making and support systems, cost estimation tools and others [1-8]. While this has 
resulted in greater accuracy and finer detail in the level of estimation, it also added to 
the complexity of the process overall. The mere existence of and local improvements 
in these individual analysis tools does not mean that they increase the productivity 
and efficiency of the business; in fact, the opposite may very well be true at a stage. 
The reason for this is that different tools are based on different principles. Moreover, 
they use different types of data: crisp or fuzzy, qualitative or quantitative. The 
multiplicity of ill-matched tools, heterogeneous data and polytypic approaches puts 
obstacles in the way of placing eBusiness on a broad footing. This reflects the well-
known principle of uncertainty by Lotfi Zadeh. According to this principle, accuracy 
and meaning start to conflict since some point of analysis [9]. The problem becomes 
even more overbearing if part of the assessing process involves contributions from 



partner teams in geographically disparate locations. Under conditions of geographical 
remoteness, lack of coordination is observed, firewalls create communication barriers, 
security is seen as a matter of utmost concern, and data transfer among tools becomes 
cumbersome and error-prone. 
Considering all of these obstacles, eBusiness leadership and partnership, as well as 
isolated managers, auditors, performance assessors and consulting experts, are now 
keenly expecting to be provided with software tools that are intuitive, are easy to use, 
and that can interact with other tools involved in the process fairly seamlessly. The 
solution is not more or even better assessment tools – the solution is a framework that 
provides a solid foundation for overcoming these problems by combining different 
approaches, tools and technologies within a unified web based assessment 
environment. 
The theoretical grounds for such solution have been prepared by many works in the 
field of fuzzy sets and systems [10], [11], decision analysis [12] and analytical 
planning [13]. On the other hand, recent technological advancements enable 
noticeable improvements in distributed computing and have made it feasible to 
construct new web-enabled environments such as FIPER [14] and the Globus Toolkit 
[15] providing a standard way for companies to publish their services for common 
use. 
Recognizing the need for the aforementioned framework, Ulyanovsk State Technical 
University has teamed with Ulyanovsk State University, Russian Association of 
Artificial Intelligence, and a group of Volga Region enterprises in a three-year 
collaborative effort to develop a Component-based Integration Environment 
(COMBINE), a project sponsored by the Administration of Ulyanovsk City and partly 
by Russian Foundation for Basic Research (RFBR). The COMBINE joint venture 
team is well into its second year of work, with the various team members and 
additional sub-contractors, investigating different aspects of the environment and 
components to be provided in it. The ultimate outcome of the project is a 
commercially developed and supported Component-based Integration Environment 
for Performance Assessment of a Complex Enterprise (PACE), COMBINE-for-
PACE.  The requirements for this project continue to be established as the problems 
and obstacles become more clearly understood [16]. The remainder of this paper 
provides a high-level overview of this environment including objectives, 
methodology and technology used up to this stage of work.  

2. Objectives 

For a more penetrating insight into our COMBINE-for-PACE solutions, we start from 
the very notion of and need for performance assessing. 
When several enterprises pooled to form a partnership, every partner, wishing to 
succeed in one’s business (and in their common business, as well), should (and wish 
to) be clear in one’s mind about the main issues: 
How much is one’s activity efficient? 
How much is a partner’s activity efficient? 



What further effort should be mounted to increase the outcome of one’s management 
activities and/or financial activities? 
How to ensure confidentiality while getting answers on the above questions? 
Solutions to the first and second questions mean that every partner should have a 
possibility to obtain the results of self-assessment and cross-assessment, 
correspondingly.  The COMBINE tools must take into account all the data available 
from partners concerning their activities, first of all, – management activities and 
financial activities. Solutions to the third issue imply that the tool can present some 
positive recommendations to any partner who asks for them. Lastly, solution to the 
fourth issue must fully exclude any chance for unauthorized access to the data used 
within the COMBINE. 
This interactive web-enabled consulting system has been developed to serve as a 
plug-and play framework for 
1. top managers to 

• obtain the integrated express-estimates of their management activity, as well 
as financial activity of their enterprise, at a reasonable price and 

• compare their enterprise performance indices with the mean level of the 
same indices existing over the set of all partner or similar enterprises 

in order to continually improve their managing decisions and increase the company 
income; 
2. auditing firms to 

• obtain a new sort of service that they may sell, 
• attract new clients who can wish to order a complete set of auditing and 

consulting services after having an express-estimate from the COMBINE, 
• accumulate knowledge about businesses’ state within a particular market 

segment and 
• verbalize their cumulative experience and formulate, on this basis, their own 

techniques and procedures for the enhanced performance analysis and 
assessment 

in order to increase their client network; and for 
3. any individual consulting expert to 

• automatically collect information about a market segment or business type, 
• express his/her expertise in consulting business in the form of his/her own 

inference rule base and 
• develop new components and publish them to the COMBINE Library (thus 

enlarging its capabilities) 
• to raise the level of his/her skill and his/her value as a professional within the 

consulting community. 
 
 
 

 



3. Technology description 

 
By the statement that the COMBINE is a web-based consulting service intended to 
assess the performance of a complex enterprise, we mean that the following 
technology instruments exist at an end user’s disposal: 
The IP-net supporting the base set of web services for data transfer with the unified 
numbering and routing policy under DNS. 
The allotted Web-server providing availability of hypertext documents through the 
IP-net in response on Web-client’s request. 
Fuzzy relational data server providing storage and retrieval of large scale data bases. 
The intellectual processing component viz. the above considered Soft Expert System. 
 Thus, the COMBINE is based on Client-Server technology and is 
implemented as a combination of the FRDS (viz. MS/SQL) server and Web-server. 
The main operation – assessing – is the direct responsibility of the fourth component, 
SES, organized as a toolbox for MATLAB. It uses the data from SQL server, forms 
the assessment and transfers it to the web server. The web server transforms this result 
into an HTML code and returns it to the web-client who requested for assessment. 
The soft expert system is a fuzzy expert system possessing the following features: 
For data mining, the SES uses statistical data interpreting them as the learning 
samples. 
The SES represents knowledge in the form of linguistic variables (or membership 
functions, MF), fuzzy productions and the learned neural networks. Reduction of the 
set of fuzzy productions and tuning MF and the rule base are performed with a 
Genetic Algorithm (GA). 
The SES operates as a system of interacting components. 
The expert diagnosis procedure is realized by the SES, the intellectual heart of the 
system, while the others are realized as traditional data server and WWW-server.  It is 
caused by the fact that usually the actual data available for an expert are crisp, precise 
values presented by the time series. This input information is transformed by the 
expert into the fuzzy (qualitative) conclusions, forecasts and recommendations. 
Analysis of the real-world expert conclusions shows that up to 80 % of them are 
either qualitative judgments or estimates of data trends, and only 20 % are 
recommendations.  Consequently, the workflow of expert diagnosis can be 
determined as the soft expert diagnosis procedure shown in Table 1. 



 

 

 

Table 1. Steps of the soft expert diagnosis procedure 

The name of step The name question to 
be answered at the step 

Mathematical 
approach used 

Step 1. 
Transformation of the 
crisp time series  (CTS) 
into the fuzzy time series 
(FTS), – Fuzzification 

What estimates should 
be assigned to the values 
of variables chosen to 
describe the object state? 

Theory of fuzzy 
intervals [10] 

Step 2. Estimation of 
the FTS tendencies 

What are tendencies in 
the change in variables 
describing the object 
state? 

Algebra of fuzzy 
intervals [11], neural 
networks theory  

Step 3. Forming the 
expert summary for a 
state of the object under 
analysis 

What are general terms 
that characterize the 
object as a whole? 

Fuzzy inference 
system [9], decision 
making support system 
[14] 

Step 4. Forecasting 
trend of developments 

What is the prognosis 
of developments in the 
object state? 

Neural network theory  

 

Let us characterize the main components and methodology   
Soft Expert System (SES) [12]containing: 
Fuzzy Neural Network (FNN). 
Fuzzy Relational Data Server (FRDS). 
Fuzzy Logic Inference System (FLIS). 
Genetic Algorithm (GA) for tuning parameters of FLIS and FNN [6]. 
Hierarchy Analysis Processor (HAP). 
Decision Making Support System (DMSS). 

 

4. Fuzzy neural network (FNN) as data miner in SES 

 
Fuzzy time series is generated by Fuzzificator (Fig. 1) as a series of linguistic terms 
(fuzzy labels of quality) such as: “excellent”, “good”, “adequate”, “alarming” and so 



on. The FNN transforms the FTS into the wider concepts expressing tendencies such 
as: “rise”, “decay”, “stabilization”, “fluctuation” or “chaos”. 

 

Fig.1. Integration of components in the SES 

5. Fuzzy relational data server (FRDS) 

The FRDS has been developed as a set of triggers and procedures for data server 
Oracle 8i to save membership functions, linguistic estimates and the data base 
containing fuzzy rules, crisp and fuzzy time series, and intermediate assessment 
results together with estimated states and tendencies.  Because Oracle 8i does not 
have a means to save fuzzy data, a special repository has been developed. 

6. Fuzzy logic inference system (FLIS) 

 
The FLIS is implemented as a neural network able to learn to predict behaviour of a 
FTS and by virtue of this ability, to forecast the future state of object.  Expert systems 
combining the traditional production inference mechanism and the learned neural 
networks, form the new class of expert systems called here neural expert systems 
[7,8,9]. 

 
                              
                                               Object 
                                                                                                                 Fuzzificator 
 
 
   Defuzzificator                                                               Fuzzy neural          System of 
                                         Fuzzy logic                             network (FNN)      multi-criteria 
                                         inference                                                                choice (HAP) 
                                         system (FLIS)                         Genetic       
                                                                                      algorithm (GA) 
                                                                                                                       Soft expert system 
 
 
 
 
 
 
 
 
 

Fuzzy Relational Data Server (FRDS) including: 
Rules base 
Base of membership functions 
Base of aggregation operations 



7. Developments 

In the expert systems traditionally used for economic analysis, visualization of results 
is performed by such means as verbal expert conclusions, line diagrams, histograms, 
circle diagrams, and/or three-dimensional diagrams. These traditional means of 
representing results require much time for understanding the information by the 
enterprise leader or expert economist. For this reason, it seems advisable to develop 
the Chernoff faces as an integral estimate expressed in a graphic image. 
The objects (enterprises under assessment) are usually of large dimension, i.e., their 
economic state is determined by a large number of primary economic indices 
recorded in the account books. Presently, the account balance plan includes about 90 
account types. Taking into consideration that some of the accounts are of regulation 
and control types, we can assume that there are 10-20 basic indices for enterprises 
with various forms of property and various activities. The constructive elements of the 
Chernoff faces are designed by using the images suggested earlier, which are adapted 
to special features of the enterprise economic state. 

8. Results 

At this point, the following functions and corresponding tools have been developed: 
1. Visualization of the analytical parameter diagrams. 
2. On-line formation of characteristic functions for qualitative estimates of 

economic data (the knowledge base of estimate scales). 
3. On-line formation of the knowledge base of linguistic terms (using the scale 

within the interval [0, 1]). 
4. Generating linguistic estimates of the basic economic parameter values using 

the scaling. 
5. Evaluation of linguistic estimates of the analytic parameter values based on 

fuzzy interval algebra. 
6. Generating a linguistic description of data trend diagrams and their analysis. 
7. Evaluating the state of the enterprise under performance assessment. 
8. Inference of a summary for the expert conclusion. 
9. Forecasting the values of economic variables. 

 We used the COMBINE for assessing two Stock Corporations: “Volga-
Dnepr” and “Nomatex”. The results of analysis and recommendations have proven to 
be in demand and of great business benefit. 

9. Business benefits 

Consulting services are very expensive. Of particularly high value are prices asked for 
full-scale assessment. Thus, the main benefit from the COMBINE is reduction of 
consulting costs. The benefit exists for consulting firms, too, because in one way or 



another the data server and web server exist and the COMBINE intelligent component 
is not very costly. 
The SES relies upon the knowledge base containing the rules that are based on the 
interrelations between economical indices and able to link typical business situations 
and advisable management solutions. The SES analyzes the enterprise initial data, 
establishes the critical values of indices, makes a conclusion about the effect of 
particular factors on the economic and financial result, recognizes the characteristic 
economical situations and, finally, forms recommendations for enterprise 
management. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. The example of Chernoff face 
 
As a result, the user obtains the WWW-response to his Internet-request displayed in 
the form of a conclusion-resume. To illustrate the benefits from such a service, let us 
give a fragment of the conclusion-resume formed for the public stock corporation 
“Volga-Dnepr” (Ulyanovsk). 
 “Volume of business increases at a rapid pace thus testifying that the 
turnover rising trend is stable. Average annual rate of growth of airlift tonnage was 16 
% by total flying time, considerably lower than corresponding turnover rate of 
growth.  Volume of business outside of the NIS was increasing lower than within the 
NIS.” 
 The fragment shows that the SES separates first of all the most significant 
economical indices and describes their dynamics. Next is selection of the typical 
situations for which the management actions may be recommended: 
“The Stock Corporation “Volga-Dnepr” by the end of 1992 year is a company with 
high rate of growth. Skilfully and successfully, the enterprise made the use of the 
market factors and opportunities: drew additional income from the forming rate of 
exchange and borrowed funds. However at the same time, the enterprise has made 
some errors: 
Profitability of main economic activity was weakly controlled that was a result of 
euphoria from the galloping fall in the ruble exchange. 
The inflation factors remained out of control that allowed inflation “to eat up” the 
gain obtained from the exchange rate in the second half of the year. 



Lack of attention was given to correlation between interest rate and borrowed funds 
that resulted in “eating away” up to one third of income. 
Most likely there was not posed the problem of forming the own liquid assets that led 
to the quickened crises of solvency. 
In this situation, the following steps should be taken: 
Abandon the “common stock” practice of cost-flow assumptions. 
Determine beforehand each contract payments profitability, was this a contract on air 
transport service, credit contract or otherwise.” 
In this work, the COMBINE-for-PACE team develops an advanced environment and 
middleware object-oriented components in response to the primary obstacles in 
existing individual analysis tools as described in the introduction of this paper.  It 
enables eBusiness partnership to obtain access to a novel web-based service for 
assessing the performance of a complex enterprise in order to continually improve its 
performance and increase thereby the company income.  On its merits, this rather 
complex intelligent system is placed at end-user-client’s disposal in a relatively 
simple, easy to use, form and at a reasonable price.  With the COMBINE, a new 
segment of consulting market emerges in the WWW-space as an essential factor of 
further eBusiness development. 
The ultimate outcome of the project is a commercially developed and supported 
Component-based Integration Environment for Performance Assessment of a 
Complex Enterprise (PACE), COMBINE-for-PACE. 

 
9. Conclusion 

 
Thus, the COMBINE is based on Client-Server technology and is implemented as a 
combination of the FRDS (viz. MS/SQL) server and Web-server. The main operation 
– assessing – is the direct responsibility of the main component, Soft Expert System. 
The soft expert system is a fuzzy expert system possessing the following features: 

1. For data mining, the SES uses statistical data interpreting them as the 
learning samples. 

2. The SES represents knowledge in the form of linguistic variables (or 
membership functions, MF), fuzzy productions and the learned neural 
networks. Reduction of the set of fuzzy productions and tuning MF and the 
rule base are performed with a Genetic Algorithm (GA). 

3. The SES operates as a system of interacting components. 
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Abstract. It is considered as a new approach to development the architecture of 
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1. Introduction 

Fast increase of information volumes in a concrete organization promotes 
development of the special class of program complexes — information stores 
(repositories). In such complexes the unit of processing and storage is an information 
resource. The information resource is the file or a set of files united by common 
semantics and having a text summary. The text of the summary or the text of the 
resource unambiguously reflects the semantics of this resource. Automated 
identification of semantics will allow publishers not to think of which categories to 
publish the resource in. And users do not become hostages of experts and publishers 
subjectivity. Clusterisation automation generates the index allowing to realize various 
kinds of search, including browsing by categories. This accelerates search from the 
side of store users. 
The basic functions of the information store are: 

1. storage of information resources; 
2. ensuring of access to resources from workplaces; 
3. ensuring the possibility of publication of new resources; 
4. the possibility of search of necessary resources by certain criteria. 

 



 

2. Basic functions of ISMS 

 
Use of a corporate file-server as the store of various electronic documentation can be 
the most simple example. In this case, storage of a resource is carried out on the file 
system of the server. Access from workplaces is organized through access by ftp-, 
http-, or smb-protocols in a local area network. The publication is done by loading 
file/files to the server under the same protocols. Search of the necessary resource is 
carried out as a usual travel round catalogues of the file-server. At first sight, this is a 
very cheap, convenient and simple decision. But it is convenient and cheap only till 
the certain sizes. The above mentioned set of functions of an information store does 
not take into account several facts which are not plain and always remain in the 
background. 
Let us consider the problem more in detail. The structure of catalogues reflects the 
structure of categories of the information being stored. So, the problem of placing a 
resource in catalogues is the problem of a resource classification. The following 
questions must be solved during classification of a resource. Firstly, the tree of 
categories must be made. In our case, this catalog tree on the file-server is made by 
the group of publishers. Secondly, it is required to determine to which of these 
categories a resource corresponds most of all. The result of classification and, 
therefore, of subsequent search of the resource directly depends on the decision of 
these questions. But the result of the decision of these questions strongly depends on 
subjective representations of an expert about an object field. In case of independent 
publication of resources of one object field by different people, they can appear in 
different categories. Besides, these representations, even of the same person, can vary 
eventually. This will unavoidably affect quality and speed of search of the necessary 
resource by an end user. Thus, we cannot rely upon subjectivity of a person when we 
are talking about a large information store with great volumes of incoming resources. 
Some unified representation about the conformity of resources with the tree of 
categories is necessary. 

 

3. Fuzzy clusterization on base Kohonen NN 

 
The being offered decision of the problem of the tree of categories construction is the 
machine clusterisation of resources [1,3,4]. When clustering we rely upon the 
hypothesis that the semantic content of a text can be taken from the statistical 
distribution of words. That is, we can determine its semantics by frequency 
distribution of the words making the text of a resource (or a summary). According to 



this supposition clusterisation is based on the data of the frequency analysis of the 
text. The process of the frequency analysis is connected with the morphological 
analysis of the words making the text. In this process all word forms of one word 
should be taken into account as one word to lower noise on inputs of a network. The 
mechanism of stemming is applied for this. This mechanism is the formal isolation of 
the stem of a word — the stable, graphically constant by declination and conjugation 
part of a word. Further, being based on results of the frequency analysis, the neural 
network of Kohonen is constructed, which, actually, carries out resources 
clusterisation . Relative frequencies of occurrence of key words on each resource are 
applied to inputs of the network. The network is trained on algorithm "the winner 
receives all". Outputs of the network correspond to the list of categories. The network 
can be considered to be trained after the termination of processing of all resources. An 
expert has to name clusters formed by the neural network for completion of the tree of 
categories construction. By this he can base on sets of key words and resources 
related by the network to the given category. 
After clusterisation the problem of resources publication is solved by the same 
network. It is switched to the classifier mode and the function of activation most 
appropriate for the problem is chosen. Incoming resources pass stemming and the 
frequency analysis. The results of the frequency analysis are applied to inputs of the 
network. It is possible to make the decision on belonging of the resource to categories 
by the state of outputs of the network. 
Thus, we relieve publishers and experts of the work on creation of the tree of 
categories and making the decision on the publication of a resource. The question 
"Where to publish a resource" is solved. 
Increase of volumes of the designing information stored in an electronic form 
demands development of means of necessary resources search. The following kinds 
of search are usually used: 

1. usual text search by sub-line with some patterns; 
2. the search taking into account language morphology; 
3. fuzzy search; 
4. browsing by categories-catalogues. 

Having great volumes and semantic heterogeneity of the stored information the search 
by sub-line with patterns and the morphological search are not enough. Precise search 
with set criteria is replaced by so-called "fuzzy search" allowing to specify inexact 
values of search criteria. But frequently there is no possibility to formulate precisely 
search criteria. It is only known that a resource may belong to certain (general 
enough) categories. In that case, the search by categories as the simple choice of the 
category from a tree with browsing all resources filling it happens to be much more 
convenient. Though this kind of search is historically the oldest, so far it has no 
developed standards for automated means for index construction. 
The automated indexing of information resources for the subsequent search as 
browsing by categories demands creation of a special kind of an index. The index 
should reflect the structure of categories and their interconnection with information 
resources. The special format of the index satisfying these requirements has been 
developed by us. In it the structure of categories and their interconnection with 
information resources will be implicitly contained in the weights matrix of the neural 
network. Relative frequencies (FR) are computed by the results of stemming and the 



frequency analysis of the text making a resource. The neural network in the index is 
the neural network of Kohonen trained in the process of resources clusterisation. That 
is, the process of resources clusterisation also gives us the unique by opportunities 
index. On the basis of this index we can carry out all above described kinds of search, 
including browsing, as well as combine them. For example, it is possible to enable to 
carry out text-through fuzzy search only in certain categories. 
By subsequent increase of volumes of the information incoming to the store, the 
situation when the current tree of categories will not cover all incoming resources any 
more may occur. The symptoms of such situation will be appearing of resources 
which do not belong to any category, or, on the contrary, which belong to a large 
number of categories. In this case reconstruction of the tree of categories taking into 
account new resources have come in is required. That is, repeated clusterisation of all 
the volume of resources with subsequent repeated naming of received clusters. 

1. The information repository can construct the tree of categories for resources 
stored in it itself and carry resources along the tree. Now experts' time is only 
required to name obtained clusters on the base of lists of key words and 
resources related to the given category. 

2. The repository decides itself which category this or that resource to relate to. 
This allows publishers not to think of which categories to publish a resource 
in. And users do not become hostages of experts and publishers subjectivity. 

3. Clusterisation automation generates the index allowing to realize various 
kinds of search, including browsing by categories. It accelerates search on 
the side of store users. 

4. The store looks after urgency of the tree of categories itself. By 
nonconformity of the tree of categories with incoming resources, that is by 
impossibility to classify a resource correctly, the store must make the 
decision about reclusterisation. 

Thus, the basic result of the project will be the intelligent information store, including 
except type functions a number of extended functions, namely: 

1. import of resources already available; 
2. available resources clusterisation with the purpose of making the tree of 

categories; 
3. incoming resources processing, that is performance of classification of 

incoming resources and their publication in corresponding categories; 
4. the possibility of text-through and fuzzy search of resources in texts, the 

possibility of search by the tree of categories; 
5. looking after the tree of categories so that it always covers incoming 

resources (so that there were no resources not corresponding to some 
category, or, on the contrary, corresponding to all categories). 

Efficiency of realization of the project can be easily measured in such a way. By 
construction of documents classification systems, the basic quality criterion is the 
relative quantities of documents correctly related to the category. It is supposed that 
realization of the project will allow to reach more than 90 per cent correct 
classifications. 
 



4. Conclusion 

 
The basic result of the FNN-based Data Store project is the intelligent information 
store, including except type functions a number of extended functions, namely: import 
of resources already available; available resources clusterisation with the purpose of 
making the tree of categories; incoming resources processing, that is performance of 
classification of incoming resources and their publication in corresponding categories; 
the possibility of text-through and fuzzy search of resources in texts, the possibility of 
search by the tree of categories; looking after the tree of categories so that it always 
covers incoming resources (so that there were no resources not corresponding to some 
category, or, on the contrary, corresponding to all categories). The neural network in 
the index is the neural network of Kohonen trained in the process of resources 
clusterisation [6, 7, 8, 9]. 
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Abstract. This paper offers a neural network that performs nonlinear constrained
optimization. It can also be used in data compression and in extraction of princi-
pal components. As an economic application of the neural network, the task of
portfolio optimization was chosen.

 1. Architecture of Neural Network

Here we consider two neural networks. The first network performs unconstrained
optimization. The second one is employed when constrained optimization is required.
     Architecture of AKM Neural Network. Let�s consider a network [4], [5] that consists

of n neurons with weight vectors ( ) niwwW
T

ikii
,...,1,,...,

1
== . In fig.1. 3=n .

Fig. 1.  Architecture of AKM Neural Network

     The network computes the distances between the weight vectors of its neurons. The
number of output signals of each neuron equals to the number of neurons in the
network.

Algorithm of the network�s functioning.



1. Each neuron computes the distances between its weight vector and the weight vec-
tors of other neurons in the network.

2. Computed outputs 
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3. Weight vectors are updated according to the following learning rule
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As a result, the closest to R  matrix /R  is constructed.
     Architecture of Neural Network for Constrained Optimization (NNCO). To con-

struct NNCO, the outward signals ( ) NpxxX
T

pkpp
,1,,...,

1
==  are attached to the

inputs of AKM neural network (fig.2.)

Fig. 2. Architecture of NNCO
Algorithm of the network�s functioning.

1. The outward signals NpX
p

,1, =  are processed: 
jp

p

j
WXout o= .

2. The signals niW
i

,1, =  from other neurons are processed: jiij
WW o=/ρ .

Vector operation ( o ) depends on the task to be performed. Below we consider some
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tasks that employ NNCO.

2. The training algorithm for NNCO

To train AKM neural network a gradient descent technique is used. In case of training
of NNCO we deal with constrained optimization. Here we consider some mathematical
issues related to NNCO training process.

     Let�s there is a decreasing sequence { }
i

β  (∑
∞

=
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1n

n
β , ∑

∞

=

∞<
1

2

n

n
β ). Then the

minimum of the function )()1()()( WGWFWL
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                                                      )(min WF (1)

                                                      0)( =WG  (2)

under the following conditions:

)(WG , )(WF  are convex, continuous and bounded below; their first derivatives are

continuous functions;

The first derivative of )(WF  is bounded.

    To find a solution to (1)-(2) the following formula is used 
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under the following conditions:

)(WG , )(WF  are convex, continuous and bounded below; also, their first derivatives

are continuous functions;

The first derivative of )(WF  is bounded.

     To find a solution of (3)-(4) the following formula is used 
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3. Applications

Principal Component Analysis

    A neural network approach to extraction of the principal component was first
suggested by Oja [2]. Afterwards Sanger [1] developed a learning rule to extract all
components from data distribution. According to Sanger�s learning rule the weight

vector of the thl −  neuron (
j

W ) is updated as follows )()()1( tWtWtW p
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of the thl −  neuron.
The rule performs the extraction of components sequentially, i.e. the first neuron is

trained (the first (principal) component is extracted), the second neuron is trained (the
second component is extracted) etc.

NNCO can also be used in feature extraction. According to derived earlier learning
rules the objective function and constraints must be constructed. According to Hebbian
model 0, the objective function is as follows

                                           ( ) max)(
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il WXWF

It is known that neuron trained by Hebbian learning rule maximizes the scalar product
of input vectors and weight vector of the neuron. As a result, the weight vector tends to
principal component.
     Normalization of weight vectors and their mutual orthogonality are constraints

iWW
ii

∀= ,1 , jiWW
ji

≠= ,0 .

    The function to be minimized by the thl −  neuron (extraction of the thl −  compo-
nent) can be written as

( ) ( ) ( )















+−−−= ∑∑

≠
==

n

lj
j

j

T

ll

T

l

N

i

l

T

il
WWWWWXWL

1

22

1

2

1)1()( ββ .

    The algorithm of the network�s functioning during the extraction of the thl −
component.

1. The network processes outward signal NpX
p

,1, =  . The scalar product of outward

signal and weight vector is calculated: l

T

p

p

l
WXout = .



2. The signals niW
i

,1, =  from other neurons are processed. The scalar products of

weight vectors are calculated: njiWW
j

T

iij
,1,,/ ==ρ .

3. Computed at step 2 matrix /R is compared with the matrix of desirable outputs R
(unity matrix).

4. The weight vector of the thl −  neuron is updated according to the following

formula 
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    The network is trained on-line, i.e. the weight vectors are changed after each sample

NpX
p

,1, =  is presented to the network.

Objects� Classification

    Here we consider objects� classification performed by NNCO [5]. Let�s assume that

there are samples NiX i ,1, =  and an object W  that requires to be classified (object)

to one of the samples. Figure 4 illustrates a particular case of this classification.

Fig. 3. Illustration of classification
According to the task the objective function to be minimized by NNCO can be written

as ( )∑∑∑
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The algorithm of the network�s functioning.



The network processes outward signals niX
i

,1, =  (signal niX
i

,1, =  is presented to

the neuron with weight vector niW
i

,1, = ).

The signals niW
i

,1, =  from other neurons are processed. The network computes the

square distances between weight vectors of its neurons: njiWW
jiij

,1,,
2

/ =−=ρ .

Computed at step 2 matrix /R is compared with the matrix of desirable outputs R (the
matrix of initial distances between object�s vectors).

The weight vector of the thl −  neuron is updated according to the following formula
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The network is trained off-line, i.e. the weight vectors are changed after all samples

NpX
p

,1, =  are presented to the network.

It�s worth noting that NNCO can be employed in many other economic tasks that
require constrained optimization. That�s why, it seems possible to use it in portfolio
optimization.

Conclusion

Suggested neural network performs the tasks that require constrained optimization.
Presented learning algorithm is used in extraction of principal components and in ob-
jects� classification.
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Abstract. The paper considers the problem of information security (IS) risks 
assessment and analysis in the case of both qualitative and quantitative risk fac-
tors are presence based on analytic hierarchy process (AHP) and fuzzy AHP. 
We constructed in paper 3-level hierarchies for assess impact levels from real-
ized the threats. We also constructed 6-levels hierarchies for assess likelihood 
of realizing some threats and impact levels of its realizing. 

 
Information security risk is a function of the likelihood of a given threat-sources’s 
exercising a particular potential vulnerability, and the resulting impact of that adverse 
event on the organization [4]. 

There are two basic approaches to the information security risks assessment – two-
factor and three-factor. According to the two-factor approach, the information secu-
rity risk assess by the formula (1), according to the three-factor approach – by the 
formula (2). 

RISK=Pincident*IMPACT (1) 

RISK=Pthreat*Pvulnerability* IMPACT (2) 

where Pincident – possibility of realizing some information security incident, Pthreat – 
possibility of realizing the threat, Pvulnerability – possibility of exercising the vulnerabil-
ity, making possible realizing the threat, IMPACT– resulting impact value of adverse 
event on the organization. 

Methodological  aspects of information security risks managment is consider in 
such manuals, guides and standards as CRAMM, NIST SP 800-30, OCTAVE, 
COBIT and etc. But these documents don’t consider as a rule mathematic models of 
risks managment and its relevant assessment. Investigation such kind of models have 
considerable actuality. 

The main difficulty on the stage of information security risks assessment is that ne-
cessity adequate assessment of risks factors in (1) and (2) – Pincident, Pthreat, Pvulnerability, 
impact level. In practice these factors as a rule assess by experts. These factors as-
sessment needs to provide the following requirements. 

1. It’s necessary to take into consideration oblique qualitative factors, not having 
elementary measurable features. 

mailto:anikinigor@evm.kstu-kai.ru


2. It’s necessary to take into attention the model of intruder into procedures of risks 
factors assessment. We must consider its aims, motives, restrained factors. 

3. It’s necessary to provide relevance and consistency of risk factors assessments. 
4. It’s desire to form the end risks assessments in quantitative form for possibility 

to use well known analytical procedures to proceed risk values. 
The necessity of simultaneous satisfaction above enumerated requirements don’t 

let effectively use well known quantitative approaches to assess risk factors (like Del-
phi method) and qualitative methods based on introduction of qualitative scales and 
risk matrixes. We may to decide this problem with using Analytic Hierarchies Process 
(AHP) and fuzzy AHP for the risks factors assessment. 

Analytic Hierarchies Process 

The AHP was developed by T. Saaty [1] and has been identified as an important ap-
proach to multi-criteria decision-making problems of choice and prioritization. The 
main idea of AHP lie in the building multilevel hierarchy by decomposing complex 
problem or goal target into the more simple composite elements, factors, subtargets, 
that impacts on the goal, its allocation on certain levels of hierarchy, and identifica-
tion the influence level between them. Next, the central question is being examined in 
AHP: how much influence the particular elements of the bottommost level of hierar-
chy on its top (goal target). For getting the answer on this question on each level of 
hierarchy (except topmost) the expert make all possible elements pair comparisons by 
its preferences to targets more high level of hierarchy on the qualitative scale from 9 
point, offered by T.Saaty.  

Let’s consider the task of prioritization information security (IS) threats on the re-
sulting impact value by their realization. We will use the following IS threats from IT 
Baseline Protection Manual catalogue (Table 1). 

Table 1. The set of threats (from threats catalogue IT BPM) 

T.1.4. Fire T. 5.9. Unauthorized use of IT sys-
tems 

T.4.1. Disruption of power supply T 3.2. Negligent destruction of equip-
ment or data 

T.5.23. Computer viruses T.3.36. Misinterpretation of events 
T.5.4. Theft T.4.22. Software vulnerabilities or er-

rors 
T.2.62. Inappropriate handling of secu-

rity incidents 
T.5.69. Higher risk of theft from a 

working place at home 
T.3.6. Hazards posed by cleaning staff 

or outside staff 
 

We will use the following factors of resulting impact of these threats on some in-
formation asset. 

1. K1 = «Confidentially violation» 
2. K2 = «Integrity violation». 
3. K3 = «Availability violation». 



4. K4 = «Destruction of information asset». 
Hierarchy corresponding to this task represented on the figure 1. 

 

Fig. 1. Hierarchy of impact level of realizing the threat 

On the results of pair comparsions the second level criterions of hierarchy were 
evaluated its priorities. They represented in table 2. 

Table 2. Criterions priorities 

Criterions Weight 
Confidentially violation 0,0645694 

Integrity violation 0,5478897 
Availability violation 0,2403545 

Destruction of information asset 0,1471864 
Results of calculation the total priorities of treats and priority index represented in 

table 3. 
Building and analysis hierarchy of many levels for risk factors assessment is possi-

ble. These hierarchies let include to themselves models of intruder, motives of his 
beheiviour, his politics, restrainig factors. It’s their great advantage. We have built the 
example of sixlevel hierarchy for assessment the possibility of realizing 8 threats, that 
represented on the figure 2. On the figure 3 hierarchy for assessment the impact level 
from realizing threats have represented. Have calculated the priorities of alternatives, 
which determined possibilities from realizing threats on one of the hierarchies, impact 
level on the another hierarchy and find their composition, we’ll get the quantitative 
assessment of  IS risks value. 

 
 
 



Table 3. Results of calculation the total priorities of threats 

Threat 
ID 

Threats 
priorities 

for the 
«Confi-

dentially 
violation» 

Threats 
priorities 

for the 
«Integ-

rity viola-
tion» 

Threats 
priorities 

for the 
«Avail-
ability 

violation» 

Threats 
priorities 

for the «De-
struction of 
information 

asset» 

Total 
threats 
priori-

ties 

Prio-
rity 

index 

T.1.4. 0,0213105 0,3287222 0,2864647 0,2708314 0,304994 1 
T.5.9. 0,2504948 0,0908009 0,1130992 0,0551396 0,096552 4 
T.4.1. 0,0213105 0,0366213 0,0217385 0,035262 0,032612 8 
T.3.2. 0,0213105 0,0559718 0,078117 0,0897835 0,067701 7 
T.5.23 0,0761002 0,0908009 0,0502552 0,0897835 0,087619 5 
T.3.36 0,0330271 0,0239192 0,0330406 0,035262 0,027613 9 
T.5.4 0,1947716 0,0908009 0,2104532 0,1982236 0,134422 2 
T.4.22 0,0761002 0,0908009 0,0502552 0,0897835 0,078226 6 
T.2.62 0,0493015 0,1437237 0,1130992 0,0897835 0,124057 3 
T.5.69 0,1781563 0,0239192 0,0217385 0,0230737 0,023102 10 
T.3.6 0,0781167 0,0239192 0,0217385 0,0230737 0,023102 10 

 
Fig. 2. Hierarchy of possibilities from realizing threats 
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Fig. 3. Impact level hierarchy from realizing the threat 

AHP in the task of building questionnaire for assessment 
possibilities of realizing threats and vulnerabilities 

We solve the task of building questionnairies in the paper (analogous to well-known 
one from psychology) for assessment possibility of realizing threats. Questionnairies 
like this showed its high effect in CRAMM standard [5] on the stage of risks assess-
ment. These questionnairies contain list of questions with variants of answers for 
them. Choosing some answer get some points to overall sum. Analysis the overall 



number of points (sum), after answering on all questions of the test, let determine the 
possibility of realizing the threat, taking on the qualitative scale (for example, low, 
middle, high, very high). 

One of the problems in building that kind of questionnaires is the necessity of defi-
nite proof of points belonging on each answering question. Often these points define 
subjective by experts, but this approach couldn’t be proved and defined points might 
be call a question. 

For define proof of points belonging on each answering question, we used AHP. 
We suggested three-level hierarchy shown on the figure 4, which analysis let solve 
this task. 

This hierarchy include following levels: 
1. Focus of the problem.  
2. Names of questions (Factors, influense on possibility of realizing threat (vulner-

ability)). 
3. Answers on the questions. 

 
 

Fig. 4. Hierarchy the questionnaire 

Weights of connections between levels 1-2 of hierarchy determine overall volume 
of points that belonging to the questions. Weights of connections between levels 2-3 
determine the distribution of points between the answers of the question. 

On the figure 5 shown the example of hierarchy for the assessment possibility of 
realizing threat «Masquerade» by the factors, proposed for it in the CRAMM method. 
Analysis this hierarchy and comparison getting points with points, represented in the 
CRAMM method, let make conclusions about more high exactness of our approach. 

Analogous to this approach may be used for building questionnaires for assessment 
impact value, caused by realizing the threat. This kind of approach may be used for 
building methodic of information assets categorization into security levels. 



Possibility of masquerade

 

Fig. 5. Hierarchy the questionnaire for the assessment possibility for realizing the threat  «Mas-
querade» 

 

Fuzzy AHP and its application for information security risks 
assessment 

The main deficiency of investigated approaches for information security risks assess-
ment appear that the AHP usage is difficult, when expert have uncertainty in pair 
comparison or variations individual  pair comparison by making group decisions. 

In this case the result of pair comparison of elements Ci and Cj more prefer formed 
as fuzzy numbers , with membership function in triangle form, for example [2,3].  

ija~

In this case we’ll get fuzzy matrix of pair comparisons. 
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Further we culculate fuzzy priorities iw~  of investigate elements in a following 

way: 

( ) n/
iniii a~...a~a~Z~ 1

21 ⊗⊗⊗=  

( )nii Z~....Z~Z~/Z~w~ ⊕⊕⊕= 11  

So all considered methods for information security risks assessment might be gen-
eralized on the fuzzy level. This approach is more prefer when expert have uncer-
tainty in pair comparison or variations individual  pair comparison by making group 
decisions. 

Conclusion 

Preference of usage AHP for information security risks assessment conclude in possi-
bility of include models of intruder into the process of risk assessment, get assess-
ments of qualitative criterions in quantitative form. AHP is effective for decision the 
problems, where it’s difficult to gather objective data and leading motives for making 
decisions appear subjective preferences of peoples. The main difficulties of using 
AHP appear in the big excess leading comparisons and also absence formal methods 
of decompositions the system for hierarchy building. In general case AHP is difficult 
to use for analysis of threats and vulnerabilities when set of them consist more than 15 
elements. 

Fuzzy AHP is more prefer when expert have uncertainty in pair comparison or 
variations individual  pair comparison by making group decisions. 
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Abstract. The paper considers the problem of benefit/cost ratios estimation for 
information security countermeasures when both qualitative and quantitative 
benefit and cost factors are presence. To decide this problem we use Analytic 
Hierarchy Process (AHP)  and its fuzzy extension. We suggested some benefit 
and cost hierarchies for the problem of choosing the best Intrusion Detection 
System for the one of the national enterprises in Kazan city. 

 
Information security is the field of information assets and its supposing infrastructure 
secure from accidental or premeditated threats natural or artificial character, 
pregnating with making damage for owners or users of information assets and its 
supposing infrastructure [1]. 

Existing information assets has hundreds of possible threats and vulnerabilities be 
able to break its security states. Also there are many countermeasures exist would be 
pretty expencive and difference by their efficiency. 

So management of information security of information systems expect not 
purposeless implementing and using security systems. Approach, based on unaimness 
covering threats and vulnerabilities in a way of choosing “any” countermeasure, 
doomed to failure. In this conditions information security management will be 
ineffective and organization will pay too much money for the ensuring information 
security never returning it.  

So in present days information security transformed into the science about 
realizing adequate and effective on quality and cost approach to ensuring  protection 
all elements of information system. 

One of the tasks need to be decided within such kind of opinions on information 
security is the task of reasoning choice some variant of implementation 
countermeasure; proceed from its possible benefits and expenses (costs). This task 
may be considering like choosing one from several alternatives on the benefit-cost 
ratio. 

Let we have set C that including n alternatives. }C,...,С,...,C{}С{С nin,ii 11 ==
=

 

Choosing each of alternatives CCi ∈  implies its possible costs ≥0 and 

possible benefits ≥0. So benefit-cost ratio CE
iP

iB i for the alternative  determined as 

(1). 
iC
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So rule of choosing the best effectiveness alternative on the benefit-cost ratio is (2) 

i

i

iii

*
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BmaxargCEmaxargiwhere,C * ==  (2) 

where  - the best alternative. *iC
The main imperfection of formula (2) is the necessity of assess qualitative factors, 

determined possible benefits and costs of choosing the alternative, such as 
«Simplicity of product support», «Flexibility of licensing policy», «Operation 
complexity» and etc. The elementary, measurable on some quantitative scale factors 
are absent for its. So that factors often evaluate on some qualitative scales with 3-7 
qualitative gradations. But such kind of qualitative values couldn’t be used straight in 
formulas (1) and (2). 

So deciding the task of quantitative evaluate benefit/cost ratio when qualitative 
cost and benefit factors are present is very actuality. This task may be decided with 
the analytic hierarchies process (AHP) and fuzzy analytic hierarchies process [2,3,4]. 
Fuzzy AHP is prefer for using when uncertainty in knowledge about investigated 
object exist. 

Analytic Hierarchies Process (AHP) and Fuzzy Analytic 
Hierarchies Process (fuzzy AHP) 

The AHP was developed by T. Saaty and has been identified as an important 
approach to multi-criteria decision-making problems of choice and prioritization. The 
main idea of AHP lie in the building multilevel hierarchy by decomposing complex 
problem or goal target into the more simple composite elements, factors, subtargets, 
that impacts on the goal, its allocation on certain levels of hierarchy, and 
identification the influence level between them. Next, the central question is being 
examined in AHP: how much influence the particular elements of the bottommost 
level of hierarchy on its top (goal target). 

For getting the answer on this question on each level of hierarchy (except topmost) 
the expert make all possible elements pair comparisons by its preferences to targets 
more high level of hierarchy on the qualitative scale from 9 point, offered by T.Saaty 
(table 1) [2]. So, several pair-comparison matrixes are formed. 

For pair-comparison matrix ( ),aA ij= where  - value representing the ratio for 

the relative importance of the ith subelement over the jth subelement, we have 
. All of the pair-comparison matrix elements 
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jiij a/a 1=
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1921 ,...,,,...,,aij ∪∈ . 



Table 1. 9-Point Saaty scale 

Scale value Definition Interpretation 
1 Equal significance Each of the elements 

compared is equally 
significant to the target 

immediately higher 
3 Somewhat more significant Experience and estimations 

indicate that one element is 
somewhat more significant 

than the other 
5 Considerably more significant Experience and estimations 

indicate that one element is 
considerably more 

significant than the other 
7 Extremely more significant One element has shown 

itself in the past to be 
extremely more significant 

than the other 
9 Absolutely dominant significant The two elements differ as 

much as it possible in terms 
of their significance 

2,4,6,8 Intermediate values A compromise must be 
found between two 

neighboring assessments 
Let we have pair-comparison matrix ( ),aA ij= . We could to obtain priority vector 

w of alternatives being compared with respect to element more high level of hierarchy 
by evaluating the eigenvector of the matrix A belonging to maximum eigenvalue 

maxλ  of A. 

To determine how much inconsistency is in the A matrix, Saaty defined a measure 
of deviation from consistency, called a consistency index, as: C.I. = ( Nmax−λ )/(N-1), 

where N is the dimension of the matrix. Then, Saaty calculated a consistency ratio 
(C.R.) as the ratio of the C.I. to a random index (R.I.) which is the average C.I. of sets 
of judgments for randomly generated  reciprocal matrices (table 2). 

Table 2. Average Random Consistency Index (R.I) 

N 3 4 5 6 7 8 9 10 
R.I. 0.52 0.89 1.11 1.25 1.35 1.40 1.45 1.49 
When we assess weights of all relations between hierarchy elements, we could 

assess intensity influence all the elements on bottommost level of hierarchy to the top 
of hierarchy. 

To obtain the result coincides with the eigenvector solution for the pair-comparison 
matrix A, one can evaluate vector w with normalized geometric means of the rows of 
the matrix A. 



To obtain the result coincides with the maximum eigenvalue maxλ  of the pair-

comparison matrix A, one can add the columns of A and multiply the resulting vector 
by the priority vector w. 

The classic AHP is imperfection when we have uncertainty in the judgments or 
fuzziness of individual judgments in group decision making. In this case the ratio of 
pair comparison of ith and jth hierarchy elements most prefer formed as fuzzy number 

ija~ , for example as fuzzy triangle ( )654 ,,a~ij = . So we’ll get fuzzy pair-comparison 

matrix.  
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For the fuzzy pair-comparison matrix A~  we may calculate fuzzy priority vector iw~ . 

( ) n/
iniii a~...a~a~Z~ 1

21 ⊗⊗⊗=  
( )nii Z~....Z~Z~/Z~w~ ⊕⊕⊕= 11  

Fuzzy AHP allow obtaining more relevant assessments of elements priority when 
we have uncertainty in the judgments or fuzziness of individual judgments in group 
decision making. 

 

Analytic Hierarchy Process in benefit/cost ratios estimation 

The basic concept of benefit/cost analysis comes form economics. The analyst 
investigates a project or alternative course of actions and attempts to quantify all 
possible positive (benefit) and negative (cost) aspects into a common currency as 
dollars. With positives and negative aspects in common currency, their ratio can be 
calculated to determine whether the benefits outweigh the costs according (1). The 
project with the highest benefit/cost ratio would give the highest return for monies 
expended (2). 

When using AHP and fuzzy AHP for benefit/cost analysis, the same approach is 
taken expect that AHP priorities rather than dollars are used as the common currency 
of comparison. One may use such qualitative priorities as «Simplicity of product 
support», «Flexibility of licensing policy», «Operation complexity» and etc. 

The decision-maker proceeds with two AHP hierarchies – one measuring benefit 
and the other measuring cost for the same set of projects [4]. The benefit priorities are 
then compared to the cost priorities to see which option has the highest ratio of 
benefit/cost. 

Simple benefit and cost hierarchies represented on the figures 1, 2. Top level of 
these hierarchies is goal - benefits or costs assessment process, level two – benefit or 
cost categories (for example capital investments costs, training costs, information 
security risk decrease benefits, security management benefits and etc). 

 



Benefit/cost ratios estimation for information security 
countermeasures 

Let’s consider the task of choosing the one of the four Intrusion Detection System 
(IDS) for one of the national enterprises in Kazan city: 

1. Secure INTRANET with IDS Snort+IDS Center. 
2. Secure INTRANET with IDS Real Secure Net Sensor. 
3. Secure each of the host with Outpost Personal Firewall. 
4. Secure each of the host with Sygate Personal Firewall. 

 

Fig. 1. Benefits hierarchy 

 

Fig. 2. Costs hierarchy 

The following factors were used in benefit and cost hierarchies. 



BENEFIT FACTORS 
Economic benefits 
1. Reduction the service staff, that supporting information security management. 
2. Number of attacks identificated by IDS. 
3. Frequency of realizes updates with new attack signatures. 
4. Information security risk decrease value. 
Security management benefits 
1. Possibility for the centralized management of the security policy. 
2. Monitoring of users activity. 
3. Attacks references system completeness. 
4. Intelligent processing sensors’ information. 
5. Log files contents. 
6. Possibility for filter data on application level. 
Counteraction to hacker 
1. Effectiveness of the decoy system. 
2. Incidence responding policy effectiveness. 
COST FACTORS 
Economic costs 
1. Capital investment. 
2. Implementation and configuration complexity. 
Technical costs 
1. Management difficulty. 
2. Demands to technical environment. 
Working costs 
1. Inconvenience and difficulty of using of application interface. 
2. Number of false alarms. 
3. Unsteadying to the attacks. 
4. Possibility of IDS deception. 
The benefits and costs hierarchies for choosing the IDS represented on the figures  

3 and 4. 
We obtain benefit priority vector b and cost priority vector c using AHP. These 

priorities are shown in the table 3. The benefit-cost ratios are shown in the table 4. 

Table 3. Benefits and costs of choosing IDS 

Benefits Costs 
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Table 4. Benefit-cost ratios 

Snort Real Secure Outpost PF Sygate PF 

222.0
261.0 =1,18 

519.0
596.0 =1,15 

125.0
077.0 =0,6 

138.0
066.0 =0,48 

 



 

Fig. 3. Hierarchy of benefits from taking root IDS 

 
 

Fig. 4. Hierarchy of expenses from taking root IDS 

 



So it would be better for organization take IDS Snort. But closes the benefit/cost 
ratio values for Real Secure and Snort meaning that it is possible would be needed 
take Real Secure in the future. 

We decide also this task with using Fuzzy AHP. We obtain fuzzy priority vector 

, fuzzy cost priority vector b~ c~  with using Fuzzy AHP. Elements of vectors b~  and 

c~  are fuzzy triangles. Next we calculate fuzzy benefit-cost ratio according (3) 

i

i
i c
bEC ~

~
~ =  (3) 

where ib
~

 - fuzzy benefits for ith IDS (element of fuzzy priority vector b~ ), ic~  - fuzzy 

costs for ith IDS (element of fuzzy priority vector c~ ).  
By prioritization fuzzy ratio as fuzzy numbers, we receive, that better for 

organization is IDS Snort too, but the worst for organization is the IDS Outpost PF. 
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Abstract. In this article the algorithms of creation of the rating of stock market 
analytical automated systems are proposed. They are based on Zahedi’s analytic 
hierarchy process modification in which triangular fuzzy numbers are used to 
transform qualitative expert estimations into quantitative ones. An example of 
practical using of these algorithms is considered.  

1   Introduction 

Analytic hierarchy process (AHP) devised by Thomas Saaty [3] became one of the 
wide-spread multi-criteria methods of the best alternative choice. There are many 
modifications of Saaty’s AHP method. One of them was made by Fatemah Zahedi in 
her work [4] and adopted for quantitative evaluation of expert systems. However, the 
principle of superiority evaluation, proposed in that work, entails the essential diffi-
culties for expression of the expert opinions if estimation criteria have a qualitative 
nature. The objective of this article is working out of the algorithms of creation of the 
rating of stock market analytical systems on the base of Zahedi’s method modifica-
tion, in which qualitative expert opinions about alternatives would be employed dur-
ing the calculation of generalized quantitative scores of alternatives. This work is the 
continuation of authors’ investigation concerning the AHP improvement [1, 5] and 
the estimation of decision support systems quality [6]. 

2   AHP method suggested by F. Zahedi 

F. Zahedi proposes the following simplified algorithm for comparative evaluation of 
expert systems (ES) [4]. 

Stage 1. The functional structure of expert systems is defined in the form of evalua-
tion criteria hierarchical tree. 

Stage 2. Relative significances (weights) of criteria are defined on each hierarchy 
level. The sum of all criteria weights must be equal one in each criteria group on hier-
archy levels. Then global significances of the lowest level criteria (hierarchical tree 
leaves) are calculated by the following formula: 
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where  – global significance of k-th criterion which is a leaf of the hierarchical 
criteria tree; v – numbers of hierarchy levels; Н

G
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k – amount of hierarchy levels in the 
branch, which includes k-th criterion; L

vw – local significances of parent criteria of 

branch, which includes k-th criterion on Hk-th hierarchy level; L
kw  – local signifi-

cance (weight) of k-th criterion which is a leaf of the hierarchical criteria tree. 

Stage 3. Comparison of alternatives superiority is conducted on criteria, which are the 
leaves of the hierarchical criteria tree. Relative superiority of one alternative by an-
other one is expressed within the [0, 100] interval. We shall mark superiority of i-th 
ES above j-th ES on k-th criterion as eijk. If there is no superiority, then eijk=ejik=0, 
otherwise ejik=-eijk. Comparison matrices have the following form (table 1). 

Table 1.  Matrix for alternatives comparison according to Zahedi’s AHP-method 

Criterion k ES 1 ES 2 … ES N 
ES 1 0 е12k,с12k … e1Nk,с1Nk

ES 2 -е12k,с12k 0 … e2Nk,с2Nk

… … … 0 … 
ES N -e1Nk,с1Nk -e2Nk,с2Nk … 0 

In order to reduce uncertainty in expert answers Zahedi proposes alongside with the 
significance estimation eijk to indicate a coefficient of confidence in this estimation 
сijk∈ (0, 1]. If сijk=1, it means that expert confidence in the estimation eijk is equal to 
100%. Definitive superiority estimation on each criterion is calculated as eijk ·сijk.  

Stage 4. Aggregate score of i-th alternative is calculated as follows: 

1 1
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⎝ ⎠
∑ ∑  (2) 

where m – amount of evaluation criteria, which are the leaves of the hierarchical crite-
ria tree; n – amount of alternatives. 

Stage 5. Rating of alternatives is created by sorting them on decreasing of their ag-
gregate scores Zi. Alternative with the maximal Zi score is recognized as the best al-
ternative.  

The main shortcoming of Zahedi’s method is necessity of expression of expert opin-
ion about alternatives superiority through the quantitative scale from 0 to 100. For in-
stance, intermediate estimation of superiority may be equal to 30, 35, 37, 40 points, 
and it is difficult for expert to discern these values, especially if the evaluating soft-
ware is complex and estimation criteria are qualitative (possibilities of graphical in-
terpretation of some financial indices, quality of programming editor, etc). But such 
difference in quantitative estimation may lead to incorrect result.  



 

3 Using of qualitative estimations and fuzzy numbers for 
representation of experts’ opinions  

The most convenience form of representation of experts’ opinions about alternatives 
superiority could be the verbal scale, such as «very high superiority, high superiority, 
average superiority, etc». However, verbal assessment of superiority has two short-
comings. Firstly, probability of unconformity of the matrix with quantitative superior-
ity estimations generated from the matrix with qualitative superiority estimation is not 
excluded. Secondly, if a number of alternatives is large then estimation of their rela-
tive superiority in qualitative form would be difficult and lengthy. 

In order to eliminate these shortcomings we propose to estimate not relative supe-
riority of alternatives, but alternatives quality (xik) on defined criteria by means of the 
verbal scale. In table 2 and on figure 1 an example of possible scale of verbal estima-
tions correspondence to quantitative estimations within [0, 100] interval is repre-
sented.  

Table 2. An example of qualitative and quantitative estimations correspondence   

Qualitative (verbal) estimation  Quantitative (fuzzy interval) estimation  
in [a1, a2, a3] form 

Absence (ABS) [0, 0, 10] 
Low (L) [0, 10, 30] 

Below Average (BA) [10, 30, 50] 
Average (AVG) [30, 50, 70] 

Above Average (AA) [50, 70, 90] 
High (H) [70, 90, 100] 

Very High (VH) [90, 100, 100] 

 

Fig. 1. An example of possible fuzzy interval estimating scale  

Quantitative fuzzy interval estimation, which corresponds to verbal formulation, is 
represented as symmetric or asymmetric fuzzy triangular number [a1, a2, a3]. That 



 

means that quality of alternative could be estimated as a2 with highest confidence, but 
if the expert’s confidence in his (her) estimation is less than 100%, then quantitative 
value of estimation may vary within [a1, a3] interval.  

There is also an example of transformation of ambiguous verbal estimation «AVG, 
сAVG=0.7; AA, сAA=0.3» into quantitative estimation on figure 1.  

Production rules of verbal estimations transformation into quantitative form are 
represented in table 3. 

Table 3. Rules of verbal estimations transformation into quantitative form 

Rules Antecedent (qualitative estima-
tion, xik’) 

Consequent (quantitative estima-
tion, xik) 

IF expert’s confidence in some 
qualitative (verbal) estimation is 
equal 100%, i.e.  cik=1  

THEN xik=a2 for corresponding 
fuzzy number from table 2 

Example 

Transforma-
tion rule for 
unambigu-
ous estima-
tions IF xik’=«H, сH=1» THEN xik=90 

IF two coefficients of confidence 
сik

1 and сik
2 correspond to two 

nearby qualitative (verbal) esti-
mations 

THEN xik=с·(a2-a1)+ a1, 
where с – coefficient of confi-
dence in higher verbal estimation; 
a1, a2 – elements of fuzzy triangu-
lar number, which corresponds to 
higher verbal estimation  

Example 

Transforma-
tion rule for 
ambiguous 
estimations 

IF xik’=«AVG, сAVG=0.7; AA,
сAA=0.3» 

THEN xik=0.3·(70-50)+50=56 

Superiority of i-th alternative above j-th on k-th criterion is defined by the following 
formula [5]:  

eijk=xik-xjk (3) 

Generalized scores of alternatives are calculated as follows: 
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Suggesting algorithms of creation of alternatives rating, based on qualitative expert 
estimations (Verbal AHP and Verbal+AHP), are compared with Zahedi’s algorithm in 
table 4. Stages 1, 2 and 4 of all this algorithms are executed by experts. The rest 
stages can be automated. Hereupon AHP algorithm based on qualitative estimations 
of alternatives quality on criteria, (Verbal+AHP), which doesn’t requires the relative 
comparison of the alternatives, more simply then two another AHP algorithms in spite 
of the fact that it contains the greater number of stages. 



 

Table 4. Comparison of Zahedi’s AHP algorithm with the algorithms based on 
qualitative experts estimations (Verbal AHP and Verbal+AHP) 

Zahedi’s AHP algorithm 

Algorithm based on quali-
tative estimations of rela-
tive superiorities of alter-
natives (Verbal AHP) 

Algorithm based on quali-
tative estimations of 
alternatives quality on 
criteria (Verbal+AHP) 

1. Forming of evaluation criteria hierarchy tree 
2. Assessment of local c
teria weights by means of 
Saaty’s AHP  

ri- 2. Assessment of local criteria weights by means of ex-
pert methods in which there are no relative comparison 
of criteria pairs (for instance, Fishburn method) 

3. Calculation of global criteria weights by the formula (1) 
4. Evaluation of alterna-
tives relative superiority in 
quantitative form within 
[0, 100] interval with tak-
ing into account of confi-
dence in estimations  

4. Evaluation of alterna-
tives superiority in qualita-
tive form by means of 
scale from table 2 with 
taking into account of 
confidence in estimations  

4. Evaluation of quality of 
alternatives by means of 
scale from table 2 with 
taking into account of con-
fidence in estimations 

 5. Transformation of verbal 
estimations into quantita-
tive form by means of rules 
from table 3 (with use of 
eijk’ and eijk instead of xijk’ 
and xijk). 

5. Transformation of ver-
bal estimations into quanti-
tative form by means of 
rules from table 3 

  6. Calculation of relative 
superiorities of alternatives 
as differences (distances) 
between their absolute es-
timation by the formula 
(3). 

5. Calculation of aggregate 
scores of alternatives Zi by 
the formula (2). 

6. Calculation of aggregate 
scores of alternatives Zi by 
the formula (4). 

7. Calculation of aggregate 
scores of alternatives Zi by 
the formula (4). 

6. Creation of the rating of 
alternatives on decreasing 
of Zi value 

7. Creation of the rating of 
alternatives on decreasing 
of Zi value 

8. Creation of the rating of 
alternatives on decreasing 
of Zi value 

4   Creation of the rating of stock market analytical systems on the 
base of suggested AHP modifications  

Suggested AHP algorithms may be efficiently used for the evaluation of stock market 
analytical systems and creation of their rating. We shall consider an example of the 
practical using of the given AHP algorithms. Evaluating systems are described in ta-
ble 5, created on the base of the article [2]. 



 

Table 5. Description of stock market analytical automated systems 

Stock market analytical automated 
systems 

Supported methods, functions and  
features 

OMEGA Research Trade Station (TS) Includes 150 indicators, 15 trade systems, 
30 graphical tools, additional tools 
ShowMe and PaintBar, built-in pro-
gramming language EasyLanguage, pro-
gramming editor PowerEditor. Has a 
possibility to analyze different length 
trends.  

OMEGA Research Super Charts (SC) Includes more than 80 indicators, 15 
trade systems, 15 graphical tools, addi-
tional tools ShowMe, PaintBar and Ex-
pert Indicator (latter tool for indicators 
explanation). Has a possibility to analyze 
only day, week and month trends. Has no 
programming editor.  

Reuters Graphics Professional (RGP) Includes 65 indicators, 6 types of trend 
lines (up to 200 lines on the graph), pos-
sibilities of new indicators and return 
curves creation. Allows showing up to 16 
graphs simultaneously. Has an ability of 
data exchange with Microsoft Excel. 
Supports fundamental analysis.  

DanaLyzer Euro Charts (DEC) Includes 40 indicators. Has a possibility 
of data representation in the form of lin-
ear graphs, histograms, «Japanese can-
dles», etc. Uses different length trends.  

EQUIS MetaStock Professional (MSP) Includes more than 120 indicators and 
linear dependences, a possibility of new 
indicators creation. Supports 9 graphical 
styles. Allows creating, testing and opti-
mizing trade systems. 

Qualitative estimations of stock market analytical automated systems on 8 criteria are 
represented in table 6. In this table global criteria weights are also adduced. In ta-
ble 7 stock market analytical systems ratings are built based on the using of suggested 
Verbal AHP and Verbal

G
kw

+AHP algorithms.  
High score of Reuters Graphics Professional is explained by that only this system 

among considered software supports the fundamental analysis, which has high sig-
nificance. Super Charts has the worst score because this system is intended mainly for 
training in technical analysis and has limitations in functionality. 

The sequence of the alternatives coincides in both ratings. The difference in abso-
lute values of rating indexes is explained by using the same scales in the first case – 
for estimation quality of stock market analytical systems on criteria, and in the second 
case – for estimation their relative superiorities. The given ratings characterize func-



 

tionality of considered analytical systems and could be used hereinafter for the analy-
sis of acceptability of their prices, as that was made in the works [4] for expert sys-
tems and in the book [5] for office software.   

Table 6. Qualitative estimations of stock market analytical automated systems  

Criteria G
kw  TS SC RGP DEC MSP 

Fundamental 
analysis 0.3 ABS, сABS=1 ABS, сABS=1 AVG, сAVG=1 ABS, сABS=1 ABS, сABS=1 
Possibility 
of using dif-
ferent lengt
trends  

h 0.15 H, сH=1 BA, сBA=0.6 
 AVG, сAVG=0.4 AVG, сAVG=1 H, сH=1 AA, сAA=1 

Possibility 
of different 
graphical in-
terpretation 
of stock 
price trends 

0.1 H, сH=1 BA, сBA=0.6 
AVG, сAVG=0.4 BA, сBA=1 AVG,сAVG=0.3

AA, сAA=0.7 
BA, сBA=0.8 
AVG,сAVG=0.2 

Possibility 
of new indi-
cators crea-
tion 
Amount of

0.1375 ABS,сA 0.5BS=
L, сL=0.5 ABS, сABS=1 H, сH=1 ABS,с =

L, с
ABS 0.5 

L =0.5 H, сH=1 

 0.1125 1 
H, H

 
AA, AA

3 
H

s 0.1 ABS, S A ABS  ABS, сABS=1 S

onal 0.06 6 
H, с =0.4 VH, с =0.2 

1 
H, с =0.9 H, сH=1 9 

H, сH=0.1 
-

-
gramming 

0.04 H, сH=1 BA, 
 AVG,сAVG=0.1 ABS, сABS=1 ABS, сABS=1 ABS, сABS=1 

indicators 
Analysis of 

AA, сAA=0.
с =0.9 

AVG,сAVG=0.2
с =0.8 

AVG,сAVG=0.6
AA, сAA=0.4 

BA, сBA=0.8 
AVG,сAVG=0.2

AA, сAA=0.
H, с =0.7 

stock return
Additi

сAB =1 BS, с =1 AA, сAA=1 ABS, сAB =1 

tools 
Built-in pro
gramming 
language 
and pro

AA, сAA=0.
H

H, сH=0.8 
VH

AA, сAA=0.
H

AA, сAA=0.

сBA=0.9 

editor  

Table 7. Ratings of stock market analytical au

Generalized score Zi

tomated systems  

Number
Stoc t 

with using al+AHP  with usin l AHP 

cs 1  

k marke
analytical sys-

tem 
 Verb g Verba

1 Reuters Graphi
Professional 

91.8 70.5

2   15.2 5.2 

4 Euro Charts -42.6 -87.3 
5 Super Charts -73.0 -90.7 

Trade Station
3 MetaStock  

Professional 
8.6 2.3 



 

5   Conclusion 

As a result of given research two algorithms  for evaluation of stock market analytical 
automated systems were worked out, based on Zahedi’s AHP-method modifications. 
The main distinctive peculiarity of these algorithms consists in using of qualitative 
(verbal) expert estimations in the generalized quantitative score obtaining. Verbal es-
timations applied for the expression of alternative relative superiority on criteria in the 
first algorithm (Verbal AHP), and for the alternatives evaluation on criteria – in the 
second algorithm (Verbal+AHP). Such a principle of alternatives and their superior-
ities evaluation is more convenient that quantitative assessment during special soft-
ware estimation on qualitative criteria (for example, on quality of graphical features, 
programming editor, etc).  

Production rules of transformation of the qualitative estimations into quantitative 
ones by means of the fuzzy interval scale were worked out in this research and used in 
AHP for the first time. Research results were applied to creation of stock market ana-
lytical software rating.  
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Abstract. Security have become increasingly important issues for organiza-
tions. An increasing variety of malware, such as worms, spyware and adware, 
threatens both personal and business computing. Problems related to security 
threats normally are analyzed around the CIA (Confidentiality, Integrity and 
Availability) concept. However, from the financial perspective, is very import 
to know the relation between these security threats and their cost for the busi-
ness.  In this paper, we explore the area for a technical estimation of financial 
losses due to breaches of security, particularity due to spyware traffic. Our pre-
liminary results shows that most of 12% traffic over the network infrastructure 
are used by process that are not related with services and neither related with 
the business.   

1   Introduction 

Due to the confluence of advances in processors performance, network bandwidth 
and accessibility prices, the internet users have seen explosive growth in both per-
sonal and business use. At the same time increasing variety of malware, such as 
worms, spyware and adware threatens, appeared in both personal and business com-
puting [1, 2]. The FBI estimated that only in 2005 around $67 billion was lost to 
cybercriminals [3]. This report shows that viruses and spyware were the most com-
mon problems, and the most costly were viruses and worms. However, despite the 
negative impact only a small fraction of affected organizations report the attacks.  

Previous works has focused on studying the risk of the malicious traffic for the or-
ganization analyzing the impact over the information’s Confidentiality, Integrity and 
Availability, leaving aside a study about how this extra-traffic impact in the organiza-
tion.  
 

The availability of the network throughput depend highly in the number of users 
and the type of resource requested by the services (internal and external).  From the 



IT best practices framework (ITIL – IT Infrastructure Library) perspective [9], the 
Capacity Management ensures that appropriate capacity is available at all times to 
meet the requirements of the business, and it is directly related to the business ser-
vices (internal and externals). At the same time this process is responsible for plan-
ning future business requirements. Normally this plan is constructed by using the 
existing data on the current resource utilization, in order to predict future require-
ments, which might are the result of planning improve, growth or new services. This 
information is used for the Financial Management process in order to planning the 
business budget.  

A very adjusted planning, could cause that the increment of the traffic produced by 
spyware, and in this way could cause a reduction in the quality of the services offered 
through the network infrastructure. In this way it is important to know precisely the 
traffic that it can be supported. 

In this paper, we study the characteristics of network traffic in order to quantify the 
extra traffic produced by malicious threats. We develop quantitative estimates of 
extra-traffic which can be used to estimate a financial losses due to breaches of secu-
rity, particularity due to spyware traffic. Our main focus is on organizations and insti-
tutions with high number of Internet users. Our preliminary results shows that most of 
the 30% of the infrastructure related to the internet is used and wasted by process that 
are not related with services which are not related with the business.   

The rest of this paper is organized as follows: Section 2 reviews the related work. 
The experimental framework and the analysis of results is presented in Section 3 and   
finally Section 4 summarizes the main conclusions and future work. 

1.1   Understanding what is Spyware 

This is a relatively new malware related with security [6]. Among their qualities we 
can highlight that these are programs that without authorization causing severe secu-
rity exposure and risk. Such software can gain complete control of the user’s system, 
starting whenever the user turns on the system. These programs can sniff the system 
for any desired data and can transmit anything to outside source [7]. Problems related 
with the information confidentiality and integrity and also a traffic growth are high-
lighted due to spyware malware.     

Any system exposed to the Internet, using well-known services (a browser or e-
mail), can become a  spyware victim. Symptoms might appear, depending on which 
form of spyware you have encountered [8].  

2   Related Work 

Several researchers have previously analyzed the traffic generated by malicious 
threats [5]. Most of them are focused in DDoS like attack detection and response of 
worm traffic propagation. In this section we provide a brief overview of these re-
search works. In [12] the effect of malicious traffic on the background traffic is ana-
lyzed. The result shows that an increase in the average DNS latency by 230% and an 



increase in the average web latency by 30%. An analysis of popular on-line games 
traffic was developed. Reported results show that the traffic behavior of these servers 
is highly predictable. In our study we can predict that it is possible to filter the infor-
mation related to games from traffic produced by spyware.  

Most of work achieved about traffic analysis is related with the risk analysis in or-
der of prevent a contingence. That is, the effort is concentrated to ensure the systems 
operation. Different techniques have been tackled using fuzzy like techniques and 
association rules to detect anomalous pattern [4], [10], [11].       

3   Experimental Framawork and Results 

We have implemented an ETL (Extract, Translate, Load) system. The complete net-
work traffic was captured and analyzed. We collect traces due to well-known services 
and applications (see Table 1). 
 We analyzed a complete day and a sampling frequency of one hour. On average 
there were 3000 users using the network infrastructure. 

Table 1. Logs analyzed by de ETL System. Each log is processed and then is integrated into a 
matrix in order of analyze the flow of information in the net    

Service Description 
ftp File transfer protocol 
Apache Apache web server 
IIS Internet information server 
Procmail E-mail filter 
Sendmail Internet e-mail server 

 
 

LOGs 
 

Traffic Time Threat 

RiskCost

Business Impact

Risk and Cost

ImpactTI Budget 

ETL 
 
 
 
 
 
 
 
 

Fig. 1. The three main phases of the traffic analysis system proposed to detecting risk and 
quantify the business cost impact.  

Figure 1 shows the main architecture of the system used in our analysis. This sys-
tem is organized in three main modules. The ETL to extract de information from the 
logs, the next one where the risk and cost are quantified and finally the module where 



the business impact is estimated.  The design of the ETL system is completed and the 
results are reported in this paper. The other two modules are still under construction. 

 

3.1 Experiments results 
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Fig. 2. Traffic distribution (solid line) along complete day, from 00:00hrs to 23:59 hrs. This 
clearly shows network usage in: office hour (from A to B) and with gray color the network use 
when we expect very low traffic  

 
The figure 2 shows the different activity periods in the organization. From 8:00hrs. to 
17:00hrs. the office hour is plenty identified (with a lunch break at 15:00 hrs). The 
important point in our study is analyze the traffic in the no-office hour window (de-
picted with gray).  

We can notice that although traffic has lessened in the no-office hour, represent 
more than 12% of the day analyzed. This traffic is the results of the contribution of 
different factors: users, backups and anomalous traffic. A deeper analysis reveals that  
80% correspond to a traffic produced by spyware threats. These results also show that 
most of the flow is output traffic, that means that the probability to loose information 
is high and at the same time the confidentiality is low.    

The results are promising approach and confirm that our hypothesis is in force to 
explore the area for a technical estimation of financial losses due to breaches of secu-
rity.   



4   Conclusions and Future Work 

In this paper we have explored  the idea for a technical estimation of financial losses 
due to breaches of security, particularity due to spyware traffic. The results presented 
in this paper shows that most of the 12% of the infrastructure related to the network is 
used and wasted by process that are not related with services which are not related 
with the business, and 80% of this anomalous flow of information correspond to a 
traffic produced by spyware threats.  
 
The results confirm our hypothesis about the importance to explore the area for a 
technical estimation of financial losses due to breaches of security. This work moti-
vates the need to study more closely about the infrastructure usage for malicious 
threats.   

 
At the present time we are simulating related schemes described in this paper to pro-
vide comparative performance information between the analysed proposals. 
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Abstract. A lot of the work that takes place in complex production environ-
ments consists of the development, revision, exchange and sharing of contracts, 
proposals, projects, technical papers and reports, legal procedures and other 
business documents. In fact, document collaboration is probably one of the 
most difficult aspects of business management. Being able to share information 
in a way that is effective, precise and understandable is a key issue. Groupware 
technology is part of the answer. Effective use of groupware systems for docu-
ment collaboration would greatly help business’ management process and it 
would provide massive benefits in complex industries. In this paper, we present 
ELXI, a groupware tool to allow people work together, even when co-authors 
are in different locations geographically dispersed, sharing common business 
documents. ELXI was tested on a real complex production environment. We 
report on the results of a users’ satisfaction study. 

1   Introduction 

In the last decades, many industries have transformed their work processes and their 
business practices. They have passed of being monolithic organizations and central-
ized into much more structured organizations, globally distributed and with complex 
production environments. Resource distribution entails new challenges in the way 
how people work together, generating knowledge and breaking the boundaries of 
time and space. In fact, most of the knowledge that is generated collectively in an 
organization is stored in documents. In this way, documents constitute one of the 
most valuable assets. Business Management in organizations and complex production 
environments require managing contents of business documents which, depending on 
the kind of organization processes and their information, could be voluminous and 
complex.  

On the other hand, there exist some guides, formats and regulations that need to be 
applied and/or to be followed when business documents are developed. Moreover, it 
is important and necessary to take into account the time constrains.  



Document writing is a long and complex task [1], [3], [4], [5]. Many authors de-
cide to join their efforts in order to reduce time during document production; to im-
prove quality of documents; to obtain points of view from their co-authors; to in-
crease productivity; etc. Until now, several research works and formal studies have 
been conducted into the way groups write together [3], [4], [5]. These research works 
have been carried out taking into account studies of cases, experiments, interviews 
and observations of real situations of collaborative writing. Surveys on writing have 
shown that a large number of documents are produced through a collaborative effort 
[6].  

The proliferation of interdisciplinary studies, international projects and distributed 
work groups within large and complex industries, has led to pressure on writers to 
work in collaboration. Writing groups may consist of people who rarely meet face-to-
face, yet they are expected to work closely together and to tight schedules. In com-
plex industries, for developing common documents [5] is necessary to put effort into 
the way how groups of specialists and experts can be organized for accomplishing 
joint writing tasks. In a business documents, each one of the participants plays a spe-
cific role (reviewer, publisher, reader, writer, manager, editor, etc.).  

An important problem in business management as well as in several scientific and 
technical areas is to know the best way to develop, produce and share common 
documents. For tackling this problem, we developed a groupware system designed to 
support collaborative writing on business documents.  
The rest of this paper is organized as follows. Section 2 describes business documents 
in complex production environments. Section 3 describes a groupware system for 
document collaboration in business management. Evaluation results are reported in 
Section 4 and finally, Section 5 presents conclusions and future work. 

2   Business Documents in Complex Industries 

In complex industries, teams of experts and specialists are dispersed throughout the 
organization and they require working together on common business documents in 
order to accomplish their productive activities. As an example, in PEMEX, the Mexi-
can National Oil Company, the Standardization Committee and Subsidiaries Organ-
isms, as well as industries and technical consultants, join their efforts to work together 
to develop technical documents. Currently, productivity of different experts and spe-
cialists, working on a Technical Standardization, is limited because of problems 
caused by difficulty of integrating different revisions; necessity of attending meetings 
in order to take decisions; difficulty of following the evolution of a document; track-
ing and execution of delivery dates; etc. 

Most of the business documents have to be elaborated with the joint participation 
of different experts. Examples of these documents are:  administrative and technique 
standardizations, alignments, procedures, projects’ protocols, projects’ logs, business 
and strategic planning, technical and research reports, scientific articles, products’ 
specifications, legal and administrative regulations, etc. Experts in PEMEX, as well 
as in many other complex production environments, develop their business docu-
ments, using standard word processor systems, which are designed for individual 



editing. Nowadays, these word processors include some tools for making change 
control; adding comments and revisions; and producing different versions. When 
different versions of the same document are produced, each version usually contains 
comments, revisions and/or corrections from different experts and specialists. Con-
solidation of all these versions, with the purpose of producing a single document, is a 
complex task, time consuming and error prone. Then, quality of the document is 
always in detriment. Thus, these tools are helpful, but they do not completely solve 
the problem of the collaborative writing process. 

3   Collaboration on Business Documents with ELXI 

ELXI (Editor coLaborativo de documentos Xml en Internet - Collaborative Editor of 
Xml Documents over the Internet) is a groupware system designed to support multiple 
authors who jointly create, edit, annotate and revise shared business documents. With 
ELXI, authors can improve the efficiency and quality of group writing and support 
the collaborative writing process among distributed authors. A document is defined as 
a strongly structured entity, which can be divided it into several fragments. On each 
fragment, several co-authors can apply different editing actions, according to their 
editing roles. Authors can also track evolution of the same document, playing differ-
ent roles on different fragments. Thus, a document is a collaboration space through 
which co-authors can join their efforts, communicate, capture and organize their ideas 
and produce their contributions (see Fig. 1). 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Two different authors collaborating on the same business document 

ELXI has a component-based client-server architecture (see Fig. 2) in which its 
components implement mechanisms for document management (replication, consis-
tency, concurrency control), shared workspace management, group awareness, and 
communication and interaction through a facilitator. Business documents are pro-
duced in XML (an industrial standard and universal document format for electronic 
documentation) and are managed as objects, which allows to access and store these 
objects efficiently. When documents are created, they are firstly stored in the server 
file system. Then, a copy is also stored in the co-authors’ file systems. 



The document management component guarantees, in any moment, document con-
sistency. The facilitator component allows communication and interaction among co-
authors. The shared workspace provides a common space (in this case is the docu-
ment itself) where co-authors are able to make their contributions. The group 
awareness component allows to any author to perceive and use everything that is in 
the shared workspace, without contacting other users or leaving the system. This is 
perhaps one of the most important components because all information that is trans-
mitted includes knowledge about other co-authors' locations, states, actions and abili-
ties as well as the shared document state. 

Finally, the ELXI Server is in charge of controlling all document editing actions 
performed by co-authors. These editing actions are remotely accessed by all co-
authors (ELXI clients). ELXI allows creating business documents through the Inter-
net, so co-authors can be spread out over different geographical locations. ELXI 
guarantees that different co-authors can make their contributions on the same docu-
ment, at the same time or differed times and from different places without consistency 
problems.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Component-based Client-Server Architecture for ELXI 

In ELXI, the structure of any business document is defined in XML1 (eXtensible 
Markup Language). Then, business documents in ELXI can easily be exploited, proc-
essed and exchanged using different standard and commercial applications and tools 
(Web Browsers, Content Management Systems, Document Management Systems, 
Office applications, Search Engines, etc). In any moment, co-authors can take a busi-
ness document and convert it to another format (such as HTML, RFT or PDF). ELXI 
implements technologies associated to XML, such as:  XSL (eXtensible Stylesheet 
Language), XSLT (eXtensible Stylesheet Language Tranformations) and XSL-FO 
(XSL Formatting Objects). Fig. 3 shows a business document which resulted from a 
collaborative writing process using ELXI. It was exported to PDF and RTF formats 
and then visualized with Adobe Acrobat Reader and MS Word, respectively. 

                                                           
1 http://www.w3.org/XML 
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Fig. 3. A business document exported to PDF format and RTF formats and visualized with 
Adobe Acrobat Reader and MS Word 

ELXI provides the following features: 
− Collaborating strategy. Multiple dispersed authors can access (edit, consult) the 

same shared document.  
− Basic text editing. Each author can create documents using the editing functional-

ities available (text, lists, tables, images, footnotes, headers, etc.). Moreover, au-
thors are able to make searches and replacements within any fragment or the whole 
document.  

− Managing authors and groups of authors. A manager defines a list of authors and 
he/she can define work groups. Then, collaboration can be carried out among the 
work group members. When an author creates a document, he/she becomes a man-
ager of that document. Then, he/she is able to invite new authors to collaborate on 
the document. 

− Access control to the collaborative writing environment. Only authorized authors 
can participate in the collaborative writing process. Authors log to the system us-
ing a login and a password.  

− Document division into different fragments. Following the inherent structure of a 
document, it can be divided into different fragments. A fragment is the minimum 
unit of collaboration. It can be any element inside the structure of a document (a 
section, a subsection, a paragraph, a list, etc.). 

− Access control to the document. An author playing the manager role is in charge of 
assigning editing roles to each author who is going to participate in the collabora-
tive writing process. The editing roles available are: reader, writer and manager.  
The first two roles allow an author to read and write, respectively, on a fragment. 
The manager is the author who orchestrates and tracks document evolution. A 
manager is always able to modify the editing roles of other authors. He/she is also 
authorized to add new fragments to the document or delete them. If necessary, a 
manager can delegate his/her role to another author. Taking into account that col-
laborative writing is a dynamic process, changes of editing roles can take place in a 
dynamic way. 



− Asynchronous and synchronous document interaction. Different co-authors, spread 
out over different locations, can work together on the same document, at the same 
time (real time) or they can work at different times (in differed times). 

− Messages among authors. Any author can send(receive) messages to(from) another 
author (suggestions, invitations to join collaborative writing, comments, problems, 
etc.). An author can also send a message to all the work group members.   

− Production (creation and viewing) of business documents. The editing core allows 
generating structured documents in the standard and industrial XML format. It in-
cludes all necessary edition functionalities to allow producing business documents 
as well as technical and/or scientific documentation. Stylesheets are used for view-
ing and formatting documents. Then, authors do not be worried about formatting 
styles and they can only be concentrated in document production. 

− Document exportation. Business documents can be exported, in any moment, to 
standard formats, such as PDF, RTF and HTML. Then, authors can use corre-
sponding commercial applications to apply final or professional formatting styles 
to the document. 

− Group awareness support. Thanks to different group awareness elements, an au-
thor can be aware of any editing action (modifications to the document or frag-
ments, roles changes, new documents, new fragments, new work groups, etc.) 
made by any co-author. An author can also know who is connected to the system; 
who is working on a given fragment; which editing role is being played; etc. 

− Document consistency support. Any editing action (writing, update, modification, 
etc.) on a document must be consistent with all editing actions made from all other 
co-authors working on the same document. A document consistency mechanism 
guarantees that only one author at a time can edit or modify a fragment. 

− Annotations support. Authors can attach electronic notes to document fragments or 
to the whole document. A record of notes can be done by attaching a note to a 
note. Using annotations on documents or fragments, authors can express com-
ments, ideas, revisions, etc. Co-authors can decide to make public or private their 
electronic notes. Each author is able to manage his/her own annotations (make 
chances; add new notes or delete notes). 

− Distributed component-based architecture. ELXI implements a client-server 
model. Four main components constitute the core of the whole system: document 
management; shared workspace management; group awareness control; and com-
munication and interaction. 

− Run on Windows and/or UNIX (Linux, Solaris) platforms. ELXI Clients and the 
ELXI Server can be executed in any available computing platform.  

− Collaboration through Internet and/or Intranet. All authors are able to keep com-
municated and collaborate through a common document. They can be working on 
their own workstations connected to Internet and/or Intranet. Co-authors can be 
close one from another and/or they can be geographically dispersed over the 
world. 
 



4   Evaluation 

ELXI was tested by a group of users in order to evaluate its functionalities and im-
pact. Evaluation was carried out by 14 users. All users received training on the use of 
ELXI. All users worked on a specific business document. When document was fin-
ished, all users were asked to fill out an evaluation questionnaire. This questionnaire 
consisted of ten questions arranged in three chapters:  document collaboration (ques-
tions 1.1, 1.2, 1.3 and 1.4); document viewing (questions 2.1, 2.2 and 2.3); and user 
interface (questions 3.1 and 3.2). Questions were scored according to the following 
scales of values: Very well;  Well;  Sufficient;  Bad. For each one of the questions 
required, Fig. 3 shows the results obtained in a grouped bar graph and in table form. 
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Fig. 3. Users’ satisfaction evaluation results 

From Fig. 3, it can be seen that, questions were scored in the highest ranges. This 
fact shows that ELXI had very good acceptance from users. For the cases where the 
score was Sufficient, we carefully read all answers and comments in order to analyze 
them. In almost all the cases, this score was given because they considered that func-
tionalities for editing documents were the minimum required. They do not make any 
comments about problems with other functionalities of the system. Thus, ELXI was 
satisfactorily accepted by all users. Concerning user interface, users proposed to im-
prove some interfaces for editing basic elements such as: tables, lists and images. 
Concerning document collaboration, users proposed to add new tools for helping 
users to be aware of all editing changes. Finally, concerning document viewing, users 
proposed to enhance document quality, adding other formatting features (centering, 
type fonts, underlined text, text colors, etc.).  



5   Conclusion and future work 

Until now, several groupware systems for collaborative document have been de-
veloped. However, many of these systems provide inadequate support for the 
collaborative writing process. They mainly focus on implemented-oriented problems 
(such as: concurrency control, network failures, data sharing, conflict management, 
access control) while overlooking very important social issues (such as: interaction 
protocols, cognitive models of collaborative writing, human factors, conflict 
management). ELXI takes into account both technological and social issues, 
proposing an efficient solution to the problem of collaboration on business 
documents. Authors using ELXI will find the following benefits: promotes dynamic 
participation of work groups developing the same business document; improves 
quality of documents, making more efficient their production; reduces costs while 
increasing productivity; reduces time allowing consolidation of different revisions 
(authors are not worried about multiple versions), opinions, comments and/or co-
authors' arguments; compatible with multiple current applications, producing XML 
documents. Thus, using ELXI, experts and specialists will be able to share and 
collaborate on business documents in a coordinated and consistent way, avoiding 
separated and individual writing phases, which they will pay in important efforts of 
communication and agreement. With our users’ satisfaction evaluation study, we 
could collected several comments and suggestions. As part of our future work, we 
plan to evaluate all these users’ suggestions. Then, we will convert suggestions in 
user requirements and we will develop firstly those which will contribute with a 
valuable impact in users. 
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Abstract. Fuzzy Modeling is an effective way of construction models for 

complex dynamic systems. Here we present a new application of  fuzzy rule-

based models to analysis of discrete time series. Fuzzy generalization of 

autoregressive conditional heteroscedasticity (ARCH/GARCH) models is 

proposed and technology of Fuzzy GARCH modeling is basically overviewed. 

A new method for parametrical identification of fuzzy rule-based models is 

presented. A comparison with usual GARCH models is made both for modeled 

and real time series. 

1   Introduction 

Fast development of risk and uncertainty concepts in economics and finances 

necessitated a creation of such new mathematical models that could describe a 

dynamic behavior for both first- and higher-order conditional moments. Thereupon a 

“volatility” term is often mentioned by researchers.  Volatility is a relative rate at 

which the price or other financial asset moves up and down, i.e. a characteristic of its 

changeability and unsteadiness. Usually volatility is found as a conditional variance 

of historical observations on price or other financial asset.  

Volatility models appeared in early 80s of last century [3] and have been improving 

for all last years.  Different types of models were introduced, both data- and 

parameter-driven (so called state-space models). In the class of data-driven models 

the biggest attention was expectedly paid to linear models. Therefore, in the 

beginning of 90s wants for new nonlinear volatility models were noticed [4]. Many 

real financial processes have a complex behavior of their conditional variance along 

with non-trivial dynamics of conditional expectation. For example a leverage effect is 

often take place, i.e. negative correlation between past asset returns and current 

volatility values. Some of such effects can be captured by linear models modification, 

but others demand nonlinear approach. Unfortunately, due to complexity, nonlinear 

models are still of a very limited use. 



    In this paper we propose another class of autoregressive heteroskedasticity models 

based on constructing a system of Takagi-Sugeno fuzzy rules – a class of Fuzzy 

GARCH models. Methods of fuzzy modeling have already showed themselves as a 

good technique for description of complex dynamic systems [2]. Combining easiness 

and convenience of linear models with ability to capture complex system correlations 

(which is commonly typical for nonlinear models), fuzzy models therefore could be a 

promising approach to analyzing dynamic processes with time-varying variance. 

     This paper is organized as follows: 

     Section 2 contains basic information about conventional ARCH/GARCH models. 

     Section 3 presents a class of Fuzzy GARCH models as a fuzzy generalization of 

conventional GARCH. Main aspects of construction of such models are also affected. 

     In section 4 we give a comparison between conventional and fuzzy GARCH 

models on several tests. An example of option-pricing models for real-based financial 

time series is presented to show the advantages of proposed class of models. Finally 

we make some conclusions about the work. 

The preparation of manuscripts which are to be reproduced by photo-offset requires 

special care. Papers submitted in a technically unsuitable form will be returned for 

retyping, or canceled if the volume cannot otherwise be finished on time. 

2   ARCH/GARCH Models  

Before describing the new class of Fuzzy GARCH models it is necessary to give 

some basic definitions and concepts of conventional ARCH/GARCH models theory. 

 

Definition 1. Let x(t), t∈Z – is a discrete random process and 

[ ] 0)( 1 =−tItxE ,                                            (1) 

                                    [ ] )()( 11

2

−− = tt IgItxE ,                                   (2) 

where { }),...2(),1(1 −−=− txtxI t
– previous process values, E denotes an 

expectation operator and )( 1−tIg  is a positive function of process prehistory. Then 

x(t) is a process with autoregressive conditional heteroskedasticity. 

 

Definition 2. Let x(t), t∈Z – is a discrete random process with autoregressive 

conditional heteroskedasticity. Then x(t) is said to be an ARCH(p) process if   
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In right part of equation (4) all coefficients are non-negative: a0>0, a1�0,…, ap�0.  

ARCH models were introduced by R. Engle in 1982 [3]. Analysis of different 

financial time series (for example, inflation rate in Great Britain in 60s-70s) let him to 

find out an interesting regularity:  big and small values were often grouped into 

alternate series (so-called volatility clusters). As the stationarity and homoskedasticity 



hypotheses still could not be discarded for the whole amount of data, this 

phenomenon was unexplainable, so new class of ARCH models was brought in. 

Certain ARCH(p) process has following essential properties: 

 

1. It is not autocorrelated, so it is weakly stationary if its unconditional variance is 

finite, i.e. a1+a2+…+ ap < 1. 

2. Its unconditional distribution has a higher kurtosis  in comparison with normal 

one. This fact meets well with observations of real financial time series, which 

are often characterized by fat-tailed distributions. 

3. Squared values of ARCH(p) process follows a non-Gaussian autoregressive 

process AR(p). 

 

A generalization of ARCH(p) models are GARCH(p,q) models [4]. For 

GARCH(p,q) models modified type of  
)( 1−tIg

function is used.   

    

Definition 3. Let x(t), t∈Z – is a discrete random process such that equations (1),(3) 

are valid and  
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In right part of equation (5) all coefficients are non-negative: a0>0, a1�0,…, 

ap�0, b1�0,…, bq�0. Then x(t) is called a process with generalized  autoregressive 

conditional heteroskedasticity (or GARCH(p,q) process). 

Properties of certain GARCH(p,q) process are basically similar to properties of 

ARCH(p). Squared values of GARCH(p,q) processes follow an ARMA(max(p,q),q) 

process. Existence requirement for unconditional variance of GARCH(p,q) process 

looks like: a1+a2+…+ap+ b1+ …+bq < 1. Kurtosis rate for GARCH(p,q) processes is 

also higher in comparison with normal cases. 

Using GARCH models allowed to obtain relatively exact prognoses  for different 

financial data, therefore conventional GARCH models were the most popular 

instrument for analyzing time series with time-varying conditional variance [4]. 

However, in some cases an adequate match between real data and certain GARCH 

model could not be reached. Today two main drawbacks of  GARCH(p,q) models are 

mentioned: 

 

1. Economist’s researches proved [5] that assert returns often have negative 

(asymmetric) correlation with changes of volatility (leverage effect). 

Conventional GARCH models cannot capture such correlation, because its 

conditional variance depends only on absolute values of former observations 

but not on their sign. 

2. Recent researches showed [6] that GARCH models often exaggerate the 

length of volatility clusters as compared to actual data of financial markets. 

This is especially noticeable when the market comes out of a recession. The 

reason of such inadequacy of GARCH models is believed to be the presence 

of  latent non-linearity in studied processes. Ignoring of them can often lead 

to bad prognostic characteristics of used models. 



 

This work is dedicated to Fuzzy GARCH models that have already showed 

themselves as a good technique for description of complex dynamic systems. Being a 

fuzzy generalization of conventional GARCH(p,q) models described above  they can 

combine easiness and convenience of linear models with an ability to capture 

complex system correlations.  Fuzzy models therefore seem to be a promising 

approach to analyzing dynamic processes with time-varying variance. 

3   Fuzzy GARCH Models 

Let {X(1), X(2), … X(N)} is a time series, produced by a random process x(t) with 

autoregressive conditional heteroskedasticity with variance function )( 1−tIg defined 

as Takagi-Sugeno rule system [1]: 
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     In (6) KiAi

j ,...,2,1, = are fuzzy sets, )(),...,( 112 −− trt IqIq , rj ,...,2,1= – 

explanatory variables, ),,( 1

i

t

i
sItg −

, i = 1,2,…K – local rule outputs, i.e. positive 

functions and s1,s2, … ,sK – are unknown parameters of model. 

 

Definition 4. Fuzzy model defined by (1), (3) and  fuzzy rule system (6) is called 

fuzzy model with autoregressive conditional heteroskedasticity or Fuzzy GARCH  

model. 

    

The identification problem for the class of introduced Fuzzy GARCH models can 

be split into several steps. 

At the first step the expediency of using GARCH models is studied. The data to 

be analyzed are tested for presence of any effects of conditional heteroskedasticity. 

There are many methods of such testing, for example Lagrangian  coefficients 

method or Box-Ljung statistic test. 

Second step is dedicated to structural identification of model. In other words, the 

structure of rule antecedents and consequents is determined. This step can also be 

divided into five separate problems: 

 



1. Definition of explanatory variables set 

It is hard to give any universal recommendations for choosing the set of 

explanatory variables for fuzzy rule system (6). In our work we used natural 

definition for them, i.e. previous values of studied time series: 

 

                   { })()( 1 iti utxIq −=−
,  i=1, 2,…,r.                              (7) 

 

Explanatory variables (7) let the fuzzy model capture the leverage effect (if one 

exists) because model output now depends on the sign of previous time series values. 

Our further researches showed that it is sometimes more effective to define 

explanatory variables as multiplication of  previous values: 

 

          { })()()( 1 iiti vtxutxIq −⋅−=−
,  i=1, 2,…,r.                    (8) 

 

or use either of definitions (7) and (8). In (7) and (8) values u1, u2, …, ur, v1, v2, …,vr  

are unknown and have to be identified. 

 

2. Definition of rule output functions 

When choosing the structure of  ),,( 1

i

t

i
sItg −

which are in charge of local fuzzy 

rule outputs, we followed the natural principle of generalization of conventional class 

of GARCH(p,q) models, so the structure for it is proposed to be similar to (5): 
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3. Identification of antecedent structure 

To obtain the certain structure of fuzzy rule antecedents (i.e. identify the values of 

u1, u2, …, ur, v1, v2, …,vr) we used the Takagi-Sugeno treelike algorithm as an 

essential. Its detailed description can be found in [2]. This algorithm belongs to class 

of  inclusion algorithms and forms an optimal (with relation to chosen criterion) 

antecedent structure after the certain number of steps. Applying Takagi-Sugeno 

procedure, we used the  

determination coefficient R2 as the performance criterion: 

 

                        222 ))](),(([ tGtxcorrR =                                      (10) 

 

In (10) G(t) denotes the whole output of Fuzzy GARCH model. The determination 

coefficient (10) represents the portion of variance dynamic that could be explained by 

model factors. To avoid the tuning of model on specific features of current dataset 

(which are casual but not structural) the performance criterion must be calculated for 

test sample. Usually we used 10-15% of last time series values as the test sample to 

calculate the determination coefficient. 

 

4. Obtaining fuzzy sets 



To determine fuzzy sets KiA
i

j ,...,2,1, =  (that correspond to explanatory 

variables )( 1−tj Iq , rj ,...,2,1= )  one of fuzzy clustering methods can be used. In our 

researches we have used a well-known FCM (“Fuzzy c-Means”) clustering 

procedure. Its detailed formulation can be found in [2]. Number of clusters c and 

fuzzy partition matrix UN×c are initialized as input parameters. Elements uzk of 

matrix U denote the membership degree of z-th sample to the k-th cluster. They can 

be initialized randomly. Running the algorithm represents the optimization of 

distance functional. When finished, FCM algorithm returns set of cluster prototypes 

and its fuzzy partition matrix U. Fuzzy c-Means procedure automatically provides us 

with membership functions of exponential type (see Fig. 1): 
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In (11) jiv , – is the j-th element of i-th cluster prototype, and d(v,x) – is an Euclidean 

distance function. Parameter m represents the fuzziness of cluster. It is also possible 

to use triangular or trapezoidal membership functions with obtained cluster 

prototypes as centers. 

 

 
Fig.1. Example of exponential membership functions 

 

5. Generating fuzzy rules 

     Thus, FCM algorithm allows us to form a collection of fuzzy sets {
1

iA , 

2

iA ,…,
)(ic

iA }, covering the definitional domain for the i-th explanatory 

variable )( 1−tj Iq , i = 1,2,…,r. Fuzzy rules are generated by full enumeration of all 

possible memberships of i-th explanatory variable to j-th fuzzy set
j

iA . The whole 

number of rules is K = c(1)×c(2) ×…×c(r). The possibility value of k-th rule evaluates 

as:  
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where )(, jjk qm is a membership degree of qj to fuzzy set 
)(il

jA  (function l(i) 

depends on the order of  fuzzy sets enumeration). 

 

    The third step of common identification problem is dedicated to parameterization 

of fuzzy rules system. Since the structure of rule antecedents is presumed to be 

defined in the previous step, the consequent coefficients are to be evaluated now. The 

structure of local rule output is determined by (9). 

    Usually fuzzy rule systems are based on ARX-models (see Ref. [1]), therefore 

linear least-squares method is mainly used for estimation of fuzzy models. 

Unfortunately, local output (9) is not strictly linear, because it depends on past 

outputs of the rule, ),,( 1

i

t

i
sIitg −− , i = 1,2,…,q that are unknown. Although is 

possible to use non-linear least-squares method, we propose a new method for 

estimation of unknown consequent parameters – weighted maximum-likelihood 

method. 

    Before using maximum-likelihood method it is necessary to make an assumption 

about the distribution law of studied process x(t). As we assume that statement (3) is 

valid, the log-likelihood function looks like: 
=))](),...2(),1((ln[ Nxxxf  
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where m = max(p,q). Although distribution law for ))(),...1(( mxxf  is unknown, this 

factor has minor contribution to the log-likelihood function and can be neglected. 

Therefore the L′ likelihood function is usually considered: 
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Function L′  is to be maximized. Constant component πln
2

⋅−
n can also be ignored. 

Denoting 
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we have now the problem of optimization for the function L
~

.  

The contribution of t-th observation into likelihood function L
~

is equal to: 
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    For estimation of local model parameters (9) it is proposed to maximize the 

weighted likelihood function, )(
~

iWL , that takes into account also membership degree 

of t-th observation to the i-th fuzzy rule: 
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where )(tmi
is calculated as in (12) and )](),...,1([ NmmdiagW iii = .  

    There are several methods of optimizing likelihood functions. As recent researches 

proved that direct and first-order methods were not always able to localize the 

extremum before stopping the algorithm, we used second-order methods to 

maximize )(
~

iWL . Approximation of  Hesse matrix was made by using of conditional 

expectations as in [6].  

    To guarantee that local constrains of partial GARCH model are obeyed, i.e. that 
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we projected a directing vector to the accessible region on every step of optimizing 

procedure. We also provided our procedure for the possible dimension reduction to 

avoid premature algorithm completion. 

    After finishing the parameterization of all local models it is necessary to make a 

defuzzification of evaluated Takagi-Sugeno rule system. We used standard (centroid) 

method of deffuzification that looks like 
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for Fuzzy GARCH(p,q) models. 

    Last step of any identification procedure covers the testing of the estimated model 

to find out whether it corresponds with the time series data or not. If results are 

inadequate, the researcher goes back to the second step. Otherwise, the identified 

model is accepted and can be used for modeling or prediction. 



4   Examples of fuzzy GARCH modeling 

In this section we present two examples of using Fuzzy GARCH models for 

analysis of time series with conditional heteroskedasticity and make a comparison 

between Fuzzy and conventional GARCH models. 

4.1   Modeling volatility for certain nonlinear GARCH process  

   Let )(tx is a discrete random process with a conditional heteroskedasticity and  

))1(exp()1()(]|)([ 222

1

2 −⋅−+−⋅+==− tdbctxawtdItxE t
           (18) 

Statement (18) signifies that )(tx is a non-linear GARCH process. Figure 2 shows a 

time series of 1000 observations generated by )(tx with 05.0=w , 15.0=a , 

7.0=b , 4=c .   

There are many volatility clusters of different length that depends on exponential 

component of )(tx . 

 

Fig.2. Generated time series for nonlinear GARCH process 

Using of common GARCH models didn’t give any adequate results: the value of 

performance criterion 
2

R  (see (10)) never exceeded the level of 0.02 on the test 

sample, formed by the last 149 observations. 

Table 1. Results of modeling volatility for nonlinear GARCH process (18) 

Model order Conventional GARCH(p,q) Fuzzy GARCH(p,q) 

p q 2
R  value on the test sample 

Number 

of fuzzy 

rules 

2
R  value on 

the test sample 

1 1 0.00002 4 0.023 

2 2 0.005 24 0.068 

3 3 0.018 24 0.147 

5 0 0.018 24 0.196 

Modeling volatility with Fuzzy GARCH models allowed to obtain much better 

results. Table 1 represents the results of modeling (values of determination coefficient 

on the test sample) for conventional and Fuzzy GARCH(p,q) models of different 

orders. For Fuzzy models both statements (7) and (8) were used to form the 

explanatory variables set. 



It is necessary to note that Fuzzy GARCH models need much more time to be 

evaluated than usual GARCH(p,q) models. In this work we didn’t make any timing 

and were concentrated only on model performances. Figure 3 demonstrates the results 

of one-step prediction for both classes of models. Dots represent a confidence 

interval, calculated by Fuzzy GARCH(5,0) model, whereas dashed line denotes a 

confidence interval for conventional GARCH(5,0) model. The confidence level is 

equal to 0.95.  It is visible that fuzzy rule-based model commonly gives more exact 

prediction of volatility splashes than usual one.  

 

 

Fig.3. One-step prediction on the test sample of last 149 observations 

4.2   Analysis of real-life time series 

To demonstrate an application of Fuzzy GARCH models to analysis of real financial 

time series, we used Dow Jones Industrial Index variations as basic data. Figure 4 

shows a time series formed by daily DJII values for the period from 10th February, 

2004 till 25th February, 2005 (264 observations).  

 

 

Fig.4. Time series for Dow Jones Industrial daily variations, 
tDJ  

    To perform volatility analysis, it is necessary to pass on to the time series, made of 

initial by taking the logarithm of quotient of  last two  values (see Fig. 5): 
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Fig.5. Time series for  
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Conventional GARCH(p,q) models could not model volatility for this time-series 

in a proper way. Although Box-Ljung statistics showed the significant presence of 

GARCH effects, application of this class of models gave no more information about 

the process behavior. The value of determination coefficient on the test sample made 

of last 39 observations is very close to null.  

 

 

Fig.6. One-step prediction of volatility rate for 
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DJ 1ln  time series on the test sample 

made of last 49 observations  (using GARCH(5,5) and Fuzzy GARCH(5,*) models) 

Application of Fuzzy GARCH models to volatility analysis of 
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series allowed to get quite adequate results. Figure 6 demonstrates the comparison 

between conventional GARCH(5,5) and Fuzzy GARCH(5,*) models, related to one-

step prediction of volatility on the test sample. Asterisk instead of q order parameter 

means that local outputs of fuzzy models are singletons, i.e.  

Kiconstg
i ,...2,1, ==  , 

for the statement (6). First parameter, p=5, defines the cardinality of explanatory 

variables set. In the figure 6 dots represent a confidence intervals, calculated by 

Fuzzy GARCH(5,*) model, whereas dashed line denotes a confidence interval for 

usual GARCH(5,5) model. The confidence level is equal to 0.95. 



    Dow Jones Industrial Index is a good playground to demonstrate the application of 

fuzzy volatility models for calculation of fair option prices. Here we make an 

estimation of fair price for the European option. Basic asset is assumed to be similar 

to DJII. Other option parameters are supposed to be as follows: date of transaction is 

10th February, 2005 (i.e. 253th observation of DJ time series), option period T = 10 

workdays, risk-free interest rate r = 0.1. Since “at-the-money” option is considered, 

the performance price K is set to 
253DJ . The key parameter is the volatility level d of 

the basic asset. We used two methods for pricing the option: Black-Scholes formula 

[4] and binomial Monte-Carlo scheme [7]. The Black-Scholes formula is often [4] 

accepted as the standard fair option price estimation. It describes the dependence 

between option price and option parameters K, T, r and d, where volatility level d is 

supposed to be constant: 
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Applying (20) we used sample variance of 
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DJ

DJ 1ln  time series calculated for the 

first 253 observations. 

Table 2.  Results of European option pricing for Dow Jones Index 

Option pricing method Fair option price 

Black-Scholes formula 101.22 

Monte-Carlo with constant volatility 99.38 

Monte-Carlo with GARCH(5,5) volatility 100.47 

Monte-Carlo with Fuzzy GARCH(5,*) volatility 97.22 

 

    Monte-Carlo method lies in making a numerous simulations of basic asset behavior 

during the option period and averaging them to obtain the final estimation. Monte-

Carlo scheme for option pricing models is expounded in [7]. Monte-Carlo pricing 

models can include different volatility models. We present here usage of three of 

them: constant volatility level (the same as in the Balck-Scholes foemula), linear 

(GARCH) model and fuzzy model described above. All volatility models are 

identified with the first 253 observations of  the time series (19). We conducted 1000 

simulations for each Monte-Carlo estimations. Table 2 shows the fair option prices 

obtained by all four methods.  

    The results in table allow us to conclude that first three methods presume the 

higher level of volatility during the option period. However the actual volatility level 



during the option period (i.e. from 10th till 25th February, 2005) was quite small. To 

conduct the comparison of different pricing methods we can use the fact that 

heteroskedasticity hypothesis is declined on the 20 tailing 
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DJ

DJ 1ln  observations, 

though the normality hypothesis for the whole time series is not declined. It means 

that the whole option period lies within the same volatility cluster. That is why we 

can evaluate the sample variance d
* for the last 10 DJ observations and count the 

appropriate Black-Scholes estimation as the most accurate option price estimation. In 

practical situations we can’t obtain this estimation because at the date of the 

transaction we have no information about the real behavior of the asset during the 

option period. Black-Scholes formula with d*
 volatility level gave 95.71 as the fair 

price for the option. Direct comparison of different option pricing methods shows that 

Monte Carlo scheme with Fuzzy GARCH(5,*) volatility model provides us with the 

most realistic estimation, quite close to the  “historical” Black-Scholes price. This fact 

comes out of the ability of fuzzy volatility models to predict levels and duration of 

volatility clusters even for complex time series.  

5   Work conclusions 

The results of researches that were carried out allow us to make several conclusions: 

1. The technique of fuzzy modeling is applicable to analysis of time series with 

time-varying volatility (i.e. time-varying conditional variance). 

2. Using Fuzzy GARCH models often allows to obtain better results of modeling 

and prediction in comparison with classical GARCH(p,q) models. 

3. It is recommended to use Fuzzy GARCH models for estimating volatility and for 

further application to different financial and other problems (for example to 

construction of option-pricing models etc.). 
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Abstract. The methods of visualization of relationships between time series in 
economics, finance, petroleum industry, geophysics etc based on moving 
approximation transform and local trend associations are considered. These 
methods are combined with relational invariant clustering based on transitive 
transformation of similarity relation obtained from the measure of local trend 
association. The proposed approach to visualization of relationships between 
time series is demonstrated on real time series from statistical data bases in 
economics. 

1   Introduction 

Terabytes of statistical information is collected in all areas of human activity. An 
important part of such information is represented by time series data bases. Huge time 
series data bases exist in economics, finance, meteorology, geophysics, petroleum 
industry etc. For example, all countries regularly publish statistical data in economics, 
demography etc. [1-3], in petroleum industry there are regularly collected results of 
geophysical measurements, oil, gas and water production in wells etc. How to use this 
information for analysis relationships existing between different elements of 
economical or geophysical systems described by time series is not clear. For example, 
state statistical centers publish regularly time series of economic indicators of 
regions, branches of economics etc but what should do with these data a potential 
user?  Is it supposed that he should read huge tables and visually compare the content 
of strings or columns? Of course he can apply some sophisticated statistical methods 
to process these data and use it for his goals. But what should do with these data an 
inexperienced user, for example, sitting in some business or country office?  How he 
can compare these statistical data?  

In this paper we propose a method of visualization of relationships between time 
series by graph based on aggregation of local trend association network [4,5] with 
relational invariant clustering [6, 7]. It would be nice to make such analysis in 
statistical centers and to publish time series together with results of visualization of 
relationships between them to help users in interpretation of statistical data. 



Novel methods of analysis of relationships between time series in economics and 
finance were proposed in [4,5]. These methods are based on moving approximation 
(MAP) transform, measure of local trend associations and local trend association 
network. MAP transform calculates slopes of linear approximations of time series in 
sliding windows and replace time series by the sequence of these slopes. Local trend 
association measure calculates associations between time series based on distance or 
similarity measure between their MAP transforms. The important property of these 
measures is their invariance under linear transformations of time series, and hence, 
under normalizations of them. Also these measures are sufficiently insensitive to 
errors in data due to smoothing of data by moving approximations. Association 
network shows associations between time series as a graph where nodes represent 
time series and two nodes are connected by edge if an absolute value of association 
between corresponding time series is greater that given threshold. An application of 
this technique to analysis of associations between currencies, economic indicators etc 
was discussed in [4,5]. 

Really, it is not a new idea to show high associations or similarity between the 
objects by graph. The set of maximal connected subgraphs (components) of the 
graphs obtained from association measure for different thresholds correspond to 
clusters of single linkage (nearest neighbor) clustering algorithm [8, 9]. A single 
linkage is a popular algorithm of cluster analysis satisfying two important properties: 
invariance under numeration of objects and invariance under monotone 
transformation of similarity values. A specific property of this algorithm is that it 
builds clusters as chains of connected objects [10]. In some applications it may be 
desirable to construct such clusters. But a drawback of such clusters is that the objects 
located on the ends of such chains and hence joined in one cluster can have small 
mutual similarity.  

In this paper we propose to join local trend association network of time series, 
which shows high associations between time series, with clustering of time series 
based on a scheme of relational clustering procedures satisfying both invariant 
properties fulfilled for single linkage [6, 7]. The proposed clustering scheme contains 
clustering procedures based on analysis of similarity between objects with respect to 
group of neighbors. This scheme includes single linkage as a partial case [11, 12] but 
generally it can build more compact clusters with high similarity between objects 
joined in one cluster. 

In the following section we give basics of MAP transform and local trend 
association measures. In Section 3 we describe relational clustering scheme. In 
Section 4 we discuss the proposed method of aggregation of association networks 
with invariant clustering and demonstrate it on example of visualization of 
relationships between real time series. Finally, we make some conclusions and 
discuss future directions of research. 



2   Basics of MAP Transform and Local Trend Associations 

A time series (y,t) is a sequence {(yi,ti)}, i∈I = (1,…, n), such that  ti < ti +1 for all  i = 
1,.., n-1, where yi and ti are real numbers called time series values and time points, 
correspondingly,. A time series (y,t) will be denoted also as y. A window Wi  of a 
length k > 1 is a sequence of indexes Wi= (i, i+1,…, i+k-1), i∈{1,…, n-k+1}. The 
sequence  of the corresponding values of time series y is 
called a partial time series induced by window W

),...,,( 11 −++= kiiiiW yyyy

i. A sequence J = (W1, W2,…, Wn-k+1) 
of all windows of size k, (1 < k ≤ n), is called a moving (or sliding) window.  

Suppose J is a moving window of size k and ),...,,( 11 −++= kiiiiW yyyy , i∈ 
(1,2,…, n-k+1), are corresponding partial time series in time points (ti, ti+1,…, ti+k-1). A 
linear function fi = ait+bi with parameters {ai,bi} minimizing the criterion  
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is called a moving (least squares) approximation of yWi. The solution of (1) is well 
known and optimal values of parameters ai, bi can de calculated as follows: 
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Denote a = (a1, …, an-k+1) a sequence of slope values obtained as a result of moving 
approximations of time series (y,t) in moving window of size k. A transformation 
MAPk(y,t)= a is called a moving approximation (MAP) transform of time series y. 
The slope values a1, …, an-k+1 are called local trends.  

In many applications time points t1, …, tn are increasing with a constant step h such 
that ti+1 - ti = h for all i = 1,…, n-1. In such cases in MAP transform the set of time 
points t= (t1, …, tn) can be replaced by the set of indexes I = (1,…, n) as follows: 
MAPk (y,t) = (1/h)MAPk (y,I) and the formula (2) for local trends can be simplified  as 
follows [5]. 
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(3) 

Further, for time series with a fixed step we will replace time points by indexes I= 
(1,…, n) and in (3) the value h =1 will be used. We will denote time series also as y = 
(y1,…,yn) and will use a notation MAPk(y) for k∈{2,…,n-1}. 

As a measure of similarity between time series one can use measures of similarity 
between their MAP transforms. Some of these measures satisfy very nice properties 



of invariance to linear transformations of time and time series values. Suppose y = 
(y1,…,yn), x = (x1,…, xn) are two time series and MAPk(y)= (ay1, …, aym), MAPk (x)= 
(ax1, …, axm), (k∈{2,…,n-1}, m= n- k+1), are their MAP transforms. The following 
function is called a measure of local trend associations:  

cossk(y,x)= 
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Suppose p,q,r,s, (p,r≠ 0) are real values and (y,t) is a time series. Denote py+q = 
(py1+q, …, pyn+q) and rt+s = (rt1+s, …, rtn+s). A transformation L(y,t)= (py+q, rt+s) 
is called a linear transformation of time series (y,t). It can be shown that if L1 and L2 
are two linear transformations of time series (y,t) and (x,t) given by the sets of 
parameters (p1,q1,r1,s1) and (p2,q2,r2,s2), respectively, where p1, p2, r1, r2 ≠ 0, then 

cossk(L1(y,t), L2(x,t))= sign(p1)⋅sign(r1)⋅sign(p2)⋅sign(r2)⋅cossk((y,t), (x,t)). (5) 

It is a very nice invariance property of local trend association measure under 
various types of normalization of time series. Additionally to coss one can use other 
distance of similarity measures between MAP of time series. 

Analysis of associations between time series is based on the analysis of 
associations between them for different window size. The sequence of association 
values AF(y,x)= (coss2(y,x),…, cossn(y,x)) for all sizes of window is called an 
association function [5]. Generally some subset K⊆ {2,…,n} of all possible windows  
may be considered, in this case we will talk about function AFK(y,x) defined on the set 
of windows K. The average value of this function may be used as a measure of 
association between time series:  
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Another, “max association” measure, can be used, for example, when K contains a 
short subsequence of {2,…,n}, for example K={2,3,4}: 
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This measure calculates maximal positive or minimal negative association between 
time series y and x for window sizes given in K.  

Association measure takes values in interval [-1,1]. Association values greater than 
0.5 and less than -0.5 are considered, respectively, as highly positive and highly 
negative associations. Association network is as a graph such that nodes represent 
time series and two nodes are connected by edge if an absolute value of association 
between corresponding time series is greater that given threshold. Examples of 
application of association measures and association networks in economics and 
finance are considered in [4,5]. 



3   A Scheme of Hierarchical Invariant Clustering Procedures 

Association measure can be transformed into a similarity measure S or dissimilarity 
measure D as follows: 

S(y,x) = (AM(y,x)+1)/2,          D(y,x) = (1-AM(y,x))/2. (7) 

These measures satisfy the properties: S(y,x), D(y,x)∈[0,1],  

S(y,x) = S(x,y),              S(y,y) =1,  (8) 

D(y,x) = D(x,y),           D(y,y) =0.  

These measures can be used by some clustering procedure for clustering time series 
and the result of such clustering will depend on applied procedure. Often, the result 
will depend also on numeration of time series. For this reason it is important to apply 
clustering procedures invariant under numeration of classified objects. Such scheme 
of clustering procedures was studied in [6, 7]. 

A function S:X×X→[0,1] satisfying on X properties (8) is called a valued (fuzzy) 
similarity relation. This function is called a fuzzy equivalence relation if it satisfies on 
X (∨,∧) – transitivity condition:  

S(x,y) ≥ min{(S(x,z),S(z,y)}.   

The properties of equivalence relations were studied in [11-13]. The property of 
(∨,∧) - transitivity is dual to the ultrametric inequality: 

D(x,y) ≤ max{(D(x,z),D(z,y)}.   

Fuzzy equivalence relations and ultrametric distances define hierarchy of nested 
partitions of the set X. For this reason a clustering procedure can be considered as a 
transformation E = Q(S) of similarity relation S into a fuzzy equivalence relation E or 
as a transformation of distance measure in ultrametrics [9, 14, 15]. A general scheme 
of clustering procedures based on these considerations was proposed and studied in 
[6,7]: 

E = Q(S)= TC(F(S)),   

where F is some “correction” of given similarity relation S and TC is a  procedure of 
(∨,∧)-transitive closure of valued similarity relation. The procedure of transitive 
closure is studied in the theory of fuzzy relations, in graph theory and in cluster 
analysis and may be realized by single linkage clustering method or by special 
algorithms [11-13]. This procedure possesses two types of invariance: invariance 
under numeration of objects and invariance under monotone transformation of 
similarity values in S. The second invariance property is also important for clustering 
procedures because it insures insensitivity of these procedures to some choice of 
similarity measure . When a correction procedure F also exhibits both types of 
invariance, then the clustering procedure Q will also satisfy both invariance 
properties.  

A clustering procedure consisting of these two procedures F and TC is called a 
relational clustering procedure. In [6] it was shown also that a reasonable correction 



procedure F should satisfy the following constraint: F(S)⊆ S, where ⊆ is a partial 
ordering of similarity relations. Below is a description of parameterized correction 
procedure from this scheme [7].  

Suppose f1,f2,f3:R→R are monotone functions. A correction procedure depends on 
the following sets and functions:  

Vy(x)= {z∈X\{x,y}⎪S(x,z)≥ f1(S(x,y))},  Vx(y)= {z∈X\{x,y}⎪S(y,z)≥ f1(S(x,y))}.  

The sets Vy(x), Vx(y) denote, respectively, the sets of objects “similar” to x and to y 
when the value f1(S(x,y)) serves as a criterion of this similarity. The set  

V(x,y) = {z∈X\{x,y}⎪ max{S(x,z),S(y,z)} ≥ f2(S(x,y))},  

contains the objects from X which are “similar” at least to one of the objects x and y. 
When f1 ≡ f2 we have V(x,y)=Vy(x)∪Vx(y). This set will be considered as the set of 
“neighbors” of x and y. The objects in V(x,y) will be taken into account when decision 
about correction of the value S(x,y) will be made. The set  

W(x,y) = {z∈V(x,y)⎪ min{S(x,z),S(y,z)} ≥ f3(S(x,y))},  

denotes the set of “strong” or “common” neighbors, i.e. objects which are “similar” to 
both objects x and y. The objects from W(x,y) will “support” the value S(x,y). When f1 
≡ f3 we have W(x,y)= Vy(x)∩Vx(y). The functions f1, f2, f3  used in clustering procedure 
are called neighborhood functions. 

The decision about correction of the value S(x,y) will depend on the relative part of 
objects “supporting” the similarity value S(x,y). It can be used the following method 
to calculate for each pair of objects x and y this relative part:  
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where, by definition, h = 1 if it denominator is equal to 0. The correction procedure 
F(S) in the clustering procedure Q may be defined as follows: 
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where p∈[0,1], j are parameters and Fj(x,y) is a corrected value such that Fj(x,y)≤ 
S(x,y). We will suppose that Fj(x,y) depends on the values S(x,z), S(y,z) for all objects 
z belonging to the sets of neighbors Vy(x), Vx(y) and V(x,y). We require also that 
Fj(x,y) ≥ minz∈V{S(x,z),S(y,z)}, where V= Vy(x)∪Vx(y)∪V(x,y). The specific definition 
of Fj(x,y) will be discussed later. When p = 0, from hj ≥ 0 it follows that F(S(x,y))= 
S(x,y), i.e. for all x,y from X the values S(x,y) will be unchanged and Q(S) = 
TC(F(S))= TC(S), i.e. clustering procedure will coincide with single linkage method.  

Let LV(x,y) denotes the list of all values S(x,z),S(y,z), (z∈V), which are less than 
S(x,y), ordered in descending order. Denote the number of elements in LV(x,y) as m = 
|LV(x,y)| and the elements of LV(x,y) as lk  (k=1, m). If m > 1 then lk ≥ lk+1 for all k=1, 
m-1. When m>1, possible corrections will be defined by parameter j: 

j=1: Fj(x,y) = lm , i.e. lm is the minimal value of LV(x,y); 



j=2: Fj(x,y) = l1, i.e. l1 is the maximal value of LV(x,y); 
j=3: Fj(x,y) = (∑ lk)/m, i.e. Fj(x,y)  is the mean of all values from LV(x,y); 
j=4: Fj(x,y) = lk, where k∈{1, …, m} - parameter, F2 is a special case of F4; 
j=5: Fj(x,y) = median(LV(x,y)). 
All correction procedures Fj(x,y) for j=1,…,5 are invariant under numeration of 

objects and correction procedures Fj(x,y) for j=1,2,4,5 are invariant under monotone 
transformations of similarity values. As result, clustering procedures using these 
corrections will also satisfy these invariance properties. 

4   Example of Visualization of Relationships Between Time Series 

In this paper the following procedure for visualization of relationships between time 
series is proposed. First, a measure of local trend association between time series is 
calculated. This measure is transformed into similarity function which is used further 
for clustering time series by relational clustering algorithm. From hierarchical 
clustering obtained by clustering procedure for different parameter values the most 
often presented clustering is selected. To show the associations between time series 
the threshold is selected such that the number of “strong” associations, with absolute 
value higher than this threshold, maximize the number of strong associations between 
time series joined in the same cluster and minimize the number of strong associations 
between time series from different clusters. Such association network will be called 
an optimal one. 

The method is demonstrated on the example of time series of investments in fixed 
capital in 14 regions of Volga Federal District, Russia [16]. These regions have the 
following abbreviations and names: (BA) Bashkortostan, (MA) Mariy El, (MO) 
Mordoviya, (TA) Tatarstan, (UD) Udmurtiya, (CH) Chuvashiya, (KI) Kirovskaya 
oblast, (NI) Nigegorodskaya oblast, (OR) Orenburgskaya oblast, (PN) Pensenskaya 
oblast, (PR) Permskaya oblast, (SM) Samarskaya oblast, (SR) Saratovskaya oblast, 
(UL) Ulyanovskaya oblast. 

For considered example the set of window sizes K= {2,3} was used for calculation 
of “max association” measure. This association measure was converted to similarity 
relation by (7). After application of relational clustering procedure based on this 
similarity relation four different clusters were obtained: C1= {BA, TA, OR, PR, UD}, 
C2= {KI, UL, MA, NI, CH}, C3= {PN, SM, MO}, C4={SR}. Fig. 1 and Fig. 2 show 
obtained optimal association networks (for threshold values H1= 0.95868 and H2=  
0.94686). Solid lines and dash-dot lines show associations between time series from 
the same clusters and from different clusters, respectively. For both networks the 
number of associations which not confirm the obtained clustering is equal to 6. 

Additional criteria can be used for selection one from these two optimal 
visualizations of associations between time series. For the higher value of threshold 
(Fig. 1) the number of associations between time series from different clusters is 
minimal. For the minimal value of threshold (Fig. 2) the number of intra-cluster 
associations is maximal. One of these criteria can be used  as additional criteria for 
final selection of visualization.  
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Fig. 1. Optimal association network containing minimal number of associations between time 

series from different clusters (shown by dash-dot lines) 
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Fig. 2. Optimal association network containing maximal number of associations between time 

series from the same clusters (shown by solid lines) 
 



Fig. 3 shows time series of investments in fixed capital in 14 regions of Volga Federal 
District, Russia, used in this exmaple. These time series are ordered such that time 
series from the same cluster are located sequentially. After such ordering the 
similarity between time series from the same clusters can be seen visually more or 
less clear. 
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Fig. 3. Time series of investments in fixed capital in 14 regions of Volga Federal District, 

Russia 

Conclusions  

The paper introduces a new technique for visualization of relationships between time 
series combining local trend association measure and relational clustering procedures. 
This technique can be used by centers of statistics to facilitate a perception of 
statistical information published regularly in economics and finance. This technique 
can be useful also for visualization of relationships between geophysical, industrial 
and other time series, e.g. in petroleum industry. Generally, the proposed approach 



can be used for visualization and clustering of any objects. Another possibility to 
visualize relationships between time series is to combine local trend associations with 
two- or three-dimensional representation [17, 18].  

References 

 1.  Russia's Federal State Statistics Service, http://www.gks.ru/wps/portal/english
 2.  Australian Bureau of Statistics, http://www.abs.gov.au/ 
 3.  Instituto Nacional de Estadística, Geografía e Informática (INEGI),  

http://www.inegi.gob.mx/inegi/default.asp 
 4.  Batyrshin, I., Herrera-Avelar, R., Sheremetov, L., Suarez, R. Moving approximations in 

time series data minig. In: Proc. Intern. Conf. on Fuzzy Sets and Soft Computing in 
Economics and Finance, FSSCEF 2004, St. Petersburg, Russia, vol. I (2004) 62-72 

 5.  Batyrshin, I., Herrera-Avelar, R., Sheremetov, L., Panova, A. Moving approximation 
transform and local trend associations in time series data bases. In: Batyrshin, I., 
Kacprzyk, J., Sheremetov, L., Zadeh, L.A. (Eds.). Perception-based Data Mining and 
Decision Making in Economics and Finance. Springer-Verlag, Series: Studies in 
Computational Intelligence, vol. 36 (2006) (to be published)  

 6.  Batyrshin, I.Z., Shuster, V.A. The structure of semantic spaces of verbal estimates of 
actions. Acta et Commentationes Universitas Tartuensis, Transactions on Artificial 
Intelligence, Principle Questions of Knowledge Theory, Tartu, 688 (1984) 20-38 (in 
Russian) 

 7.  Batyrshin, I.Z., Rudas, T., Klimova, A. On general scheme of invariant clustering 
procedures based on fuzzy similarity relation. In: Proc. Int. Conf. Fuzzy Sets and Soft 
Computing in Economics and Finance, FSSCEF 2004, St. Petersburg, Russia, vol. I (2004) 
122-129 

 8.  Jardine, N., Sibson, R. Mathematical taxonomy. London: John Wiley & Sons (1971)  
 9.  Johnson, S.C. Hierarchical clustering schemes. Psychometrika, 32 (1967) 241-254 
10.  Duda, R.O., Hart, P.E. Pattern Classification and Scene Analysis. Wiley, New York 

(1973) 
11.  Tamura, S., Higuchi, S., Tanaka, K. Pattern classification based on fuzzy relations. IEEE 

Trans. Systems, Man, Cybernetics, SMC-1 (1971) 61-66 
12.  Dunn, J.C. A graph-theoretic analysis of pattern classification via Tamura's fuzzy relation. 

IEEE Trans. on Systems, Man and Cybernetics, SMC-4 (1974) 310-313 
13.  Zadeh, L.A. Similarity relations and fuzzy orderings. Information Sciences, 3 (1973) 177-

200 
14.  Jardine, C.J., Jardine, N., Sibson, R. The structure and construction of taxonomic 

hierarchies. Math. Biosci., 1 (1967) 173-179 
15. Hartigan, J.A. Representation of similarity matrices by trees. J. Amer. Statist. Assoc., 62 

(1967) 1140-1158 
16.  Russia in figures. Federal Service of state statistics 

http://www.gks.ru/scripts/db_inet/dbinet.cgi?pl=2702005  
17. Kruskal, J.B., The relationship between multidimensional scaling and clustering, In: 

Classification and Clustering, John Van Ryzin (ed.), Academic Press, New York (1977) 
17-44 

18. Klimova, A. Evolutionary procedures of visualization of multidimensional data. Proc. Int. 
Conf. Fuzzy Sets and Soft Computing in Economics and Finance, St. Petersburg, Russia, 
vol. I (2004) 130–139 

http://www.gks.ru/wps/portal/english



